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ABSTRACT

This work involves the study of elliptic type systems of equations in three independent variables.
In the first part of the work, the Lie point symmetries of the systems are obtained; some of the
symmetries of a system are used to perform reduction to an invariant system with one less inde-
pendent variable. The symmetries of the invariant system are also obtained and used for further
reduction to a system with one more less independent variable. The invariant solutions of the last
reduced system are constructed. The second part of this study deals with the construction of con-
servation laws of the systems of elliptic equations. The variational approach is used, that is, the
Noether point symmetries and their corresponding conserved vectors are obtained.
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Chapter 1

Introduction

Differential equations (DEs) are widely used as models to describe different situations in science
and engineering. A mathematical model can be represented by a single partial differential equa-
tion (PDE) or ordinary differential equation (ODE); many situations describing real life problems
are modelled by systems of PDEs or ODEs or both. A second-order partial differential equation of
the form

A(x, Y uxx + B(x, ) uxy + C(x, Y)uyy, + D(x, ) ux + E(x, y)uy + F(x, y)u = G(x, y), (1.1)

in two independent variables x and y and one dependent variable u is elliptic if AC — B> > 0. El-
liptic equations [9, 18, 24] are a class of PDEs that describe a phenomena that do not change from
moment to moment, e.g., heat or fluid flow within a medium with no accumulations. Mathe-
matics areas including harmonic analysis apply the concept of elliptic equations [7]. A classical
prototype of a linear elliptic equation dates back to a well-known French mathematician, Pierre-
Simon Laplace (1749-1827) and his famous Laplace equation, and its non-homogeneous coun-
terpart, Poisson’s equation [9, 10]. The Laplace equation is obtained from Eq. (1.1) by setting
B=D=E=F=G=0and setting A= C = 1. In general, it is difficult to solve Eq. (1.1) but an
appropriate transformation from (x, y) to (A, u) reduces Eq. (1.1) to the canonical form

uﬂ,ﬂ + u/.m = H(A/) I-L) u; u/l) u,u)- (12)

At times several processes take place at the same time and they somehow interact. On the other
hand, one process may require a response (or input) from another in order to kick start. Both phe-
nomena can be modelled by a system of coupled DEs. Depending on how the processes interact,
the system may either be weakly coupled or strongly coupled [16, 17, 26].

1.1 Systems of elliptic equations

Systems of elliptic equations investigated in this dissertation are derived from the following con-
cepts;

1. Real Jordan Canonical forms for 2 x 2 matrices

Definition 1.1.1 Two square matrices A and B are similar if there is an invertible matrix P
such that B= PAP™!.

Definition 1.1.2 The characteristic polynomial of a matrix A is the polynomial det(AI — A).



Theorem 1.1.3 An n x n matrix A is diagonalizable if its minimum polynomial has only lin-
ear factors.

Theorem 1.1.4 Let A € M,(R), then there exits a matrix B € M>(R) such that B = PAP™!
where P € M, (R) and B assumes one of the following cases :

M0

L A # A, (1.3a)
A0

o ) (1.3b)
A1

o Al (1.30)
_“ﬁ g a2+ #£0and @, B0, (1.3d)

where a, 5,1, A1, A, are real numbers. Case (1.3a) corresponds to a situation where a 2 x 2
matrix A has distinct real eigenvalues 1, and A,. This guarantees that A is diagonalizable, or
equivalently we can say A is similar to some matrix B, i.e. PAP~! = B where B is a diagonal
matrix. For eigenvalues 1, and A, there correspond eigenvectors v, and v, respectively
satisfying the eigenvector equations

(A-AiDv, =0, wherei=1,2. (1.4)

Cases (1.3b) and (1.3c) are those in which A has repeated real eigenvalues (i.e., A is a of
multiplicity 2). These two cases are distinguished by the dimension of the respective null
space, case (1.3b) has dimension 2 and case (1.3c) it is 1. The corresponding eigenvectors
satisfy
(A-ADy, =0, (1.5a)
(A-ADv, = v, or (A—AD?v, =0. (1.5b)

The last case happens when A has complex conjugate eigenvalues A = a + i of the coeffi-
cient matrix A with corresponding eigenvectors v=a+ ib.

. Canonical forms of systems of DEs

Consider the second-order system of DEs in the matrix form A (llf) =A (5) , where A € M>(R)

and A is the n-dimensional Laplacian (n = 2).

Let (g) =P (l;), where P is the matrix introduced in theorem 1.1.4. Elementary compu-

tations lead to A (g) =B (g), where B is the placeholder for one of the matrices in (1.3).

Appropriate spacial scalings leads to the following canonical forms

Au=u,
(1.6a)
Av=av;, a#l.
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Au=-u,

(1.6b)
Av=av; a#-1.
Au=0,

(1.60)
Av=0.
Au=u,

(1.6d)
Av=v.
Au=-u,

(1.6€)
Av=-v.
Au=au+v,

(1.6f)
Av=v;, a>0.
Au=-au-v, (1.69)
Av=-v; a>0. 08
Au=au+ v,

(1.6h)

Av=—-Bu+av; a*+p>=1.

In the next Chapter we study the Lie symmetries [3, 22, 23] of the above systems with the help
of YaLie package [5]. Lie symmetries of each system are obtained for n = 3 (i.e., we consider the
3-dimensional Laplacian) but first we present the preliminaries of the Lie symmetry method.

1.2 Lie symmetry method

1.2.1 Preliminaries

Here-in we present useful information adopted from [19].

Definition 1.2.1 A k’"-order (k = 1) system E of s DEs is defined by

E% (X, u, uy, .o U)) =0, 0 =1,...,, (1.7)

where u = (u!, 12, ..., u9) is the dependent vector, x = (x!, x?,..., x") is the independent vector and
Uy, U), --., Uk are respectively the collection of all first, second, up to k*"-order derivatives.

Definition 1.2.2 A symmetry transformation of the system (1.7) is an invertible transformation of
the variables x and u, namely



)_Ci = fi (x) u); l'_ta = (pa(x) u); l = 1) e n} a= 1’ °e q’
that leaves (1.7) form-invariant in the new variables X and i, i.e.,
Ea(J_C, L_t, I/_L(l),..., L_t(k)) = 0, o = 1, ey S,

whenever (1.7) is satisfied.

Definition 1.2.3 A set G of transformations

To: % =flix,u,a),a%=¢%x, u,a),i=1,..,ma=1,..4q, (1.8)

is called a continuous one-parameter (local) Lie-group of transformations in R"*9 provided the
group properties of closure, identity and inverses are satisfied. Here f’ and ¢* are differentiable
functions and a is a real parameter which continuously takes values in a neighbourhood D < R of
a=0.

Definition 1.2.4 An infinitesimal generator X of the group transformations G (1.8) is the differen-
tial operator of the form
- 0 0
X =&, u)— +n%(x, u)—, 1.9
¢ (x oGt =g (1.9)
such that
=x'+al(x,u)+0@® =1+aX)x', a* = u® + an®(x,u) + 0(a®) = (1 + aX)u®. (1.10)

Here and throughout this section, the Einstein summation convention is adopted. The one-
parameter group elements (1.10) are known as the infinetesimal transformations obtained from
(1.8) by first-order (Taylor expansion) approximations around parameter a = 0. The operator (1.9)
is also called the vector field or the Lie point symmetry generator (or operator).

Definition 1.2.5 The extended infinitesimal generator X¥! of the k" prolonged (extended) group
G'¥ on the space (x, u, ..., Uy)) is called the kth prolongation of X, viz,

0

(ll k) ou”

. 0 0 0
) = & (3, 1) — + % (%, 1) —— +
X (f(x,u)axl.+n (x,u)aua"'( (%, w, ”“)a ry (i1...ix)

The coefficients {*s are defined recursively by the prolongatlon formulae
(F = D™ - ulDi&),
¢y = DiCH—ufyDiEh,

a a
Ch g (Ch lkl

l
g'l...l'k_l Z)Dik (6 )’
where

0

—+u% —+
0x/ W) gy

L a _ 7 .a _ (1,0 a (1,0
Dj= u(fk)du";c s U =Dj(u"), Ui —D](u(k)),
(k)

is the total derivative operator with respect to x'.



Theorem 1.2.6 Let G be a group of infinitesimal transformations (1.10) admitted by a system E.
Then G consists of symmetries of the system E if and only if

x k] (Ea(x, U, Uq), - u(k))) =0,0=1,...,s, (1.11)

whenever (1.7) is satisfied for every group generator X of G. The symmetry conditions (1.11), also
called the invariance criterion, can be written compactly as

X E7 (6, 1,4y s i) )| .7y =0, 0= 1,005, (1.12)

where | (1.7) means evaluated on the surface (1.7). Eq. (1.12) are the so-called determining equa-
tions. This theorem summarizes the Lie’s algorithm.

In general the determining equations comprise an over-determined system of linear homoge-
neous PDEs for the unknown coordinated ¢’ and n® of the symmetry generator X. The solutions of
the determining system form a vector space, that is, any finite linear combination of symmetries
is again a symmetry. This stems from the fact that the determining equations are linear. Looking
at the DE one can easily deduce the trivial symmetries such as translations, the other symmetries
can be computed by using the Lie’s algorithm.

1.2.2 Calculation of symmetries
The Lie’s algorithm customized to the current work is presented below. Consider the second-order
system E of PDEs

E(x,y, 2, Uy, Ux, Uy, Vy, Uz, Uz, Uxx, Uxx, Uyy, Vyy, Uzz, Vzz, Uy, Uxys Uxz, Uxzy Uyz, UVyz) =0, (1.13)

where x, y, z are independent variables and u, v are dependent variables. The operator

0 0 0 0
X =,y 20, V)= +&(x, 9,2, U, V)= +&(x,y,2,u, v)=- +n'(x, 3,2, 1, V)=

X y z u

5 0
+n°(x, 5,2, u, v)a—, (1.14)

v

is the symmetry generator of (1.13) provided

X2l (E)‘ -0, (1.15)

1.13)

The operator X? is the second prolongation of X defined by

0 0 0 0 0
X[Z]:X[l]-l‘ b —+ b — + 1—+ ! —+ [
(xx auxx (xy auxy (xz auxz (yy auyy Cyz auyz
0 0 0 0 0 0 0
+{1 + 2 + 2 + 2 +2 + 2 +03 —, 1.16
CZZ auzz {xx auxx (xy 6“)6)/ sz auxz ny a”yy {yz auyz CZZ auzz ( )



where

1 1 1 2 2 2 3 3 3
Cxx =Vxly + Unx]y — 2Usy (ngv + Uk, +€x) —2Uyz (foy + Uy, + fx)
1 1 1 1 1 1 1 1
* folxy ~ U (UXX§” + uXXé” + ngxv‘*' Ux (VX€VV + uxfuv +Exv) + fxx)
2 2 2 2 2 22 2, g2
- u)’ (Vxva + uxxéu + vxgxy-i' Ux (vXévl} + uxéuv + fxv) + ux&xu + fxx)
3 3 3 3 3 3 3 3
Tz (Vxxf,/ UGy UxCyt Vx (UX€VU + Uy + fxv) + UxCyy + 'fxx) (1.17a)
! 1 1 1 1 1 1 1 1
TV (anuv UM +nx”) T UxT] ey + Ux (VxTqu + UMy + nxu) T xxt uxfxu
1 1 1 2 1 1 1 9 9 5
— 20Uy (V3 + Uy +Ex) — U (V€ + Uy + Exsy) — Uyl (V285 + US4+ E5,)

3 3 3
— gty (UxEy + U +E3),

Cy =0y i =t (165 + €+ 63) = ey (165 + 0,65+ )

= ttyy (0x+ iy + 63) = hya (Va8 + Uy )+ UMy + 1y + g

=t vy}ttt e (gt €|+ 0y 4 )

~ (nyé?; * uxyéz" +Ux (vyffw + uyfzuu + gr?/u) + Vyfiv + uyfiu + 6?5)’)
T Uz (U"J’é% + uxyf?t + Uy (Vyfiy + ”yfiu +€r§/u) + Vyfiy + uyfiu + fiy) (1.170)
+ Uy (Uyn}w Uy +’71yv) Tl (Uyn}w Uy +771yu) ~ Uz (ny?; + Uy, +f§/)
b ) G )

3 3 3
—_ uzvx(vyf,,,, + uyéuy+£yy),

Cxe = Vxzy + ety = tey (V28 + 1283, + 82) = thes (v + 1283+ E3)
+ Uy (Uzn%w + uznbu + néu) — Uxz (Uxé}; + ux‘fit + ‘f}c) + Vznicv + uznicu + n;z
~ th (Ve + el it (Ve + ekl + EL) + Ve + Uy 4 L)
~y (szgt% + u"z{i + Uy (UZ€?4U + uzfiu + éiu) + Vz‘f?cv + uz‘ffcu + ‘S?cz)
~ 1 (Va8 + e+t (Ve 4 U E20) + 080+ U8+ E)
= e (V8 + 10y + 85) = g (V28 + 1y +83) = 1t (V2Gy + Uy + )
G (Vzn},,, * Uzniw + 77;1/) ~ UxUx (UZE}/U + uzﬁw + é;v) —UyUx (sz%;v + uszw + fiv)

3 3 3
- uzvx(vzfyv'i' uZéuv"'fzy)»

(1.17¢)

C},y :vyyé}, + uyy’lh —2uyy (ny% + uyfi +€§,) —2uy, (vyf?, + uyf“z + fi‘,) + vyni,y
+ n;,y + ”yn}u + Uy (yyn}w + Uy + nlyu) —uy (vyy{}, + Uy, + vyg‘},v
Uy Syt Uy (Vyf}w Uy + 5}/u) + 6}/}/) —Uy (Vyyfzv +UyySy+ UyEy,
+UySyy+ ty (”yfiv + Uy + ‘c?'u) - ‘(iy) THa (Uyy‘(?’ FlyySut vySh (1.17d)
+ Uy (Vyf?w + Uy, +€§/v) + Sy, Uy (Vyfiu + Uy S +€§/u) + 53}3/)
Ty (Vyf?zv + u}’éiv +€?/v) +Uy (Vyfll/v + uyfluv +€}/u) + Uy (Uyn}/v + uyn%w 'Hﬁ/v)

2y ()¢} + wyl, +63 ),



1 1 1 2 2 2 3 3 3 1
(yz =VyMy + Uyl — Uyy (vva + uZéu +€z) —Uyz (Vzgv + uZéu +£z) T Uz
1 1 1 1 1 1 2 2 2
+ 1y (V2 gy + Uy + M 50) — Usz (vy€U +uyl, +€y) — Uy, (vyf,, +uyly, +éy)
1 1 1 1 1 1 1 1 1
0y = U (Vyay + tyzy+ Uy (V280 + Uzl +E50) + V285, + Uy, + fyz)
2 2 2 2 2 2 2 2
=1ty (Vy28 + ty2+ Uy (V280 + Uiy +82,) + 0285, + U2y, +€yz) (1.17e)
3 3 3 3 3 3 3 3 3
— Uz (VJ/ (sz,,,, + quuv + fzv) + Uy (Vquv + quuu + Ezu) + UZéyv + uZéyu + Eyz)
1 1 1 1 1 1 1 3 3 3
+ Uy + Uy (Valyy + Ualyy +12p) = Uy (V284 + 128y, +E) = Uzz (vyfy +uyéy, +Ey)
1 1 1 2 2 2 3 3
— Ux Uy (vzé-yu + uzéuu +6zy) - uy vy (vzéyy + uzéuy + ézu) - uz(vyzfy + uyzfu)’
1 1 1 2 2 2 3 3 3 1
2z =VzzNp + uzznu_zuyz (szy + uzfu +‘fz) —2Uzz (szy + uzfu + fz) +UzNz0
1 1 1 1 1 1 1 1
+ UM gy + Uz (V2N gy + UaTyyy + M) + Mz = U (V228 + Uzl + 0287,
1 1 1 1 1 2 2 2
+ quzu T Uz (UZéuv + uZéuu + fzu) + fzz) — Uy (UZva + uZZ‘fu + VZézv
2 2 2 2 2 3 3 3
FuzEo,+ Uz (V2E5, + Uz, +E5,) +85,) —uz (Va& + Uz &y + v2E5, (1.179)
3 3 3 3 3 3 3 3
0z (V2800 + Uelyp +620) + Uzt Uz (V280 + Uayy +E20) +E22)
1 1 1 1 1 1 1 1 1
—2uxz (UZév + uZé-u + é-z) TV (Uznvv + Uz uv +nzv) T Uz (Uvav + quuv +€zv)

2 2 2
+ 0z (V28 + U2y, +E5,),

2 2 2 1 1 1 2 2 2 2
Clx =UxxMy + Uxxy — 2Vxx (Ux'fy + Uy, + fx) —2Uyy (foy + Ul + 'fx) + VUxNxy
2 2 1 1 1 1 1 1 1

+ UxT xu +77xx_vx (UXXEU + uxxfu + Ux‘fxv + Ux (ngvv + uxguv + Exu) + uxgxu
1 1 1 1 2 2 2 2

+ Ux (Vxéuv + UxCyy +€xu) + thx) —Uy (Vxxfy + g€y + Uk, T Uxsy,
3 3 3 3 3 3 3 3

— Uz (Usx€y + U & + UxEhy + Uyt U (Vi€ + Uxy, +E50) +E54) (1.17g)
2 2 2 2 2 2 2 3 3 3

+ Ux (anvv + UxTTyy +77xv) + Ux (nguv + uxfuu + Exu) +€xx) - ZUXZ (fo,, + uxfu +€x)
2 2 2 2 2 2

+ Uy (anuv + UxTyu +77xu) —Ux UJ’ (chfvv + ux‘fuv +€xv)

3 3 3
—UxUg (Vvav + uxguv + cfxv) ’

2 2 2 1 1, «l 2 )
xy = UxyMy + UxyTy = Vxx (nyv + u}"ru +€y) — Uxy (nyv + uyéu +€y)
2 2 2 1 1, ¢l 2 2 | g2
+ux(vynuv+uynuu+nyu)—vxy(vx6v+uxéu+§x)—vyy(vxf,,+ux§u+§x)
1 1 1 1 1 1 1 1
—yx(yxy¢“v+uxy§u+Ux(vyf,,v+uy€uy+fyv)+ yyfxy+uy€xu+fxy)
2 2 2 2 2 2 2 2
- Uy(”xyfy+uxyfu+ Vx(”yfuy+uy'fuu+fyy)+ vyfxv+uy{xu+§xy) (1170
3 3 3 3 3 3 3 3 )
—Uz nyfv"'uxyfu"'vx Uy’vruu"'uy‘fuv""fyv + Uy‘fxv"'uyfxu""'fxy
3 3,3 2 2 2 3 3,3
—yxz(vyfv+uy§u+€y)+vx(vynw+uynuu+nyu)—vyz(vx£v+ux€u+€x)
1 1 1 2 2 2
—uxvx(vycfu,,+uyéuu+<fyu)—uxvy(vyfu,,+uycfuu+€yu)

3 3 3 2 2 2
—UxVz (Vy‘fuv + uyfuu + éyu) T Uy T UyNxy T Mxy



2 2 2 1 1 1 3 3 3 2
%z = UxzNp + UxzNy — Uxx (UZé-y + uzfu + Ez) — Uxz (szy + uzfu + Ez) TV N5y

U (VT + Uty +1150) = Uiz (U2 + Uy +E3) = Uyz (085 + unl +E3)

+ n?cz —Ux (szfb + ungll,{ + Ux (sz}“, + qu%tu + f;u) + UZ&}CU + uz{;u + éiz)

= Uy (Vxz€l + izl + Vx (280, + 1280, +E5,) + V287, + Uz, +E5,)

—Vz (szf?; + Uz €+ Uy (sz?w + Uz, + fiu) + U, U, + f?cz)

- UXJ’ (UZf?/ + qui + 6?) + uzniu +Ux (Uzn%v + uzniv + niv) —Vzz (Vxé?/ + uxf:; + 6?5)

2 1 1 1 2 2 2 3 3 3
— Uy (Uzgvv + quuv + 'Szv) — UxUy (UZ‘fuv + uz’fuu + Ezu) —UxVz (Uquv + uz‘fuu + fzu) ’

2 _ 2 2 1 1 1 2 2 2
Cyy =Uyyly + uyynu—vay(vy€v+ uy€u+€y)—2vyy(vyrfv+ uy€u+£y)
1 1 1 1 1 1 1 1 1
Ux nyyv+ Uy vyfuv"'uyfuv""fyv +uyfyu+ Uy Vyguv"' uyfuu"’_éyu +€yy

2 2 2 2 2 2 2 2 2
—vy|vydS, + vy(vyf,,,, + uyéuy+£yl,) +uySy,+ uy(vyful,+ uyfuu+5yu) +€yy)

+

2 2 2 2 2 2 2 2 2
Vy Vynvv+uy77uv+77yv)+uy77yu+u}’(”)’nuv+uy77uu+nyu)+nyy+vynyv
1 1 2 2 3 3
= vx(Vyyly + uyySy) = vy (Vyy Sy + uyyy) = vz (vyy&y + uyyéy)

—2vy, (vyf?, +uyES + ff,) )

(
(
v (950 vy (vy€h + o)+t wy [yl + ) + 5,
(
(

(iz :VyZﬂ}/ + uyznh — Uxy (sz}/ + Uy, + %i) — Uyy (Vz(f% + Ul + 9(2) ~Uyz (szi +ugEy + 52)
+ Uy (Vzn%/v + uzniw + niv) + Uy (szﬁw + uznhu 'Hﬁu) ~ Uxz (ny%, + uyfit + 6}/)
+77§;z —Ux (Uyz'f}; + ”yzfi + Vy(szluu + Uy +é;v) +uy (sz}w + Uy +€;u))
= Uy (Vya + Uyl + vy (V285, + WSy +62,) + V28, + UzST, + ’fiz)
—Uz (Vyzg?z + uyzéi + Uy (sz?w + uzf?w + fiu) + szg}u + qu?/u + ‘f:;/z)
—Vyy (vyé?, + uycfi + cff,) + vznlyv + uzn},u — Uy, (vycf% + uyfi + éi)
+ VJ’(UZ‘f}/v + uzé}/u + 6}/2) — UzlUy (sz?“, + uzgiu + fzu) — Uyly (Uz‘fzuv + uzfzuu + ‘fiu) ’
2 =Vaally+ Uzl = 2Vyz (V285 + Ul + E5) = 2022 (0285 + UES + E3) + V2,
T Uz (Uzn%v + uzniv + niv) —Ux (UZZ&}/ + uzsz + VZfiv) + néz - nyiz
—Ux (UZ (UZf}w + uz'f}w + ‘fiv) + qu;u"' Uz (VZ{LU + uZélldu + fiu) + 'f;z)
— Uy (VZéév T Uz (UZE%U + qu%w + 621}) + uz‘fibﬂ' Uz (sz%w + qu%tu + fiu))
—Uz (UZfzv + v, (UZf?/v + uz‘f?w + 'fzv) + Uz (Vzéw + uzfiu + 5214) + f?z’z)
—2Vxe (VZEIU + uzfi + 6;) + uzniu T Uz (Uzn%w + uzn%m + niu) TUz+ uZEiu
— Uy (W2l + Ufl) = V2 (V8 + Uz EY).

The first prolongation of X defined by

1 0
yauy

rt 2

¥4
aux

2 0

X
0y,

21 , 0

0
xW=x+0t—+¢ o
', "%,

X
aux

+¢
The coefficients (s are

1 1 1 1 1 1 1 2 2 2 3 3 3
(x = Vxnu + uxnu +77x_ Uy (ngy + uxéu +éx) - uy (Uxé-u + uxfu +£x) — Uz (fou + uxfu +£x))

(1.171)

(1.17j)

(1.17k)

(1.171)

(1.18)

(1.19a)



(; = vyn}, + uyn}l +n§, — Uy (vyf}, + uycf,ll +é},) — Uy (vyé?, + uyéi +f§,) —u, (vyf?, + uyé‘z +£§’,), (1.19b)

02 = vany + ey + 0 = e (V28 + 128y, +82) = uy (0287 + w8y +62) — e (v +uzéy +63),  (1190)
C% = Ualfy + iy 175 = Ux (V8 + Uy, + Ex) = vy (0G4 18l +83) = 02 (0285 + Uy +83), (1.19d)
Ci = vyn% + uyni +n§, - Ux (Uyél,, + uyg‘lu + f},) — vy (vyéf, + uyéi +€f,) -V (vyg‘?, + uyf“z + Ei), (1.19¢)
(2= v+ unt + 0% — vy (vzf}, + Ul + 5;) - vy (vch% +u +€§) -, (vzfi S +g‘§). (1.19

The expanded form of Eq. (1.15) consists of ¢’s, n’s, dependent variables and their derivatives.
Separation by powers and products of derivatives of u and v yields an overdetermined system of
linear homogeneous PDEs in 123,712, The solution of this system gives the coefficients of sym-
metry generator, ¢’s and 71’s.

In Chapter 2, symmetry analysis for the eight systems of elliptic equations is presented. Chap-
ter 3 presents the optimal system which is used for similarity reductions and the derivation of
invariant solutions. Chapter 4 deals with the conservation laws.



Chapter 2

Symmetries of Elliptic Systems

In this Chapter we calculate symmetries of each of the eight systems introduced in section 1.1.

2.1 System 1

The system (1.6a) in expanded form reads

Uxx T Uyy + Uzz = U, (2.1a)
Uxx + Vyy+Vzz=av, a#l. (2.1b)

It is a second order system of PDEs and hence it admits the one-parameter Lie group of trans-
formations with the generator of symmetries (1.14) provided

Xt (uxx tUyytUzz— u) l2.1a) =0, (2.2a)

X® vy + vyy + V22 — av)l@.15) =0, (2.2b)

where X!?! is the second prolongation of X given by (1.16). It can be seen from (1.16) that the

contributing terms in (2.2a) involve (}Cx, C},y, (;Z, nl and (ix, (f,y , (iz, 172 in (2.2b). Upon acting on

system (2.1) by X! i.e., from (2.2a) and (2.2b) we get the following system

G+ 0y + 0 —n' =0, (2.3a)
G+ 05y + 05, —an® =0. (2.3b)

The expanded form of system (2.3) reads
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1 1 1 1 1 1 1 1 1, 1
=1+ Uzl + UyyT]y + U]y + Uzzly, + UyyT)y, + U]y, — 2Uxz (U2, + UzEy, + &)
2 2, 2 3 3, ¢3 1 1 1 1
=2y (V285 + Uzl +E5) = 2uz (V28 + Uy + &) + vanyy, + vz (Vanyy + Uzny, + 15,
1 1 1 1 1 1 1 1 1 1 1
+ 1z (VMg + UaTyyy + Nzw) + M2z + Uy VyNyy + Uyyy + My |+ Uy + Uy | VyTyy + Uy + 1y
1 1 1 1 1 1 1 1 1 1 1
—Ux (UZZEU + uZZEu + nyzv t v, (UZévv + uz'fuv + fzv) + uz‘fzu tu, (UZEuV + uZEuu + ézu) + ézz)
2 2 2 2 2 2 2 2 2 2 2
- u}’ (UZZEV + uZZéu + szzy tv; (Vvav + quuv + gzv) + uZézu + U, (Uzguu + uzguu + fzu) + fzz)
3 3 3 3 3 3 3 3 3 3 3
= Uz (V228 + Uzl + V285, + V2 (V285, + Ualyy +620) + Uy + Uz (V2 + Uy +E20) +622)
1 1, ¢l 2 2, g2 3 3, ¢3 1 1
—2Uyy (vy(fv +UySy, +€y) —2uUyy | Uy + Uycy, +€y) —2Uy, (vyf,, + Uy, +£y) + Uy, + 1y

1 1 1 1 1 1 1 1 1 1 1
— Uy (Uyy€U + Uy UyS Uy (VS + Uy, +€yv) +UySy, + Uy (vyfuy +UySyy +€yu) +€yy) (2.4a)

(
(
Uy (Vyyf% + tyyEh + Uy, + Uy (Vyfiu + Uy &y +f§;y) + Uy &S+ uy (Vyfiy +uyés, +€f,u) +€§y)
— Uz (Vyy‘fb; + Uy &y + UY’fiv + vy (Vyf?/u +uyds, + 6?/1}) + uy'f?;u +uy (nyf}y + Uy, + -fiu) + fi‘,y)
=20y (V€L + Ul +Ex) = 2Uyy (V2E5 + UnEZ + E2) = 20, (026 + U ES + E3) + Uk,

— Uy (VxxEl + UnEly + UxEhy + Uy (UxEh + UrEly + E8)) + Uy + Uy (2E Ly + UxEl + 88 +EL)
— Uy (vag?/ + uxxfi + vX&?cv T Ux (Ux{g/y + uxgiv +6§cv) + ux&?cu T Ux (Vxéiv + uxgiu +§iu) + fix)
— Uz (Uxxf?/ + uxxéi + ng?cv + Ux (ng?/v + uxg?w + 5?61}) + uxfiu + Uy (ng:fw + uxf:l):u + f?cu) +€§cx)
(

1 1 1 1 1 1 1 1 1 _
+ U (VT + UMy + M)+ Ul + Ui (VM + Ul gy + M) + My + Uzl 5y = 0,

—an® + v’ + Vyy’lzu + Uy + Uzl + uyyni + U]y, — 2V (vely + UzEy + 5;)

—2Vyz (V285 + Ually +E2) = 2022 (V285 + Ually + E2) + U2y + vz (V2T + Uty +105,) + Ualy
+u; (Vzn%w + uzn%m + niu) + niz —Ux (szé}; + uzzflu + szév"' Uz (sziy + uzéluy + ‘fév) + uz'f;u
+ Uz (V2 gy + Us iy + +852) = Uy (V22€l + UazEly + 0285+ V2 (0265, + 1T, +E5,) + UES,
+ U (szzzw + ”zfzzm + + fiz) —Ug (szfi + ”zzfi + sziv"L Uz (Vz‘f?/v + uzf?w + fiv) + ”zfiu
(

g (V25 + Uy +E5,) +E2) —20xy (Vyfi + Uy, +f}) ~2uyy (”y‘f% + Uyl +5§) My

$zu)
$zu)

3 3 | ¢3 2 2 2 2 2 2 2 2
—2Uyz(1/y5y+ uy§u+€y) + Uy, + Vy(VyTIVu + Uy, +1]yv) + Uy, + uy(”y’luv + uynuu+nyu)

1 1 1 1 1 1 1 1 1 1 1
- yx(yyy§v+ UyyCy+ UyCyp+ Uy | UyEy, + uy(fu,/+5y1,) +UyCyy, + uy(l/yfuv+ uyfuu+fyu) +¢“yy) (2.4b)

Uz (Vyy53v + ttyy&y + Vyfiu"‘ vy |0y &5, + 1yESy +€§/u) + ”yé;u + Uy (Vygiu + Uy +5§/u) + 'f:;y)

—2Vxx (Uxfllj + uxflu + 6}5) - 2ny fo?} + uxézu +€}25) —2Vyx; (Vx'fgy + uxfi + E?C) + Vxniy

+ U (VT + Ualy + M) + Uty F U (Vo + Uy + M) + Mo = Vi (Vi€ + thea gy + 028,

0z (Ua€yy + Un )+ Uy U (U2 gy + Uy + ) + €)= Uy (Viah + thenE + 02E%,

+ U (U285 + Uy + Eap) + UGy + th (V25 + Uy +E50) +E5x) = V2 (Sl + &y + 025,
(

3 3 3 3 3 3 3 3
+ U (Vx€y + Unyyy +Ey) + Uy + 1 (V28 + Uay, +E0) +E3x) = O

2 2 2 2 2 2 2 2 2 2 2
— Uy (Vyyfu + uJ’Y‘fu + nyyv"' Vy (Uyguv + uyfuv + ‘fyv) + uyfyu + Uy (nyuv + uyguu + fyu) + é-yy)

Using the fact that ¢ 1,62,63,171 and 172 do not depend on the derivatives of u and v, separat-
ing (2.4) by powers and products of derivatives of u and v yields the following list of determining
equations
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1
€y:O)
2
$y =0,
3
¢y =0,

My =0,

Mow =0,
&, =0,

&, =0,

& =0,

Muw =0,

Mow =0,

Mu =0,

Mou =0,

Mz =0,

Mo =0,

My =0,

Myu =0,

M =0,

Mew =0,

282428, =0,

263 -2¢,=0,

28% - 28, =0,

28),+265 =0,

2¢L 428 =0,

van, + uny, + 1y, + 1y, =2 + 05, —n' =0,
—EL =&+ 2nk, €L, =0,
~§22+2my, — &5y~ §5. =0,
20— &2 = &y = €3 =0,
283 -2, =0,

283 +2¢3,=0,

23, -26, =0,
2¢),+23=0,

28, +28,=0,

van? + uni + niz - 2va£§, -+ n?,y + nix —an®=0,
2, =€k =)y — € =0,
203y =822 = &3y~ §5c =0,

zniv - fyz)z - 6:))’/)/ - 6?cx =0.

12

(2.5a)
(2.5b)
(2.5¢)
(2.5d)
(2.5e)
(2.51)
(2.5g)
(2.5h)
(2.51)
(2.5j)
(2.5k)
(2.51)
(2.5m)
(2.5n)
(2.50)
(2.5p)
(2.5q)
(2.51)
(2.5s)
(2.51)
(2.5u)
(2.5v)
(2.5w)
(2.5%)
(2.5y)
(2.57)
(2.5aa)
(2.5ab)
(2.5ac)
(2.5ad)
(2.5ae)
(2.5af)
(2.5ag)
(2.5ah)
(2.5ai)
(2.5a))



Solving (2.5a to r) leads to

& =x,y,2),
& =8(x,9,2),
E=83y,2),

17 =a(x,y,2)+— (ZKg—f )+vKl,

17 =d(x,y,2)+uks + — (Zb(x,z) f)

(2.6a)
(2.6b)
(2.6¢)

(2.6d)

(2.6€)

where a, b, d are arbitrary functions of the indicated variables and K, K>, K3 are arbitrary con-

stants. Due to Egs. (2.6), Egs. (2.5s to aj) become

E+8=0,
§-¢x=0,
&5 —¢x=0,
&y+¢3=0,
+EE=0,
vaKy+ az; + ayy + dyx — 2(2vKl+2a+ug‘yzz fyyy+4ugc +u€xxy) 0,

fzz + é‘yy + £xy + €xx = O;
2 2 2

fzz +2€yy + é‘xx = 07

fzz + fflz + fi’/y + fix =0,

§-¢8,=0,
&+8 =0,
& -&=0,
&y +¢x=0,
& +E=0,

UKy + Vb + Vbyy + dzz + dyy + dix
1
-3 (ZuaKg +2ad +4vacf2 + véxzz + foyy + foxx) 0,
2by + fzz + fyy + fox =0,
Eiz + f?/y + é}cy + fix = 0’
sz - f?z’z - é?;y - f;z - gf’cx =0.

Differentiating (2.7c,]) with respect to x and (2.7d,m) with respect to y yield

é‘iy - é‘;x 07
1 2
vyt 5” 0,
respectively. From Egs. (2.8) we get
ff + 5 =0.

13

(2.7a)
(2.7b)
(2.7¢)
(2.7d)
(2.7¢)

(2.79)
(2.7
(2.7h)

(2.71)

(2.7j)
(2.7k)

2.71)

(2.7m)
(2.7n)

(2.70)

2.7p)
(2.7q)
2.71)

(2.8a)
(2.8b)

(2.9)



Similarly differentiating (2.7b) and (2.7e,n) with respect to x and z respectively leads to

&, - & =0, 2.10a)

&o+el =0 (2.10b)
From (2.10a) and (2.10b) we get

Er+EL, =0, 2.11)

Substituting (2.9) and (2.11) into (2.7p) we obtain
b=Db(z). (2.12)

Differentiating (2.7b) with respect to z and (2.7e,n) with respect to x respectively give

&,-8.=0, 2.13a)
Exz+ & =0, (2.13b)
which both imply that
E+8,=0. 2.14)
From (2.14) and (2.7r) we have
—2b + &, +&), =0. (2.15)

Differentiating (2.7a) with respect to y gives

&+, =0. (2.16)
From (2.7¢,)) it can be concluded that
&= e (2.17)
Substitution of (2.17) into (2.16) yields
& +&,=0. (2.18)

Substituting (2.18) into (2.15) implies that b is a constant, (i.e. b = Ky).

Differentiating (2.7f) with respect to u and (2.70) with respect to v respectively give equations

46)1C+5ixy+€§/yy+fizz :0; (2193.)

4aE + &+ Ehyy + €0 =0 (2.19b)

Equations (2.19a,b) used together with (2.7¢,]) imply that ¢ ¢l (¥, 2), which in turn when used
together with (2.7b) and (2.7c) imply that &= 8(x, y) and &2 = 2(x,2) respectively. The rest of
equations (2.7) become

&+E=0, (2.20a)
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&,+&=0, (2.20b)

&+ =o, (2.20c)
vaKy+az; +ayy+ axy—vKi—a=0, (2.204d)
EL+E), =0, (2.20€)
§Zet e =0, (2.200)
& +E.=0, (2.20g)
&+E=0, (2.20h)
& +&5=0, (2.20i)
&g+ =0, (2.20)
uky +dz; + dyy+ dyx — a(uky — d) =0, (2.20k)
& +E)y =0, (2.201)
&, +E,=0, (2.20m)
&y +E,=0. (2.20n)
Integrating (2.20a) with respect to y yields:
E=—ye+e(v), 2.21)

where e! is an arbitrary function of x. Substitution of (2.21) into equations (2.20) yields

y&2, =0, (2.22a)
&, +&5=0, (2.22b)
er+éEL—yéd =0, 2.220)
vakKy+az; +ayy+ axx—vKi—a=0, (2.22d)
1+ €y, =0, (2.22¢)
& +& =0, (2.221)
_ellcx Ty (fizz + fixz) =0, (2.22g)
yéz, =0, (2.22h)
& +&5=0, (2.22i)
ey +&L—yéi, =0, (2.22))
ukKz +dz; +dyy + dyx —a(uky — d) =0, (2.22k)
Era+Eyy =0, (2.221)
& +8E%. =0, (2.22m)
_eJle Ty (égzz + ffcxz) =0. (2.22n)
Equations (2.22a,h) give
&% = e?(x) + ze* (), (2.23)

where e? and e are arbitrary functions of x. The remaining equations are

er+ze3+¢&, =0, (2.24a)
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el+&l—yed =0, (2.24b)

vakKy+azz+ayy+ax—vKi+a=0, (2.24¢)
EL+E), =0, (2.24d)

efm + zef’cx =0, (2.24e)

el . —yel . =0, (2.241)

er+zes+&,=0, (2.24g)

e+ —yer=0, (2.24h)

UKz +dz; +dyy +dyx — a(ukz +d) =0, (2.240)
Erat &y, =0, (2.24j)

e . +zel =0, (2.24K)

el . —yel . =0. (2.24])

Integrating (2.24a,g) with respect to y give

& =z(—el+yed)+et(y), (2.25)

for some arbitrary function e*(y). Substituting (2.25) into equations involving ¢! in (2.24) gives

e' =Ks + xKs, (2.26a)
e’ =K + xKg, (2.26b)
e3 =Ky + xKj, (2.26¢)

where K, ..., K are arbitrary constants. Equations yet to be satisfied in (2.24) are

Kg+2zKy0 + €}, =0, (2.27a)
vaky+a;; +ayy+axx—vKy+a=0, (2.27b)

O
ey, =0, (2.27¢)
Kg + 22Ky + e‘; =0, (2.27d)

4 _
ey, =0. (2.27f)

From (2.27a,d) we find that

e* = Ky, — y(Kg +2zKyp), (2.28)

for some arbitrary constant Kj;. Substitution of (2.28) into equations (2.27) yields

¥Ki0 =0, (2.29a)

vaky+az; + ayy+ axx—vKy+a=0, (2.29b)
yKi0=0, (2.29¢)

UKy +dz; +dyy + dyx — a(ukz + d) = 0. (2.29d)

From (2.29a,c), K9 = 0. Also since a # 1, K; = K» = 0. Making these substitutions leave us with
the equations
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Axx T ayy+dz; = a, (2.30a)
dyx+dyy+d;.=ad, (2.30b)

which is system (2.1) in new dependent variables a and d. Thus, the coefficients of symmetry
generator are

&= —zKs — yKg + Ki1, (2.31a)
&% = K7 + xKg + 2Ky, (2.31b)
& = K5 + xKg — yKa, 2.31¢)
n' = uks+a, 2.31d)
n° = vKy +d. (2.31e)

Therefore from (2.31) the following symmetries are obtained

X1 =0y, (2.32a)
X5 =0y, (2.32b)
X3 =0,, (2.32c)
Xy =y0yx—x0y, (2.32d)
X5 =205 — X0, (2.32¢)
Xg =20y — y0, (2.32f)
X7 =udy, (2.32g)
Xg =v0,, (2.32h)
Xa=a(x,y,2z)0y, (2.32i)
Xa=d(x,y,2)0y, (2.32))

where a(x, y, z) and d(x, y, z) satisfy system (2.1) or (2.30) whenever a #1.

In expanded form, system (1.6b) becomes

Uxx T Uyy t Uzz = — U, (2.33a)
Uxx + Vyy+Vzz=av, a# 1. (2.33b)

This is system 2, the computations have shown that it admits symmetries (2.32).

2.2 System 3

Consider the second order system of PDEs

Uxx + Uyy + Uzz =0, (2.34a)
Vxx+Vyy+Vzz=0, (2.34b)

which is the expanded form of system (1.6c). The system admits one-parameter Lie group of
transformation with the generator given by (1.14) whenever
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X® (ux + tyy + uzz) 2340 =0, (2.35a)
X[Z] (Vxx tVyy+ sz)|(2.34b) =0, (2.35b)

where X! is the second prolongation of X given by (1.16). Expanding (2.35) yields the following
equations

1 1 1 1 1 1 1 1 1 2 2 2
VzzMy + UyyMly + UxxTly + UzzMy + UyyNy + UxxT)y — 2Ux, (U.Zé-y + Uz, +fz) —2uy, (U.Zé-y + uzéy, +fz)
3 3 3 1 1 1 1 1 1 1 1
=20z (V28 + Uz +82) + Vel gy + Uz (Valyy + Uzl gy + 1 20) + Ul gy + Uz (Ve gy + Ual g + 124
1 1 1 1 1 1 1 1 1 1 1
+ Mzz — Ux (UZZév + uZqu + UZfzv +U; (Uvav + uZéuv + fzv) + quzu + Uz (Uz‘fuv + uz‘fuu + fzu))
2 2 2 2 2 2 2 2 2 2 2
=ty (V22875 + Uzz8yy + V285, + V2 (V285 + Uiy +620) + Uy + Uz (V285 + Uz +E50) +E52)
3 3 3 3 3 3 3 3 3 3 3
—Ug (UZZ‘fv + uZqu + VZ'fzv +v; (UvaV + quul/ + fzv) + quzu + U (VZEMU + quuu + ézu) + érzz)
2 2 2 3 3 3 1 1 1 1 1
—2uyy (yyfy +uyds +(fy) —-2uy,; (vyrf,, +uyéy, +§y) + Uy + Vx (Uxlyy + Uy + M) + N
1 1 1 1 1 1 1 1 1 1 1
—2uxy (nyv + uJ’gu + ‘fy) +t Uy (Vynvv T UyNuw +77yv) + UyTlyy Uy (Uynuv T UyNuu +77yu) +nyy
1 1 1 1 1 1 1 1 1 1 1
— Uy (vyyf,, +uyyCy+UyE,, Uy (vyrfw +uyéy, + rfyy) +UySyy + Uy (vyvfw + Uy + fyu) + cfyy) (2.36a)

2 2 2 2 2 2 2 2 2 2 2
- uy(vyyfy+ UyyCy + VySyy + Uy (VyEo, + uyéuy+£yy) +UyCy, + uy(vyfuy+ uyéuu+£yu) +£yy)

(
~ Uz (Vyyfsu + UyySy+ UyEy, + Uy (Vyfiu + Uy +§§’,y) + Uy Ey + Uy (Uycfi,, + 1y, +é§’,u) + éi’,y)
=20 (Ul + Ul +EY) = 2Usy (V285 + Ul + EL) = 20z (V8D + UxES + E3) + Valhy + Ul ey

=t (Vxay + Uy U8y + Vi (Vx84 + Un iy + Exp) F U gy U (U + Uy + i) + €3
— Uy (Vxx'fzy + uxxfi + Vxéiy + Uy (fo?/y + uxfiy + fiy) + ux'fiu + Uy (foiy + uxfz,m + ‘fiu) + é?cx)
= U (VxxEy + ady + Uy + Ux (V€ + UnElyy +E5,) F UaE Sy + U (V8 + Un iy + i) + €3
(

1 1 1 1
+ Ux \VxNyy T UxN gy +Tlxu) - uxgzz =0,

szfﬁ, + Vyyn%; + Vxxn%; + uzzni + uyyn%t + uxx’ﬁ; —2Vx, (sz}; + uzélll + 5;) =20y, (VZE% + uzfi + ‘fi)

=20z, (ny?I; + uz'fi + ‘f?z’) + Vzniv T Uz (Uznzvv + uzniv + niv) + uzniu tug (Vzn%w + uzniu + niu)

—Ux (vzz'f}J + uZZf}t + vchiv"- Vz (VZf}/v + qu}w + ‘f;v) + quéu + Uz (szllw + uzglltu + f;u) + fiz)

— Uy (VZZ‘f%/ + uZZéi + UZ&?U"' Vz (UZf%v + qu%w + fiv) + quiu + Uz (VZfiv + uZézuu + féu) + Eiz)

— Uz (UZZ&:?/ + uZZ'f:zi + VZ£2U+ Uz (Uz‘f?w + qu:—l%lU + fiv) + qu?z)u + Uz (Uch?w + uz’f?m + Egu) + Eiz)

~2Uxy (Vyf}; +uyd, +f}/) —2Vyy (Vy%(% + Uy, +5§») ~2Vyz (Vyf?» + Uy + 53) + Uy + 0%

+Uy (Vyfﬁw + umiy + leyu) + uy’?iu +uy (Vyﬂ%w + ”yniu + 17?/14) + 772yy —Ux (Vyyflu + “yyf}l + Vyf}/u

oy (Vyf}w UyEy, + 5}1/) +UySy, + Uy (Vyf}w +yE iy +£}/u) + 5}3/) — vy (Uyyf?, + Uy &+ vy ES, (2.36b)
vy (0@, &+ 8+ w8+ wy (0,8 + g+ 8 )+ 8 ) = 02 (08 + 4 0,8,

+ Uy (U}"f?/v + uyé?w + 6?/1/) + uyf?/u + Uy (ny?w + uyfiu +€§/u) + E?/y) —2Vxx (Uxé}/ + uxfit + 6}5)

= 20xy (Vx5 + U+ EL) = 205 (V285 + Uy + E3) + Uy, + U (U + Uy + 1) + Una

+ Uy (anuv + uxnuu + nxu) + n?cx —Ux (Uxxfb + uxxé; + Uxé}cv"' Vx (VXf}/v + uxé%tv + f}cv) + unglcu

+ Uy (nguv + uxéu + Exu) + ’fxx) VJ’ (Vxx‘f% + uJCX€2 + Ux{?cv"' Ux (ngiv + uxéz + Eiv) + ux{?cu

+ ux(foiy"' uxf%m ) ) Z(Vxxéy"' uxxfu"' foxy"' Vx(Vx‘fyy"‘ ux‘f +€§Cy)+ uxfiu
( ) +&

3 3
+ Uy (Ui + U, + )
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Using the same argument from the previous section that ¢1,¢&2,¢%,n! and n? do not depend
on the derivatives of u and v, separating (2.36) by powers and products of derivatives of u and v

results into the following determining equations

&, =0,

& =0,

& =o,
My =0,
Myw =0,
&, =0,

& =0,

& =0,
Muw =0,
Mow =0,
Myu =0,
Mo =0,
M =0,
M5 =0,
My, =0,
My =0,
My =0,
Mu =0,
&+ =0,
g-e=0,
& —&=0,
&y +¢x=0,
EL+& =0,

Maz+Myy +M5xx =0,

1 1
zn;u - é‘;z - éyy - éxx = 0)
zn;u - fiz - é?/y - éix =0,

zniu - f?z’z - f?/y - gix =0,

19

& =0,
e+ =0,
&-&,=0,
&, +&5=0,
EL+E =0,

(2.37a)
(2.37b)
(2.37¢)
(2.37d)
(2.37e)
(2.371)
(2.37g)
(2.37h)
(2.37i)
(2.37j)
(2.37k)
(2.371)
(2.37m)
(2.37n)
(2.370)
(2.37p)
(2.37q)
(2.371)
(2.37s)
(2.371)
(2.37u)
(2.37v)
(2.37w)
(2.37x)
(2.37y)
(2.372)
(2.37aa)
(2.37ab)
(2.37ac)
(2.37ad)
(2.37ae)
(2.37af)



Moz + 1oy + M5 =0, (2.37ag)

2n, — &L =&, — &L, =0, (2.37ah)
o, — &, -8, - &, =0, (2.37ai)
215, =& =&y — &5 =0. (2.37aj)

Solving (2.37a) to (2.37r) we get the following solutions

& =(x,y,2), (2.38a)

& =8(x,9,2), (2.38b)

E=81,y,2, (2.38¢)
u 2

n' = a(x,y,2) + E(21@, - 5y) + vk, (2.38d)

172 =d(x,y,2)+uky + %(21(4 - f}c), (2.38e)

where a and d are arbitrary functions of their arguments and K, K, K3 and K, are arbitrary con-
stants.Thus, equations (2.38) transform the rest of the equations from (2.37s) to (2.37aj) :

E+8=0, (2.39a)
&-&=0, (2.39b)
& & =0, (2.39¢)
&, +&5=0, (2.39d)
EL+& =0, (2.39)
azz+ayy+axx—%u(fizz+£§,yy+€ixy) =0, (2.3910)
Erat &y +E5,+E0, =0, (2.39g)
&, +28 +E5,=0, (2.39h)
&+ 8+, +E,. =0, (2.390)
&-&=0, (2.39))
&+E=0, (2.39K)
& & =0, (2.391)
&, +&5=0, (2.39m)
EL+& =0, (2.39n)
doz+dyy+ dyy — %v (é vzt Enyyt fixx) =0, (2.390)
Erat &)y +26,=0, (2.39p)
&+ &+ +E5, =0, (2.39q)
&+ +E L +E =0, (2.391)
Differentiating (2.390) with respect to v we get
Erx + €y + €022 =0, (2.40)
Integrating (2.40) with respect to x we yields
Erx+ &)y +EL,=F (1,2, (2.41)
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where F1(y, z) is an arbitrary function. Using (2.39p) together with (2.41) gives

é‘)lcx+F1(y’Z) :0’

which implies that

1
&' =F2(y,2) + xF(y,2) — Eszl(y, 2),

(2.42)

(2.43)

for some arbitrary functions F?(y, z) and F3(y, z). Thus, equation (2.43) amends equations (2.39)

and we obtain

& +8,=0,
xF'+& - =0,
xF'+& - F =,

W F)—2(F2+ xF3+¢2) =0,

X°F} —2(F2+xF2 + &) =0,

Az + Qyy + Ay — %u (f’jzz +&,+ fixy) =0,

2F' (2 + 2 (FL + ) )~ (F2 + 2P, + P2 4 xF3 + 82, ) =0,
§ho 285, +E5, =0,

B+8, +8,+8,=0,

&-¢5=0,

&+&=0,
xF'+& -F =0,

2 Fy — (F2+ xF3 +&3) =0,

xX°F} - (F2+xF2+ &) =0,

vxF,, + vxF;y +2(dzz+dyy+dsx) — v (ng + Fij) =0,
AF 4 2 (lez +F;y) - (FZZZ +xF>, + FJz,y + xFJ?jy) =0,
XFy = Fy+ &, =8y = 8 =0,
R )

Using (2.44a) and (2.44j) we get

& +E2,=0,

3 3
$yy+62:=0.
Substituting (2.45a,b) into (2.44q,r) respectively gives
E=F'(y,2)+xF°(,2) + Lop_Leps
- yr y) 6 y 2 y)
1 1
E=F(y,2)+xF'(y,2) + 6x3F} - Eszﬁ,

21

(2.444a)
(2.44b)
(2.44¢)

(2.44d)
(2.44e)

(2.44f)

(2.44g)
(2.44h)
(2.44i)
(2.44j)
(2.44K)
(2.441)
(2.44m)
(2.44n)
(2.440)

(2.44p)

(2.44q)
(2.44r)

(2.45a)
(2.45b)

(2.46a)

(2.46b)



where F4, F°, F% and F” are arbitrary functions of y and z. Substitution of equations (2.46a,b)

into equations (2.44) yields

3F; +3xF; +3F) +3xF) + x’F), - 3x"F,, =0,
6XF(y,2) + 6FS +6xF! + x>F., —6F3(y,2) —3xF>, =0,

1 4 5 3l 3 273 _
6xF"(y,2) +6F, +6xF), + x"F),, —6F"(y,2) =3x°F,, =0,

5 2 _
F*+F. =0,
F'+F2=0,

4 5 1 3l 4 5 31
u(BFy, + 68X, +6xF), + X'}, + 6F},, +6xF}, + X°F} . )

-3 (2uF§y +uxlF. 4 ux’F

Vyzz yyyy+4azz+4ayy+4axx) =0,

1
1 21 2 3 5 2
Fl(y,2)+ S x°Ey, — F, - xF2, — F) + Fj, =0,

1
3 2 3 3
Fy+5x (F +2F 1 1=

! 1
4 5 1 3.1 4 5 _—_—
yzz yyy)_Fzz_XFzz—XFy+éx F —2Fyy—2xFyy—§x F 0,

1 1 1
3 23 3 1 6 7 31 4 5 6 7 3l
Fl+5x (Fm + ZFW) —xF; —Fy, — xFl,— <X’ Fp, — Fy, = xFy — Fyy = xF), = 25°Fy,, =0,

6F; +6xF, + x°F,, +3x"F,, - 3x"F;, - 6F, —6xF, - x°F), =0,
4 5 6 7 3l 213
3F, +3xF} +3F) +3xF, + X’F,, —3xF,, =0,

1 4 5, 371 3 203 _
6xF" +6F, +6xF,+x°F,, —6F(y,2) —=3x"F},, =0,

F°+F; =0,
F'+F?=0,

1 1 3 3 | _
VXF,, + UXFy, +2(dzz +dyy +dyxx) — v (FZZ + Fyy) =0,

1 2 1 1 2 3 2 3

4F v x (Fzz + Fyy) —2 (FZZ +xFS, + F2,+ xFyy) —0,
6F,, +6xFy, + X°F,,, +6F, +6xF,, + x°F,, —3x° (Fﬁzz + Fiyy) =0,
6FS, +6xFL, + x*FL, +6FS, +6xF], + x°F,_ —3x° (Fﬁzz + ijz) - 0.

From (2.47d,m) and (2.47e,n) we discover that

5 _ 2
F°=-F2,
7 2
F'=-F?

(2.47a)
(2.47b)
(2.47¢)
(2.47d)
(2.47¢)

(2.479)

(2.47g)
(2.47h)

(2.471)

(2.47j)
(2.47K)
(2.471)
(2.47m)
(2.47n)

(2.470)
(2.47p)
(2.47q)

(2.471)

(2.48a)
(2.48b)

respectively. Equations (2.48a,b) satisfy equations (2.47d,m) and (2.47e,n) and the rest of the equa-

tions in (2.47) become

4 6 3l 2 3
31 +3F5 + x°F), —3x 2F2, + xF},) =0,
6XF(y,2) +6FS + x*F., —6F3(y,2) —6xF2, - 3x*F>, =0,
6xF'(y,2) +6F, + x’F},—6F°(y,2) —6xF;, - 3xF;, =0,

3(2L¢FJ3,J,+2uxF2 +ux’F3_+2uxF? + ux’F3

yyzz yyzz yyyYy yyyy t4azz +4ayy + 4“”)

4 1 31 4 31 _
—u(GFyZZ+6xFyy+x Flo . +6F%, +x Fym) ~0,

1
Fl'(y,2) + Eszzlz ~F2,—xF3, =0,

1
—F;’—Ex(ZFz +xF3 _+4F% +2xF3

1 1
4 1 3l 4 3l _
yzz yzz Yy yyy) +F, +XxF), + éx Fy .. +2F,, + gx F 0,

Yzz yyy
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(2.49a)

(2.49b)
(2.49¢)

(2.49d)

(2.49e)

(2.490)



~F3 - %x (2B + xFS, + 42, +2xF3 ) + xFL + FE, + éx3lezz +FL +FS,+ %xSFJl,yz =0, (2499
6F; + x°F}, +6xF;, +3x°F,, —6xF}, —-3x°F5,—6F, - x’F;, =0,  (2.49h)

SF)+3F5 +x°F), —3x (2F2, + xF},) =0, (2.490)

6xF'(y,2) +6F, + x’F,,—6F° —6xF,,—3x"F,, =0, (2.49j)

VXFL, + UxF)y + 2 (daz + dyy + diy) — v [Fo 4 Fy ) =0, (249K

4P+ 22 (Fl o+ F)y ) 2 (F2 + xF + F2 v xF3 ) =0, (2.490)

6FL, + X Fy + 6Fp, + X F)y, = 3% (2F2,, + xFy, + 2F2, + xFy, | =0, (249m)

The functions F!, F?, F3 and F® do not depend on x, hence from (2.49b) it can be concluded
that

Fl=el(y)+ze*(y), (2.50a)
F>=e(y)+ze*(p), (2.50b)

where e!,e?,e® and e* are arbitrary functions of y. Updating equations (2.49) using (2.50a,b)
gives

3 2 4 6 4 2 | _
xbed +3(Fh+ Fy) -3x(xe} +2FL, ) =0, (251a)
xel + xze? + FS — e® — ze* — xF2, =0, (2.51b)

3 4 3 4 2 1 2, .31 3.2 4 _
—3(2e +2ze x(xeyy+xzeyy+2Fyy))+6xe +6xze” +x ey, +x zeyy+6Fy—0, (2.51c)

1 2 3,1 3,2 4 4
u (Gxeyy +6xzey, +x7e,,,, +x"z€e),,,, +6F,  + 6Fyyy) 251d)

4 2
vy +2uxF

2
+2uxF Yyyy

2, 4
+ux-ze Yyaz

+-ux2e Vyyy

—3(2ue§y+2uze +4dzz+4ayy+4ﬂxx) =0,

3
yyyy
el +ze* —F2,=0, (2.51e)

1 1
o3t 3 4 2 2 1 2, 2.3 1.3, .2 4 4 _
e, —ze x(xeyyy+xzeyyy+FyZZ+2Fyyy) +xe), +xze, + 3% eyyy+ 3% zey,, +F; +2F,, =0, (2.51f)

1
4 4 2 2 2 3,2 6 , 4 L b _
—e —x(xeyy+Fzzz+2Fyyz)+xe +3x ey, +F,+F, +F), =0, (251g

=0, (2.51h)

3(,1 2 2.3 2,4 6 2 4 2
b (eyy + zeyy) -3 (x ey, +x°ze,, +2 (Fz —xF;,—F,+ xFyy)

3,2 4 6 4 2 ) _ 3
xbed +3(Fh+ Fy) - 3x(xe) +2F2, ) =0, (251

1 2, .31 3_2 4 3 4 3 4 2
6xe +6xze +x ey, +x zeyy+6Fy S(Ze +2ze +x(xeyy+xzeyy+2Fyy)
3

1 2
vxey, +vxzey, +2 (dzz+dyy+dyx)—v (e +ze

vy =0, (2.51k)

1 2, .2(.1 2 3 4 2 2 _
4e" +4ze  +x (eyy+zeyy)—Z(xeyy+xzeyy+Fzz+Fyy =0, (2.51D

)
)
)=0, @51
)
)
)

3(,1 2 2.3 2,4 4 2 4 2
x( +zeyyy) 3(xe +x°ze Z(FZZ xFy ., +F,,—xF )

Cyyy yyy yyy ~ yyy)) =0, (2.51m)

1 4 2 2 1 3 2 6 6 _
_Ex(xeyy +2(F2 + Pl )|+ g, +FL+F) =0, @51n)

Upon separating (2.51a) by powers of x we find that e? = K5 and e* = Kz where K5 and K where K5
and Kg are arbitrary constants. Further differentiating (2.51k) with respect to v and then separating
the result by powers of x and then by z we find that e! and e® are both linear in y, i.e.,

el = K7 + yKs, (2.52a)
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83 =Kg+ yKl().

2,e% and e* we get

Updating equations (2.51) taking into account el e
4 16 2
Fi+FS—2xF2, =0,
—x(2Ks5 + K7 + yKg) — FS + zKs + Ko + yKy9 + xF2, =0,
—x(zKs + K7 + yKg) — F; +2zKg + K9 + yKio, + XFJZ/J/ =0,
4 4 2 2
—-u (Fyzz + Fyyy) +UXFy, .+ UXFy, ., +2(Az; + ayy + axx) =0,
zKs+ K7+ yKg— F2, =0,
xKg + F,, +2F,, — Ko, — xF,, —2xF}, =0,

yzz yyy
xKs+F +F* +F8 —Ky—xF?. —2xF2,_=0
5 zz yz vy 6 zzz yyz ’

FS +xF}, - xF, - F} =0,

F;+F)-2xF;, =0,

—x(zKs + K7 + yKg) — F; +2Kg + K9 + yKio, + xFJZ/J/ =0,
dzz+ dyy+dyx =0,

—2(zK5 + K7 + yKg) + F2, + F2, =0,

_x(pz + F2 )+F§Z+F;y =0,

yzz yyy
2 2 6 6 _
—x(Flpy By )+ o+ Foy =0,

Differentiating (2.53j) with respect to x gives
Fy, = zKs+ K7+ yKs,

which implies that

1 1
F =2V K+ o) K+ (@) + yel ),

(2.52b)

(2.53a)
(2.53b)
(2.53¢)
(2.53d)
(2.53€)
(2.530)
(2.53g)
(2.53h)
(2.53i)
(2.53))
(2.53K)
(2.531)

(2.53m)

(2.53n)

(2.54)

(2.55)

where e° and e® are arbitrary functions of z. Thus, (2.55) updates equations (2.53) as follows

—2xe+ Fy + F) =0,
—x(zK® + K7 + yKg) — FS + zKs + Ko + yK1o, + xe3, + xyeS, =0,
xzK° + Fy — zKg — Ko — yK19, = 0,

1
4 4
Azz+ Ayy+ Qyxx — Eu (Fyzz + Fyyy) =0,

zZK® + K7 +yKg - ezz — yegz =0,

6 4 4 _
xKg + Kl()y +xe,,— Fzz - 2Fyy =0,

5 6 4 6 5 6 _
XK+ F,,+ Fyz + Fyy - K¢ —xe,,,—xye,,, =0,

xK7 +xyKg + Fg’ - xegz - xyegz - F;f =0,

2xe) —F, - F) =0,

xzK° + Fy — zKg — Ko — yK10, = 0,

24

(2.56a)
(2.56b)
(2.56¢)

(2.564d)

(2.56€)
(2.561)
(2.56g)
(2.56h)
(2.56i)
(2.56j)



dyz+dyy+dyx=0, (2.56k)

2zK® + K7+ yKg — €2, — yeb, =0, (2.561)
~x(Kg+e3,)+Fy, +Fy, =0, (2.56m)
~x (e, +yel,,)+Fo, +Fy, =0. (2.56n)

Differentiating (2.56a) with respect to x gives €% = 0, which implies that ¢® = K33, for some
arbitrary constant Kj;. Again, differentiating (2.56j) with respect to x and (2.56e) with respect to 'y
we get K5 = Kg = 0. Thus, from (2.561) we get

5 15
e’ =Kjp+zKi3 + EZ K. (2.57)

The remaining equations in (2.56) become

F;+F) =0, (2.58a)
zKs + Ko + yKy9— F° =0, (2.58b)
2K+ Ko+ yKy9— Fy =0, (2.58¢)

oz + Qyy + Gy — %u (F;jzz + F;‘yy) -0, (2.58d)
—Kio+ Fy, +2F,, =0, (2.58¢e)
~Ks+F, +F,,+F),=0, (2.58f)

Fg-Fy =0, (2.58g)

F;+F) =0, (2.58h)
2K+ Ko + yKio,— F =0, (2.58i)

dzz+dyy+dyx =0, (2.58j)
Fg,+F,, =0, (2.58K)
FS,+F),=0. (2.58])
From (2.58b,c) we respectively get
F®= %ZZKG + 2Ky + yzKig+ e’ (), (2.59a)
F' = yzKs + yKo + %yzKIO +¢%(2), (2.59b)

where e’ and €8 are arbitrary functions of y and z respectively. Substituting (2.59a,b) into (2.58)
gives

Azz+ ayy+ axx =0, (2.60a)
Kp+el, =0, (2.60b)

7 _
Ke+e,, =0, (2.60c)
yKg + zKyp + ez, + 62 =0, (2.60d)
dzz + dyy +dxx =0, (2.60e)
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Kypo+e?, =0,
Ks+e], =0.

Solving fo e® from (2.60f) we get
e = Ky + zK15— %zzKlo,

where Kj4 and K5 are arbitrary constants. Substituting (2.61) in to (2.60d) gives

yKs + K15+ e, =0.

Finally solving for e’ from (2.62) yields

7 1,
e’ =Ki5— 37 Ks — yKis.
Substituting (2.61) and (2.63) into equations (2.60) we obtain
Axx+ayy+az; = 0,

dyx+dyy+d.; = 0,
which is system (2.34). Thus we have the solutions

L =(=x* + y? + 2H) K7 + 2x(2Kg + Ko + yK10) + 2y K11 + 2Ki2 +22K3,
&2 =2yzKe +2yKg + (—x* + y* — 29 K19 — 2x(yK7 + K11)2K14 + 22K,
& =(=x* - y* + 29 Kg + 22Kg + 2yzKy g — 2x(2K7 + K13) — 2y K5 + 2K,
171 =2vKi1 + u(2K3 — zKg + xK7 — K9 — yKyp) + 2a(x, y, z),

1° =2uks + v(2Ky — zKg + xK7 — Kg — yKio) +2d (%, ¥, 2),

and hence the symmetries are

X1 =0y,
X =0y,
X3 =0,
Xy =y0y—x0,,
X5 =20, — x0;,
X6 =20y — y0,,
X7=2x0;+2y0,+220, — ud, — vy,
Xg =2xy0x + (—Xx* + y* — zz)ay +2yz0,—yud, —yvo,,
X9 =2x20y+2yz0y + (—x?— y2 +2%)0, — zud, — zvd,,
X10=(-x%+ y2 +22)0, — xXy0y —2x20; + Xudy + xv0,,
X11 =udy,
X12 =00y,
X13 =udy,
X14 =00y,
Xa=a(x,y,2)0y,
Xg=d(x,y,2)0,,
where a(x, y, z) and d(x, y, z) satisfy system (2.34) or (2.64).
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(2.601)
(2.60g)

(2.61)

(2.62)

(2.63)

(2.64)

(2.65a)
(2.65b)
(2.65¢)
(2.65d)
(2.65€)

(2.66a)
(2.66b)
(2.66¢)
(2.66d)
(2.66€)

(2.661)
(2.66g)
(2.66h)

(2.66i)

(2.66)
(2.66K)

(2.661)

(2.66m)
(2.66n)
(2.660)
(2.66p)



2.3 System4

Consider system (1.6d) in expanded form

Uy + Uyy + Uzz = U,

(2.67a)
(2.67b)

Likewise, the symmetry criterion for system (2.67) yields the following determining equations

&, =0,

& =0,

& =0,
My =0,
My =0,
&,=0,

& =0,

& =0,
My =0,
Moy =0,
Mu =0,
Mou = 0,
M =0,
M2 =0,
My =0,
Myu =0,
My =0,
M =0,
&+8&=0,
&-6,=0,
& —¢x=0,
&,+&=0,
& +E=0,

vy =0+ Uy + 1y, + 1), — 2UE L + 15, =0,
1 1 1 1
anu _Ezz - é-yy - fxx =0,

Zn}/u -

2_
zz

S

2 2 _
yy_gxx_o’

1 3 3 3 _
anu_fzz_fyy_fxx -
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62_6§/:O’
&+8&=0,
&y=8=0,
&,+&=0,

(2.68a)
(2.68b)
(2.68¢)
(2.68d)
(2.68e)
(2.68f)
(2.68g)
(2.68h)
(2.681)
(2.68j)
(2.68k)
(2.68])
(2.68m)
(2.68n)
(2.680)
(2.68p)
(2.68q)
(2.68r)
(2.68s)
(2.68t)
(2.68u)
(2.68v)
(2.68w)
(2.68x)
(2.68y)
(2.68z)
(2.68aa)
(2.68ab)
(2.68ac)
(2.68ad)
(2.68ae)



&g+ =o, (2.68af)

VI, =1+ U+ 15— 2085 + 17, 415, = 0, (2.68ag)
2, — &L =&y — 6 =0, (2.68ah)
2, — &2, - &, — &, =0, (2.68ai)
2, — &, &, &5 =0, (2.684j)

Equations (2.68a,r) solve to

& =(x,y,2), (2.69a)
&=,y 2), (2.69b)
E=8x,y,2), (2.69¢)
17 =a(x,y,2)+— (2[(3 - ) +vKj, (2.69d)
n% = d(x,y,2) + uks + - (21(4—5 ) (2.69€)

where a and d are arbitrary functions of x, y, z and K, K3, K3 and K, are arbitrary constants. Due
to equations (2.69), equations (2.68s) to (2.68aj) become

&+&E=0, (2.70a)
& - =0, (2.70D)
&-&,=0, (2.70c)
& +&=0, (2.70d)
&+ =0, (2.70e)
1
Azz+ Ayy + Qyxx — > (Za +u (cfyzz + éyyy + 4{ + Exxy)) 0, (2.701)
ZZ+€yy+€xy+€xx:0, (2.70g)
&, +288 +E5, =0, (2.70h)
B+8, +8,+8 =0, (2.701)
&-&=0, (2.70j)
&+ =0, (2.70K)
&-&,=0, (2.701)
&+&=0, (2.70m)
&+ =o, (2.70n)
Aozt dyy + de— - 5 (2d+v(ag+ éyzz +&, 48, ))=0, (2.700)
éyy+€xy+€xx: , (2.70p)
&, +28 +E5, =0, (2.70q)
&+ &+, +E . =0. (2.70r)

Differentiating (2.700) with respect to v we get
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48+ &+, +E, =0 (2.71)

Integrating (2.71) with respect to y yields
48+ +8 +E,=G'(x,2). (2.72)
where G!(x, z) is an arbitrary function. Substituting (2.70q) into (2.72) yields the differential equa-

tion
48 -8 =G'(x,2), (2.73)

which solves for &2 to
1
E =G, +e VG (x,2) + ZG1 (X, 2). (2.74)

Substitution of (2.74) into equations (2.70) ultimately gives G%(x,z) = G3(x,z) = 0. Thus

&= iGl(x, z), (2.75)
which is similar to
& =& (x,2). (2.76)
Using (2.76) in (2.70c) yields
&=y, 2), 2.77)
and (2.77) in (2.70b) yields
& =8, y). 2.78)

Updating equations (2.70) with (2.76), (2.77) and (2.78) gives the following equations

E+8=0, (2.79a)

&, +&5=0, (2.79b)

EL+&5 =0, (2.79¢)

—A+azz+ Ayy+ Axy =0, (2.79d)
EretEyy =0, (2.79€)

&+, =0, 2.796)

&, +E,=0, (2.79g)
&+E=0, (2.79h)

&, +E5=0, (2.791)

&g+ =0, (2.79j)
—d+dz+dyy+dyxy =0, (2.79k)
EretEyy =0, (2.791)

&+ =0, (2.79m)

5§y +& =0. (2.79n)

From (2.79b) and (2.79c) we get

29



& =—x¢,+c'(a), (2.80a)
E=—xEL+ ), (2.80b)

where ¢! and ¢? are functions of z and y respectively. Substituting equations (2.80a) and (2.80b)
into equations (2.79) we get the following equations

cy+ ¢y —2x¢E), =0, (2.81a)

x¢L, =0, 2.81b)

x€), =0, (2.81¢)
—a+az;+ayy+ axx (2.81d)
f;z—l_é.}/y = 0) (2816)
(fyzzﬂf yyy) : (2.81f)

_CJZ’J’ tx (€ZZZ + 6yyz) = 0’ (281g)
xE,—xE,, =0, (2.81h)

cy+ ¢y —2x¢E), =0, (2.81i)

x¢y, =0, (2.81j)
_d+21}x€}/y+dzz+dyy+dxx:0’ (2811()
Eret &)y =0, (2.811)

(‘tyzz gtyyy) ’ (2.81m)

_CJZ’J’ + x( zzz T 'fyyz) =0. (2.81n)

Equation (2.81c) implies that ¢! is linear in y,
&h=c+yet. (2.82)
Using (2.82) into (2.81i) and separating with powers of x gives
c* = Ks, (2.83)

where Kjs is an arbitrary constant. Further substituting (2.82) and (2.83) into (2.81b) we find that
ed islinearin z, i.e
e’ = K + zK7. (2.84)

Plugging (2.83) and (2.84) into equations (2.81) yields

—a+ Azz+ ayy+ axx =0, (2.85a)
2 _

cyy =0, (2.85b)

Kg + CJZ/ =0, (2.85¢)

—d+dz+dyy+dyey=0. (2.85d)

Solving for ¢? from (2.85c) we get
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02 = Km - ng.

Finally the following system remains

Azz+ ayy+ axx = a,
dzz+dyy+dyc=d,

which is system (2.67). We therefore have the following solutions

&' = yKs + Kg + 2K,

&% = —xKs + Kg + zKq,

& = —xK7 - yKg + Ko,

171 =uKz+vKy+a(x,y,z),
% = uks + vKy + d(x, y, 2).

Hence we obtain the following symmetries

X1 =0y,

X =0y,

X3 =0,.

Xy =y0y—x0y,
X5 =20y — X0,
Xp =20y — Y0y,
X7 =udy,

Xg =v0y,

X9 =u0y,

X10 =00y,
Xa=al(x,y,2)0y,
Xp=b(x,y,2)0,,

where a(x, y, z) and b(x, y, z) solve system (2.67) or (2.87).
System (1.6e) in expanded form reads

l/txx + Ltyy + uZZ = _u,

Vxx + Vyy + Uzz =1,

which is system 5, it possesses symmetries (2.89).
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(2.86)

(2.87a)
(2.87b)

(2.88a)
(2.88b)
(2.88¢)
(2.88d)
(2.88e)

(2.89a)
(2.89b)
(2.89¢)
(2.89d)
(2.89€)
(2.899)
(2.89g)
(2.89h)
(2.89i)
(2.89))
(2.89K)
(2.891)

(2.90a)
(2.90b)



2.4 System 6
For the system of PDEs

Uxx + Uyy+Uzz=au+v, a=0

Uxx + Vyy + Vzz = 1,

(2.91a)
(2.91b)

which is the expanded form of (1.6f), the symmetry criterion for system (2.91) yields the fol-

lowing determining equations

M =0,

Mo =0,

n;,v =0,

772yu =0,

My =0,

Mew =0,

&+8=0,

&-&=0,

&5 —¢:=0,

)5 =0,

EL+& =0,

—an' —n* +vn) + (V+ua)ny, +n, +77}/y + (=20 - 2ua)&) + 15, =0,
ok, — &L -6, — &, =0,
o), -, -8 -8 =0,
2L, — &, - &, - & =0,
&-& =0,

&3¢, =0,
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(2.922a)
(2.92b)
(2.92¢)
(2.92d)
(2.92e)
(2.92f)
(2.92g)
(2.92h)
(2.921)
(2.92j)
(2.92k)
(2.921)
(2.92m)
(2.92n)
(2.920)
(2.92p)
(2.92q)
(2.92r)
(2.92s)
(2.921)
(2.92u)
(2.92v)
(2.92w)
(2.92x)
(2.92y)
(2.927)
(2.92aa)
(2.92ab)
(2.92ac)



&-&,=0,

&, +&5=0,

£ +63=0,

nix—nz + mﬁ, +(v+ ua)ni +n§z—2v€§,+n§,y =0,
2n%, — &L, =&, — & =0,

21y, =85 =8y~ =0,

2m% —¢2e =&y 6 =0

Solving equations (2.92a) to (2.92r) give the following

& =¢t(x,y2),
& =E(x,y,2),
E=8x,y2),
17 =a(x,y,2)+—= (2[(3—5 )+VK1,

17 =d(x,y,2)+uky+ - (2K4 .f)

where a and d are arbitrary functions and K, K>, K3, K4 are arbitrary constants.

(2.93) amend (2.92s) to (293aj) thus we have

&+8&=0,
&-6,=0,
& —&:=0,
&, +&5=0,
& +E3=0,

1
—VKy — VK3 — Qzz— Ayy — Axx + - (2vaK1 +2uk, +2vKy)

xxy) 0,

ety T &, +E0, =0,

§oo+ 285, +E5 =0,

e+ Ea+ 8y + 8 =0,

&-& =0,

&+&=0,

&-&,=0,

&, +&5=0,

&+E=0,

—VKy —uakKy —d;; — dyy — dyx + ; (Zqu +2d+4v(f2 + vfxzz + foyy + vfxxx) 0,

Zz+éyy+2€xx:0,

1 2 1 1
2(2aa+2d+vf +u£yzz+u£yyy+3v€ +4uad, + ué

33

(2.92ad)
(2.92ae)
(2.92af)
(2.92ag)
(2.92ah)
(2.92ai)
(2.92aj)

(2.93a)
(2.93b)
(2.93¢)

(2.93d)

(2.93e)

Equations

(2.94a)
(2.94b)
(2.94¢)
(2.94d)
(2.94e)

(2.941)

(2.94g)
(2.94h)
(2.941)
(2.94j))
(2.94k)
(2.94])
(2.94m)
(2.94n)

(2.940)
(2.94p)



&+ & &+ =0, (2.94q)
S48+, +E, =0 (2.941)

Differentiating (2.94f,0) with respect to u and v and using (2.94d,1) we find that ¢ }C =0,ie

& =&y,2). (2.95)
When used together with (2.94b,c), (2.95) yields

& =& (x, 2), (2.96a)
E=8(y,2). (2.96b)

Equations (2.95) and (2.96a,b) satisfy equations (2.94f,0,d,]) and the rest of equations (2.94) be-
come

&+Ey=0, (2.97a)
&,+&5=0, (2.97b)
EL+E=0, (2.97¢)
vaKi+uky + vKy+aa+d—vKy —vKz —az; — ayy — axx =0, (2.97d)
giz + 6}/)/ = 0) (2978)
&, +E5,.=0, (2.97f)
é‘i)/y + é‘ix =Y, (297g)
E+E=0, (2.97h)
&,+&5=0, (2.97i)
v =o, (2.97j)
VKy + uaKy + dzz +dyy + dyy — uKy — d(x,y,2) =0, (2.97k)
2+ Ey =0, (2.971)
2 +& =0, (2.97m)
&+ =0. (2.97n)
From (2.97h) we get
E=-y&+e(x), (2.98)

where e!(x) is an arbitrary function. Equation (2.98) updates equations (2.97) as follows

¥é2. =0, (2.99a)

& +82=0, (2.99b)

ey +El-yE, =0, (2.99¢)

vaKy+uky + vKy+aa+d—vKy —vK3 — az; — ayy — axx =0, (2.99d)
L+, =0, (2.99¢)

2.+ =0, (2.996)

—er + Y (. +E5) =0, (2.99g)
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Y62, =0,

&, +&5=0,

ey +&L—yés, =0,

VK +uakKy +dzz; +dyy+dyy—uKy—d =0,
EretEyy =0,

2485 =0,

—ey Ty (62, + %) = 0.

Equations (2.99a,h) show that ¢ 2 islinearin z, i.e

62 = e%(x) + xe®(x),

(2.99h)
(2.99i)
(2.99j)
(2.99K)
(2.99])
(2.99m)
(2.99n)

(2.100)

where e? and €3 are arbitrary functions of x. Substituting (2.100) into (2.99b,i) and solving for ¢!

yields
51 = y(—ei - zei) +e*(2),

(2.101)

where e? is an arbitrary function of z. Substitution of (2.100) and (2.101) into (2.99) leads to

(€, +zel,)
Yy (eix + Ze?cx)

1 4 3
e,t+e,—2ye;

)

0
0,
0

3vy 2 1 3
vKi + vKs + T+2uya: exx+Eyz(3v+4ua)exx+azz+ayy+axx

—vaKi—uk, —vKy—aa—d =0,

4 2 3 _
—€; Ty (exxx + Zexxx) =0,

1 3 _
Cxx~Vexx =

y (eyzcx + Ze?cx) =0,

2 3 _
e tzey, =0,
0,

e}c+e§—2ye§c =0,
1 1
vKr + ua ks + > vye: ..+ 3 vyzes .. +dg .+ dyy+dix—uKy;—d=0,

4 2 3 _
—e,t 2y (exxx + Zexxx) =0,

e)lcx - 2yef’cx =0.
Separating (2.1021) by y shows that e! and e® are both linear in x, thus

el = K5 + xKg,

e = K7 + xKg,
for some arbitrary constants K, ..., Kg. Substituting (2.103a,b) into (2.103c,i) solves to
e* = z2(2yKg — Kg) + Ko.
Substituting (2.103b) into (2.102a,b,f,h) implies that ¢? islinear in x, i.e.,

e2 = Kg + xKqy.
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(2.102a)
(2.102b)
(2.102¢)

(2.1024d)

(2.102€)
(2.102f)
(2.102g)
(2.102h)
(2.102i)
(2.102j)

(2.102k)
(2.1021)

(2.103a)
(2.103b)

(2.104)

(2.105)



Substituting (2.103a,b), (2.104) and (2.105) into equations (2.101) we find that K» = Kg = 0 and
Ky = (1 - a)K; + K3. Making these substitutions satisfy all other equations and leave only

Axx+ Ayy+a;; =aa+d, (2.106a)
dyx+dyy+dz;=d, (2.106b)

which is (2.91). Thus we have the solutions

&= —zKs + K7 — yKyo, (2.107a)
&2 = zKg + Ko + xKio, (2.107b)
& = Ky + xKs — yKg, (2.107¢)
171 =vKy+uKs+a(x,y, z), (2.107d)
n? = v(Ki —aKi + K3) +d(x, y, 2). (2.107e)

Therefore, the symmetries of the system (2.91) are

X, =0y, (2.108a)
X, =0, (2.108b)
X3 =0,, (2.108c)
Xy = y0y—x0y, (2.108d)
X5 =20y — X0, (2.108¢)
Xo =120y~ y0,, (2.108f)
X7 =ud,+vo,, (2.108g)
Xg=v0,+(1—a)vd,, (2.108h)
Xa=alx,y,2)0y, (2.108i)
Xp=d(x,y,2)0y, (2.108j)

where a(x, y, z) and d(x, y, z) solve system (2.91) or (2.106).

System (1.6g) in expanded form reads

Uxx + Uyy+ Uzz=—aUu—-1V, a=0, (2.109a)
Vxx + Uyy + sz =—0. (2.109b)

This is system 7, it has the same symmetry Lie algebra as system 6 which is (2.108).
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2,5 System38

The expanded form of system (1.6g) is

Uxx + Uyy + Uzz = aU+ U,

Vxx+vyy+vzz:_ﬁu+av, a2+ﬁ2:1.
Proceeding likewise, system (2.110) admits the following symmetries

X1 =0y,

Xo =0y,

X3=0,,

Xy =y0y—x0y,
X5 =20y — X0,
Xp =120y — y0,,
X7 =ud,+ v0y,
Xg = v0, — uody,,
Xa=alx,y,2)0y,
Xaq=d(x,y,2)0y,

where a(x, y, z) and d(x, y, z) are solution to system (2.110).

37

(2.110a)
(2.110b)

(2.111a)
(2.111b)
(2.111¢)
(2.111d)
2.111e)
(2.111f)
(2.111g)
(2.111h)
(2.111i)

(2.111j)



Chapter 3

Similarity reductions of Elliptic Systems

In this chapter we construct the optimal system of subalgebras and the invariant solutions for el-
liptic systems investigated in Chapter 2. The original system is first reduced by its symmetry into
an invariant system with two independent variables. Thereafter, the optimal system of the reduced
elliptic system equations is used to perform similarity reductions and invariant solutions.

The main motivation for calculating the symmetries of the DEs is to use them to discover the
structure of the solution. A symmetry has the interesting property of mapping solutions to not
the same one. When dealing with PDEs, finding the analytic solution is something very difficult
or impossible. However, symmetries can be used to reduce a PDE to an ODE which is generally
easier to solve. Invariant solutions of a given equation satisfy an equation with fewer variables. If
the reduction leads to another PDE, then the symmetries of the reduced PDE are used to perform
further reductions.

Definition 3.0.1 The commutator of X; and X; is [X;, X;] = X;(X;) — X;(X;). The requirement
under here is that given a Lie algebra M (i.e. the vector space M of operators), [X;, X;] € M for all
X;,Xj € M. For any operators X;, X;, Xy € M and for constants ¢; and ¢, we have the following
properties of the commutators

1. Bilinear: [01Xi+02Xj,Xk] =0 [Xl',Xk]+Cz[Xj,Xk] and [Xi,01Xj+CZXk] =0 [Xi,Xj]+Cg[Xi,Xk],
2. Skew-Symmetry: [X;, X;] = —[X}, X;],
3. Jacobiidentity: [[X;, X;], Xi] + [[Xj, Xi], X;] + [ Xk, X;], X1 = 0.

Definition 3.0.2 The adjoint representation is given by the formula

. € e’
Ad(e“ )X = X; —e[X;, Xj] + E[Xi, [Xi, X1l - g[Xi (Xi [ X5, X1+

3.1 System1 or (2.1)

a) Reduction by X, yields the characteristic equations

dr__dy_dz_du_dv

) 3.1
¥y X 0 0 0 G-
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which give the invariants

2, .2 1 2
21=X"4+Y°, 22=2, u=w (z1,2), v=w(zy,2). (3.2)

Solutions (3.2) are substituted into (2.1) yielding the system of PDEs

1
2121
2

2 2 _ 2
nz AW H W, =aw. (3.3b)

4z w +4w;1 +rwk = wl, (3.3a)

2222

4Z1 w

System (3.3) has to be reduced further to a system of ODEs, to do so we have to first find its
symmetries which are

Y1 =0y, Yo=w'd,, Y3 =w?d,., Y, = alz1,2)0,, Y, =b(z1,22)0,,2. (3.4)

The commutator table for Lie algebra (3.4) is shown in Table 3.1.

Table 3.1: Commutator table
A RAR AR

Y11 0 0|0

Y| O 00

Y5 O 010

With the help of Table 3.1, the adjoint representation table for Lie algebra (3.4) is presented in
Table 3.2.

Table 3.2: Adjoint representation table
AEARARE

ilh| Y| V3

AR ARZ

;|| V| Y| Vs

Now we find the optimal system for the finite part of the symmetry Lie algebra (3.4), i.e., we
consider symmetries Y7, Y> and Ys.

Let
Y=b1Y1+bY, + b3Y3, (3.5)

where b;’s are arbitrary constants which cannot be zero simultaneously. With the help of ad-
joint table, it can be seen that Y cannot be reduced by the adjoint action. Hence the optimal
system for system (3.3) consists of linear combination of (3.5). We consider cases for b; =0,1
and thus the outcome is

1, Yo, Y3, Y1+ Y, Y1 +Y3, Yo+ Y3, Y1+ Yo+ Y3} (3.6)

Only the subalgebras that leave system (3.3) invariant are considered. Throughout the calcula-
tions, K;’s are considered arbitrary constants.
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i. Invariance under Y;. The characteristic equations are

dzl_d22_dw1_dw2
0o 1 0 0

, (3.7)
which give the solutions
z¥ =z, w'=F(z%), w?=G(z). (3.8)

Equations (3.8) are substituted into the system (3.3) to give a system of ODEs with variable
coefficients

4z*F"(z*)+4AF'(z*) =F(z"), (3.9a)
4z*G"(z*) + 4G (z*) =aG(z"). (3.9b)

We determine the power series solution of system (3.9) about the origin. Firstly consider
(3.9a), zg‘ = 0 is a regular singular point, so we assume a solution of the form

[e.°]
F(z)= ) amz*™", a9 #0, (3.10)
m=0

Substitution of equation (3.10) into (3.9a) yields

(o] [e.®] [e.°]
4y m+rm+r-Danz"™" " +4 Y m+nanz™ T =Y anzt™ =0, 3.11)
m=2 m=1 m=0

Solving (3.11) we obtain

F(Z*) = KlFl(Z*) +K2F2(Z*), (3.12)
where
Z*I’l
Fi(2") = ag Z T (3.13a)
Fy(z*) = F1(z)In(z") + bg+ b12* + boz™ 2 + -+, (3.13b)
and
bo 8610
by = - , 3.14
SRV EAVETTTIEIG) (.112)
py= DL 8o (3.14b)

4(2)2  4%(2H2%(2)
Through back substitution, we find the invariant solution

) ao(x2 +y2)n
) ) :K - T <0
u(x, y, z) 1’;0 47 (1)

3.15
X ao(x” +y?)" 2, .2 2, .2 2, 2.2 3.15)
+ Ko [Z 27 ()2 — = In(x"+y)+ bo+ by (x* + y°) + ba(x* + y°) " + -+
n=0
Similarly, invariant solution with respect to (3.9b) is
R apa(x*+yH)"
v(x,y,2) =K3 nz:‘b ICIE
(3.16)

i aﬂan(xz +y2)n

+ Ky
=0 47 (n!)?

ln(x2 + yz) +co+ 1 (x2 + yz) + cz(x2 + yz)2 +.--
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il

1il.

where

acy 8ay
c1 = - ,
Y722 8anzq)
ac 8ay
Cr =

422 442N2(2)°

Invariance under Y; + Y». The characteristic equations are

which have solutions

*
Z

dzl_dzz_dwl_dwz
0o 1 w' o0

’

=z, w' = e2F(z%), w? = G(z").

Invariants (3.19) reduce system (3.3) to a system of ODEs

Equation (3.20a) solves to

Z*F"(z)+ F'(z") =0,
4z*G"(z*) + 4G (z*) = aG.

F(z") = K5In(z") + K.

By back substitutions, (3.21) yields invariant solution

u(x,y,z) = ez(Ks In(x*+ y%) + KG).

Equation (3.20b) solves to

[eS) aoan(x2+y2)n
» Vo =K; - N0
v(x,y,2) 7;0 272

X agga’(x* + y*)"
o (2

Invariance under Y; + Y3. The characteristic equations

yield the invariants

*
Z

dzl_dzz_dwl_dwz
o 1 0 w?

’

=z1, w'=F(z%), w? = e2G(z%).

Solutions (3.25) reduce (3.3) to a system of ODEs

4z*

4z*F"(z*)+4F'(z*) - F(z*) =0,
G"(z)+4G (z")+ (1 —a)G(z*) =0.

The invariant solutions for system (3.26) are

o0

u(x,y,2) =Kz y_

n=0

+K8[ZO

ap(x* +y%)

4”(”02
ao(x* + y%)
4 (n 02

In(x® + y2) + bo + by (x* + y) + by (x* + yz)2 oo

41

In(x% +y?) + co + c1 (% + ) + co (¥% + y2)° +]

(3.17a)

(3.17b)

(3.18)

(3.19)

(3.20a)
(3.20b)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26a)
(3.26b)

(3.27a)



® ao(1-a)*(x* + )
v(x,y,Z)=eZ(Kez - Y
n=0 A% (3.27b)
X ag(1-a) (x* + y?) '
+Km[ > 0 IEE Y In(x*>+y?) +co+ c1 (x* + y?) + cz(x2 +y2)2 4+ ])
n=0 :
iv. Invariance under Y7 + Y, + Y3. The characteristic equations
dzy dzp dw! 3 dw? (3.28)
o 1 w' @ w?’ ’
solve to the following invariants
z* = z), w' = e2F(z%), w? = e2G(z"). (3.29)
Invariants (3.29) reduce system (3.3) to a system of ODEs
Z*F"(z*)+ F'(z*) =0, (3.30a)
4z°G"(z")+4G' (z")+ 1 - a)G=0. (3.30b)
From system (3.30), we get the invariant solutions
u(x,y,z) = e* (Ku In(x* + y*) + Klz), (3.31a)
X ap(1-a) (x? + y?)
v(x,y,Z)=ez(K132 — ¥
n=0 ) (3.31b)
© °°a0(1—a)"(x2+y2)l 2. 2 2, .2 2, 2)2 '
+ 14[;0 0 n(x® +y?) + co + ¢1 (¢ + y?) + e (x* + ) +])

Using X5 and Xg, we can reduce system (2.1) in the similar way we did using X;. These sym-
metries reduce system (2.1) to a system (3.3) and hence leads to similar symmetries Y1, Y», Y.
Tables 3.3 and 3.4 summarize invariant solutions due to linear combinations of Y7, Y5, Y3 under
X5 and Xg respectively.
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Table 3.3: Invariant solutions using Xs.

Subalgebra Reduced System Invariant Solution

4Z*F”(Z*) + 4F,(Z*) =F(z%), u(x, 7 2) =K Zc;lozo aoiiz(:l-gj)"
2. 2n ,
+ Kz[Z?{lo .aO—ffl(:rl—!;) In(x? + z%) + by + by (x2+22) + bg(x2 + Zz) e .]’
4
n,2 2\n
4z*G"(z*) +4G'(z*) = aG(z*). v(x,7,2) = K3Z%°:0%

N2 2\n 2
+K4[Zﬁo%ln(x2+z2)+c0+c1(x2+z2)+cz(x2+22) +]

ey

Z'F'(z") + F'(z") =0, u(x, y,2) = e¥(Ks In(x? + 22) + Kg),
Yl + Y2

N2 ,2\n
4z*G"(z*) +4G'(z*) = aG(z"). v(x,y,2) = Ky Y00 Otz

n(y2 2\n 2
+K3[Z‘,’1‘°:06W4w((x—n:)rf)ln(x2+z2)+co+c1(x2+z2)+cz(x2+22) +]

42" F"(2") +4F'(z") = F(z"), u(x,y,2) = Ky X0, Wz )

41 (n)2
2 2\n
+K10[Z(;>1°:0 ao—iﬁ(;ﬁz) NG +22) + By + by (22 + 22) + by (2 + 22)2 + - .],
Y1473
n(y24 ,2\n
4z*°G"(z*)+4G (") + (1 - a)G(z*) =0. v(x,y,2) = KnXe, ag(1-a)" (x2+2%)"

4n(p!)2

(42 2\n 2
+ Ky | x00, Sl e +2T) 3(;%2+Z) In(x? +2%) + ¢ + €1 (x% + 22) + ¢z (% + 22) +]
Z*FI/(Z*)-i-F/(Z*) :0, u(x’y’z) :ey(K131n(x2+Zz)+Kl4),

Y1 + Y2 + Yg
4z"G"(z") +4G'(2) + 1 -a)G(z") =0. v(x,y,2) = K155, farl il el

41 (n!)2
oo apl-a)"(x2+zH)"

+Ki6| L2 27 (0)

2
In(x? + 2%) + co + €1 (x* + 22) + ¢ (%2 + 22) +]




Table 3.4: Invariant solutions using Xg.

Subalgebra Reduced System Invariant Solution

2 2\n
4z*F"(z") +4F'(z*) = F(z"), u(x, y,2) = K3 Y00, 2 tz)

272
+Kp | X% Mln(y2 + 22+ b+ by (2 + 2D + by (2 + 22)° + - ]

n=0 4}1(”!)2

ney2, ,2\n
4z*G"(z*) + 4G (z*) = aG(z"). v(x,y,2) = Ky T30 ) DO

4n(n!)2
+K4 aoan(y2+22)n

o0
n=0 4”(71!)2

1n(y2+z2)+c0+cl(y2+z2)+cz(y2+z2)2+---].

144

Z*F"(z*)+ F'(z*) =0, u(x,y,2) = e*(KsIn(y? + z%) + Kg),
Yi+Y,
4z*G"(z") +4G'(z") = aG(z"). v(x,y,2) = K7 X5, @y )

4"(n!)22
n
Kg Zoo apa” (y°+z

2\n
) 2
n=0 47 (n!)2 ln(y2 + Z2) + Co+ C1 (y2 + Z2) +c (yz + ZZ) 4. ] ]

2 2\n
4z*F"(2*) +4F'(z*) = F(z*), u(x, y,2) = Ko Yoo , 2 t2)

47 (n!)2
0o a(+z3)"

+K10 n=0" 4n(n!)?2

In(y? + z%) + by + by (y? + %) +b2(y2+22)2+---],
Yi+Y;

(121 2\
42" G"(2") +4G (2" + (1 - @G(2*) = 0. v(x,),2) = Ky Lo, LU= L2 )
o @l-a)"(y’+z

2\n
K ) 2
+K12| 2,5 ()2 ln(y2+z2)+co+cl(y2+z2)+cz(y2+z2) +]

Z*F"(z*)+ F'(z*) =0, u(x,y,2) = e*(KisIn(y* + z%) + Ki4),
Yi+Y,+Y;

% % % % 1—a) (V2 +2z2)"
42°G"(2) +4G' (29) + (1 - )G(2") = 0. v(x,y,2) = Ki5 L5 g =0
oo a(1-a)"(y*+z

2\n 2
+Ki6| X%, o Cin(y2+22) + co+ 1 (2 + 20 + 0o (2 + 22) +]




b) Reduction by X; + X7 + X3 yields characteristic equations

dx dy dz du dv

) (3.32)
1 0 0 u v
and hence the invariants
2=y, =2 u=ew(z, ), v=e"w(z,2). (3.33)
Solutions (3.33) are substituted into system (2.1) yielding the system of PDEs
wy , +ws =0, (3.34a)
ws, +wh, +(1-a)w® =0, (3.34b)
which has symmetries
1
Y = 6Z1, Y, = 622, Y; = Zgazl —Z16Z2, Yo=w Owl, (3.35)

Ys = w?d,e, Yu=a(z1,2)0,, Yy = b(z1,22)0 0.

Commutator and adjoint representation tables for Lie algebra (4.20) look thus

Table 3.5: Commutator table
NV [ Y [Y]Ys ]

ifo] o [-v:]0]o0
(0] 0o | vu oo
;| 2| -] 0 |00
a0 o o oo
Y/ 0] 0 | 0o oo

Table 3.6: Adjoint representation table

| Ad | Y | Y, AR
Y Y; Y, Ys+€eYo | Yy | Y5
Y2 Y1 Y2 Yg —€ Y1 Y4 Y5
Y3 || Yicose—Yssine | Yocose+ Y] sine Y3 Yy | Y5
Y, Y; Y, Y3 Yy | Y5
Y5 Y; Y, Y3 Yy | Y5

In constructing the optimal system of the finite symmetry group {Y;, Y, Y3, Y, Y5}, we con-
sider the general operator

Y=ah+aYo+a3Ys+a,Y,+asYs (3.36)

where ay,- -, as are arbitrary constants and try to reduce (3.36) by the adjoint action to a new
operator having a simpler form. It should first be noticed that Y; and Y5 are central elements
so they can be disregarded preliminarily and added later to each of the found subalgebra as a
direct sum with arbitrary constants. The operator (3.36) reduces to

Y=ah+aY,+asYs. (3.37)
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First we let a3 # 0, (take as = 1) such that (3.37) becomes
Y=aV1+aY,+Y;. (3.38)

With the help of Table 3.6, acting upon (3.38) by Ad(e~%") eliminates a,Y» and hence (3.38)
reduces to
Y'=a)Y1+Ys. (3.39)

From (3.39), aY; gets eliminated by the action of Ad (e“1¥2) on (3.39) and leaves a simplified
subalgebra

Y'=Y;. (3.40)
Next from (3.37) we let a3 = 0 and a; = a, = 1 such that
Y=Y+Y. (3.41)

Upon acting on (3.41) by Ad(e1%) eliminates a, Y, and thus we have

Y' =2y, (3.42)
which cannot simplify further. Finally letting a; = a3 = 0 from (3.37) leaves

Y=aY,. (3.43)

From (3.40),(3.42) and (3.43) and also considering the central elements, we find the following
optimal system

{Y1+/1Y4+/JY5, Y2+/1Y4+,LLY5, Y3+/1Y4+,LLY5}, (3.44)

for some arbitrary constants A, p.

As an example, invariance under Y; is worked out fully, the rest of the combinations are shown
in Table 3.7. K;’s represent arbitrary constants.

Invariance under Y;: The characteristic equations

dzy dz, dw' dw?

1 0 0 0’ (3.45)
give the invariants
z* =2z, w' =F(z"), w* = G(z"). (3.46)
Solutions (3.46) substituted into system (3.34) yield a system of ODEs
F'(z") =0, (3.47a)
G'(z")+(1-a)G(z") =0, (3.47b)
which solves to
F(z")=Kiz" + K>, (3.48a)
G(z*) = Kzcos (V1-az*) + Kysin (V1 -az*). (3.48b)
Through back substitutions we get invariant solutions
ux,y,z) = e*(Kiz+ Kz), (3.49a)
v(x,y,2) = ex(Kg cos(zﬂ) + Ky sin(zﬂ)). (3.49Db)
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Table 3.7: Invariant solutions of Lie algebra (4.20)

Subalgebra Reduced System Invariant Solution
F'"(z*) =0, u(x,y,z) = e*(Kzsz+ Ky),
Y2
G"(z")+(1-a)G(z*) =0. v(x,y,2) = e*(Kse*V17% + Kge™?V17%).
z*F"(z*)+ F'(z*) =0, u(x,y,2) = e*(K7In(y? + z2%) + Kg),
Y3
* I (% I (% *y _ _ X e’} uo(l—a)”(y2+zz)"
42 G"(2") +4G'(2) + (1 - WG(z") = 0. v(x,y,2) = *(Ky X5, Wi U2
+Ki0| X5, %}%i”z)nln(y2 +22) e+ (P +28) + ey + 22)2 4. ])
F"(z*) =0, u(x,y,z) = ex(Ku(y—zHKlz),
w+Y
2G"(2") + (1- @)G(z*) = 0. (X, 7,2) = ex(Klgexp{\ J152(y - 2)} Kisexp { —\/I_T“(y—z)}).
2F"(z*) +2F(z*) + F(z*) =0, u(x,,2) = e~ 079 Kiscos (457) + Kigsin (4%,
Yi+Y+Y,
2G"(z*)+ (1 - a)G(z*) = 0. v(x,y,2) = ex(Kn cos (/5% (y—2)) + Kigsin (/5% (y — z))).
F'(z*) =0, u(x, y,2) = ex(Klg(y —2)+ Kgo),
Y1 + Y2 + Y5

2G"(z")+ (1 -a)G(z*) =0.

v(x,y,z):e‘%(y‘z)(Kglcos 1_22“(y—z)+K22sin 1_22“(y—z)).




217

Subalgebra

Reduced System

Invariant Solution

F'(z*)+ F(z*) =0,

u(x,y,z)=e" (Kgg cos(z) + Koy sin(z)),

Yi+Y,
G'"(z)+(1-a)G(z*)=0. v(x,y,2) = ex(Kg5eZ‘/1_“ + Kyge @ 1—a).
F"(z") =0, u(x,y,2) = e* (K7 In(y* + z%) + Kazg),
Yl + Y5
G'"z)+2-a)G(z") =0. v(x, 3,2) = exy(Kzge\/Z—az + Kgoe—\/z—az).
F"(z*)+ F(z*) =0, u(x,y,2) = exy(K31 cos(z) + Kap sin(z)),
Y1 + Y4 + Y5
GII(Z*) +2-a)G(z")=0. v(x, Y z)= exy(K?)gezx/Z—a + K34ez 2—05).
F'(z*)+ F(z*) =0, ulx,y,z) = exz([(35 cos(y) + Kszg sin(y)).
Yo+Y,+ Y5
G'(z)+@2-@GE) =0, v(x,1,2) = e*(Kgre?> 7 + Kyge! V20,
F'(z*)+ F(z*) =0, u(x,y,z) = exz(Kgg cos(y) + Kyo sin(y)),
Y,+Y,

G'"z+ 1 -a)G(z*) =0.

v(x,7,2) = e'x(l(41(3J’v -4 Kpe™ ¥V 1_“).




(1%

Subalgebra

Reduced System

Invariant Solution

Yi+ Y+ Y+ Y5

2F"(z*)+2F'(z*) + F(z*) =0,

2G"(z*)+2G (z")+ (2-a)G(z*) = 0.

u(x,y,z) = e~ 2XY(-2) (K47 cos (%(y— 2)) + Kug sin(%(y— z))),

u(x, y,z) = e 2XVy=2 (K49 cos (52 (y - 2)) + Ksosin (52 (y — z))).

Y2+ Y5

F/I(Z*) — 0,

G'(z*)+(2-a)G(z*) =0.

u(x,y,2) = e*(Ks; In(y? + z%) + Ks),

v(x,y,2) = e’“Z(K53eJ’v 270 4 Ksge™V 2‘“).

i1+ Yo +Y,+ Y5

2F"(z*)+2F'(z*)+ F(z*) =0,

2G"(z*)+2G' (z")+ (2—a)G(z*) = 0.

u(x,y,z) = e_%xy(K55 cos (3 (y—2)) + Ksgsin (3 (y - z))),

u(x,y,z) = e‘%xy(Kg,? cos (552 (y — 2)) + Ksg sin (552 (y — z))).




To find invariant solutions for the other systems, we follow the similar steps.

3.2 System 2 or (2.33)

It was stated in Chapter 2 that symmetry group for this system is similar to that of system (2.1).
To construct the invariant solutions under here we proceed as in the previous case. We will derive
invariant solutions by first reducing system (2.33) using reduction by the linear combination X3 +
X7 + Xg, the characteristic equations are

dx dy dz du dv

) (3.50)
0 0 1 1 1
The corresponding invariants are
— — —_ 5241 — 5242
Z1=X, =), u=e"w (z1,2), v=e"w(z1, z22). (3.51)
Substituting (3.51) into (2.33) yields the system
1 1 1_
Wy 7+ Wsyp t2W =0, (3.52a)
ws, +ws, +(1-a)w®=0. (3.52b)
System (3.52) has symmetry Lie algebra
1
Yl = azlr Y2 = 622) Y3 = Zzazl - ZIOZZ) Y4 =w awly (353)

Ys = w?d,e, Yu=a(z1,2)0,, Yy = b(z1,22)0 2,

which coincide with Lie algebra (4.20), hence the commutator table and the adjoint representation
table for system (3.52) are presented in Tables 3.5 and 3.6 respectively. Also, the optimal system for
system (3.52) is given by (3.44). Invariant solutions are calculated using the linear combination of
Lie algebra (3.53). Table 3.8 shows the subalgebra, corresponding reduced system and invariant
solution for system (2.33).
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Table 3.8: Invariant solutions of Lie algebra (3.53)

Subalgebra Reduced System

Invariant Solution

F'(z*)+2F(z*) =0,

u(x, y,z) = e*(Kj cos(v2y) + Kz sin(v'2y)),

i
G"(z")+(1-a)G(z") = 0. v(x,y,2) = e*(Kzcos(v1—ay)Kysin(v1—ay)).
F"(z*)+2F(z*) =0, u(x, y,z) = e*(Ks cos(v2x) + Kg sin(v'2x)),
Y2
G"(z")+ (1 -a)G(z*) =0. v(x,y,2)=e€* [K7 cos(v1—ax)+ Kgsin(v'1 - ax)]
2 2\n
4z"F'(z") +4F'(z") + 2F (") = 0, u(x,y,2) = (Ko X2, %
+Kio| X520 %ln(x2 + 32 + by + by (k2 + y2) + by (k2 + y2) + - ])
Y3
4z°G"(2*) +4G (2") + (1 - a)G(z") =0. v(x,,2) = ez(KH yo %
2 2\n
+Kiz ?:O%IH(JCZ +y2) +co+ 1 (2 + YD) + oo (22 + y2)* + - ])
F'(z")+F(z") =0 u(x,y, z) :ez(K cos (x—y) + Kygsin (x -
) » Vs 13 y 14 SIN (x y) )
i+Y%
2G"(z) +(1-a)G(z") = 0. v(x,y,2) = ez(Kls cos (/5% (x =) + Kigsin (/5% (x~ y)))'
F"(z*)+3F(z*) =0, ux,y,z) = exz(K17 cos (\/§y) + Kig sin(\/gy)),
i1+Y,

2G"(z)+ (1 -a)G(z*) =0.

v(x,y,2) = ez(Kn cos(V1-ay)+ Kigsin(v1- ay))




¢S

Subalgebra Reduced System

Invariant Solution

F'(z*)+2F(z*) =0,

ux,y,z) = eZ(Klg cos(v2y) + Koo sin(\/iy)),

Yi+Y;
G"(z)+(2-a)G(z*)=0. v(x,y,2)= e“(K21 cos(v2—ay) + Koy sin(\/m;/)).
F"(z*)+3F(z*) =0, u(x, y,z) = e¥*(Kas cos(v3x) + Kaq sin(v/3x)),

Yo+Y,
G"(z")+(2-a)G(z*)=0. v(x,y,2) = e*(Kzscos(v2—ax)Kspsin(v2 — ax)).
F"(z*)+3F(z*) =0, u(x, y,z) = e*(Kz7 cos(v/3x) + Kgsin(v/3x)),

Y2 + Y5

G'(z*)+(2-a)G(z*) =0.

v(x,y,z2)= eyZ(Kgg cos(v2—ax) + Kzgsin(v2 — ax))




3.3 System 3 or (2.34)

Reduction by X, + X7, yields reduced system

1 1 1_
Wizt Waz + W =0,

2 2 2 _
Wy gt Woz t W =0,

which has symmetries
Y, = 621, Y, = OZZ, Y; = Zgazl - Zlaz, Y, = w16w1 + wzawz,

Ys = w2, + w?d,e, Y, = alzy, 22)0,0, Yy = b(z1, 22)0 2.

Table 3.9 gives a full list of possible invariant solutions.
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Table 3.9: Invariant solutions of Lie algebra (3.55)

1%

Subalgebra Reduced System Invariant Solution

F"(z*) + F(z*) =0, u(x, y,2) = € (Kl cos(y) + Ko sin(y)),
41

G"(z")+ G(z*) =0. v(x,y,z2) = eZ(Kg cos(y) + Ky sin(y)).

F'"(z*)+ F(z*) =0, u(x,y,z) = eZ(K5 cos(x) + Kg sin(x)),
Y2

G"(2*) + G(z*) = 0. (X, y,2) = eZ(K7 cos(x) + Kg sin(x)].

aO(x2+y2)n

AZ"F"(z") +4F'(z") + F(z") =0, u(x,y,2) =Ko X3 0 = pngnz

+K10( oo ao(x*+y)" ln(x2+y2)+bo+b1(x2+y2)+b2(x2+y2)2+"')»

n=0 " 47 (nl)2
Ys
2 2\n
4z*G"(z*)+4G' (") +G(z") =0. v(x,¥,2) =K X5, %
2, .2\n
+ Klz( =0 Co—iﬁ(;?)}z) In(x? + y2) + do + dy (X + y?) + do (x® + y2)* + -+ )

F'(z*)+2F(z*) =0, u(x,y,z) = e** (K13 cos(v2y) + Kiasin(v2 y)),
i1+Y,

G"(z*) +2G(z*) =0. v(x,y,2) = exz(K15 cos(v2y) + Ky sin(\/iy)).

F"(z*) +2F(z*) =0, u(x, y,2) = e’? (K17 cos(v2x) + Kig sin(\/ix)),
Yo+Y,

G'(z*)+2G(z*) =0. v(x,y,2) = e¥? (Klg cos(v2x) + Ky sin(\/fx)).




3.4 System 4 or (2.67)

Reduction by Xg leads to a system of PDEs

w;m +4zzw;222 +4w;2 =w!, (3.56a)
Wy o, +42W5,,, +4ws, = w. (3.56b)

The symmetries of (3.56) are
Yl = aZl’ Y2 = awl, Y3 = au)z) Ya = a(21, ZZ)awly Yb = b(Z], Z2)6w2- (357)

Invariant solutions corresponding to the Lie algebra (3.57) are presented in Table 3.10.
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Table 3.10: Invariant solutions of Lie algebra (3.57)

Subalgebra Reduced System

Invariant Solution

4z*F"(z*)+4F' (z*) - F(z*) =0,

4z*G"(z*) +4G'(z*) - G(z*) = 0.

ay(y?+z2)"
u(x) y; Z) = Kl Zc;loz() 04¥(n!)2

+ KZ(Z(,;O:O ap(y2+z3)" In(y? + z%) + by + by (y* + 2°) + ba (y* + z2)2 4. .),

4" (n!)?

2)?1

_ Cl (y2+z
v(x, N2 z) = K3 Z;O»Lo:() 04”(71!)2

+K4( © Mln(y2+z2)+d0+d1(y2+z2) +d2(y2+z2)2+---).

n=0" 47(nl)2

Yl + Y2

Z*F"(z*)+ F'(z*) =0,

4z*G"(z*)+4G'(z*) - G(z*) = 0.

u(x,y,z) =Ks+ I<61n(y2 +2z2),

co(y?+2z4)"
v(x,,2) = K7 X oz

+K8( 0o QU1 (02 4 22y 4o+ dy (12 + 22) +d2(y2+z2)2+---).

n=0 47(n)H?

Yi+Y3

4z*F"(z*) +4F'(z*) - F(z*) =0,

z2*G"(z*)+G'(z*) =0.

ap(y°+z9)"
u(xy y» Z) = K9 Z(:lo:() 04%(,,1!)2

2 2\n
+K10( 0o o(y*+z°)

n=0 4"(71!)2

v(x,y,2) = K1 + K2 In(y? + 22).

In(y? + 22) + by + by (y2 + 22) + by (2 + 22)° + -- -),




3.5 System 5 or (2.90)

Reducing system (2.90) by X3 + X yields the system

wl  +wl +w! =0,

2121 222
2wl +2w? =0,

wzl 21 2222

whose finite symmetries are

Y1=0,, Y2=0,,, Y3=200, — 210, Yo =w'0,, +w?d,.,

Ys = w26w1 + wlawz, Y,=a(z1,22)0,1, Yp = b(z1,22)0,2.

(3.58a)
(3.58b)

(3.59)

Linear combinations of Lie algebra (3.59) lead to invariant solutions shown in Table 3.11.
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Table 3.11: Invariant solutions of Lie algebra (3.59)

Subalgebra Reduced System Invariant Solution
F'(z*)+F(z*) =0, u(x, y,z) = Ky cos(y) + Kz sin(y),
n
G"(z*) +2G(z*) =0. v(x,y,z) = e*(Ks cos(v2y) + Ky sin(v2y)).
F'(z*)+ F(z*) =0, u(x,y, z) = K5 cos(x) + Kgsin(x),
Y,
G"(z*)+2G(z*) =0. v(x,y,z) = e*(K7 cos(v2x) + Kgsin(v2x)).

8g

24 ,2\n
4z*F"(z") +4F'(2*) + F(2*) =0, u(x,y,2) = Ko Lo, L 11)

=0 4qn (n!)z

2 2\n
+K10( =0 ao—i’fl(;gg) ln(x2+y2)+b0+b1(x2+y2)+b2(x2+y2)2+...),

22°G"(2") +2G'(2") + G(z") = 0. v(x,y,2) = Kyy £, L)

2" (n!)?

24 4,2\n
+ Klz( =0 00_(;;(;!;)/2) I+ y2) + do + dy (6 + ) + d (x2 + y2)° + - )

F"(z*)+2F(z*) =0, u(x, y,z) = e*(Kizcos(v2y) + Kiasin(v'2y)),
ih+v,
G"(z*)+3G(z*) =0. v(x,y,z) = e**(K15cos(v/3y) + Kigsin(v3y)).

F'(z*)+2F(z*) =0, u(x, y,z) = e¥(Kiz cos(v'2y) + Kigsin(v'2y)),
Yo+Y,
G"(z*)+3G(z*) =0. v(x,y,2) = e¥*(Kig cos(v/3y) + Kz sin(v/3y)).




3.6 System 6 or (2.91)

Reduction by X3 + X7 yields the system

1 1 1 2

Wy iz T Wayz = QW + W5, (3.60a)
2 2 _ 2

wzlzl + wZZZz =w, (360b)

which has symmetries

Y, = azl, Y, = aZZ, Y; = Zzazl - ZlaZZ, Y, = w16w1 + wzawz, (3.61)
Ys = (w(@—2)+ w?dy, Yy = alz1, 22)0,0, Yy = b(z1,22)0 2. ’

Table 3.12 presents invariant solutions.
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Table 3.12: Invariant solutions of Lie algebra (3.61)

Subalgebra Reduced System Invariant Solution

F"(z*) - aF(z*) = G(z"), u(x,y,2) = e*(fEk e + 2 e7% + KzeV% + Kye™V%7),
Y

G"(z*)-G(z*) =0. v(x,y,2) = e*(Kze® + Kye ?).

F"(z*) - aF(z") = G(z"), u(x,y,2) = (£ e’ + £ o7V + K70V + Kge V),
Y,

G"(z*)-G(z*) =0. v(x,¥,2) = e*(Kse¥ + Kge™Y)

09

2F"(z*)+ (1 - a)F(z*) = G(z*), u(x,y,2)= ex(Kg exp (/%52 (y—2)) +Kpexp (— /2 (y—2)) + ZK__%e\/;(y—z) + f_—lie_\/g(y_m),

Yi+Y,
Ly— — /L=

2G"(z*) - G(z*) = 0. v(X,y,2) = ex(KHe\/;(y Y 4 Kppe VAU N,

F'(z*)+ (1-a)F(z*) = G(z"), ux,y,z) = exy(lK_—lgz.p 1K—_1?x + Kj3eV l-az Kise™ l—az)’
h+Y,

G"(z*)=0. v(x,¥,2) = e (Kisz+ Kig)

F'(z)+ (- a)F(z) = G(z"),  u(x,y,2) = e"({22 y+ {2 + KizeVT"W + Kyge V-0,
Y,+Y,

G"(z*) =0. v(x,y,2) = e**(Ki9y + Kao)-




3.7 System 7 or (2.109)

Using the symmetry X, = d,, to reduce system (2.109) leads to a system of PDEs

1 1 1_ .2
Wyt Wy =—QW —W
2 2 _ 2
Wy g+ Wy = — W

The symmetries of system (3.65) read

Y1=0,,Y2=0,, Y3=20, — 210z, Y= w'd,,1 + w?d,.,

Ys = (w(@—2)+ w?dy, Y, = alz1, 22)0,0, Yy = b(z1, 22)0 2.

(3.62a)
(3.62b)

(3.63)

Table 3.13 gives a list of invariant solutions associated with the linear combinations of Lie al-

gebra (3.63).
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Table 3.13: Invariant solutions of Lie algebra (3.63)

Subalgebra Reduced System Invariant Solution

F'(z*)+ aF(z*) = —-G(z"%), u(x,y,z) = llf—la cos(z) + llf—za sin(z) + K3 cos (vaz) + Kysin (vaz),
Y

G"(z*)+G(z*) =0. v(x, y, z) = K cos(z) + K, sin(z).

F"(z*)+aF(z*) = -G(z"), u(x, y,2) = 1= cos(x) + 1% sin(x) + K cos (y/ax) + Kgsin (v/ax),
Y2

G"'(z*)+G(z*) =0. v(x,y,z) = K5 cos(x) + Kg sin(x)

F'(z")+(@+1)F(z*) = -G(z%), u(x,y,2)= ex(KH cos(Va—1z) + Kppsin(Va—1z) - %cos (V2z) - %sin(\/iz)),

w+y,

G"(z*)+2G(z*) =0. v(x,7,2) = ex(Kg cos (v2z) + Ko sin(\/iz)).

F'(z")+(a+1)F(z*) = -G(z%), u(x,y,2) = eZ(K15 cos (V& —1x) + Kjssin (vVa— 1x) — £ cos (v2x) — K1 sin(\/ix)),
Yo+Y,

G"(z*) =0. v(x,7,2) = eZ(Klg cos (v2x) + Kia sin(\/ix)).




3.8 System 8 or (2.110)

Invariance under X, leads to the invariants
Z] = x? +y2, 2o = Z, w'=u, w?=v. (3.64)

The invariants reduce system (2.110) to a system of PDEs

1
2121
2
2121

4z1w +4w;l +wl  —aw'+ ,sz, (3.65a)

2222

+4w: +ws,, =-pw' +aw?, (3.65b)

dzyw
which has symmetries
— _ )l 2 _ 2 1
Y1=0;, Yo=wo,+wd,: Ys=wo,—-—wai,.,

. (3.66)
Ya= B (C(A_ 4Az —421 Az — AZZZZ) Ou1 + Al21,22)0,2,

where A(z, z») satisfies the equation

(a®+B?) A=8aAy +8(3—az1) Agz —2Q Az, +6421 Az 212 +8Az 2pz + 1621 Az 212121

+8Z1AZ1212222 + AZgZngZg = 0

To further reduce system (3.65) to a system of ODEs, we use linear combinations of symmetries
(3.66). Only combinations that reduce the system are shown.

Reduction by Y;:
aF+pG-4(F'+z"F") =0, (3.67a)
BF-aG+4(G' +z"G")=0. (3.67b)
Reduction by Y] + Ya:
(a—1)F+pG-4(F +z"F") =0, (3.68a)
BF-(a-1)G+4(G' +z"G")=0. (3.68b)

Reduction by Y; + Y3:

[Bcosz—(1+a)sinz| F+ [(1+a)cosz+fsinz]| G+4(F +z"F")sinz

-4(G'+2z"G")cosz =0, (3.69a)
[(@+1)sinz—Bcosz] G+ [(@+1)cosz+ Bsinz] F—4(F +z"F")cosz
-4(G'+2z"G")sinz=0. (3.69b)

Here """ in systems (3.67),(3.68),(3.69) indicates derivative with respect to z*. The reduced
ODEs systems cannot be solved analytically by the elementary techniques or the Mathematica
DSOLVE command.

Invariance under X + X7 gives invariants

21=x, =2z u=ew(z,z), v=ew(z,z). (3.70)
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Invariants (3.70) reduce system (2.110) to the system

w} . +w, . +1-aw'-pw?=0, (3.71a)
w?  +wl, +(1-aw’+pw' =0, (3.71b)

which has symmetries
Y1=0,, Y2=0,, Y3=20,—210,, Yi=w'd,,+w’d,.,

2 1 1 (3.72)
Ys= w0, —wd,. Ysi= 5 [(@—1)A—- Az — Azyz,| 0 + Alz1,22)0,2,

where A(z,, z,) satisfies the equation
(Za - az - :62 - 1) A+2(a-1) (Azlzl + AZZZZ) - Azlzlzlzl - 2A21212222 + Azzzzzzzz =0.

Reduction by combinations Y1, Y2, Y1+ Y5, Y1+ Yy, Yo+ Yy, Yo+ Y5, Y1+ Y, + Y, lead to complex
solutions.

Reduction by Y3, Y3+ Yy, Y3+ Y5 lead to ODEs systems which cannot be solved analytically by
the elementary techniques or the Mathematica DSOLVE command.

Reduction by Y; + Y5 leads to a Mathematica generated solution which spans 185 pages when
saved as pdf file, as a result the solution is omitted.

Note: Invariance under X5, Xg, X1+ Xg, Xo+ X7, Xo+ Xg, X1+ X2+ X3+ X7 is also possible, this was
observed by trial and error. This list is not exhaustive because the optimal system of subalgebras
was not constructed. The optimal system of subalgebras for all the original elliptic systems will be
a subject of future work.
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Chapter 4

Conservation Laws of Elliptic Systems

Conservation laws and symmetries have always been far-reaching in mathematics and science as
they are applicable in the formulation and investigation of various models. Amongst others, they
are used for proving global existence theorems [11, 4], in problems of stability [6, 25] and in fluid
mechanics [8]. If a system does not interact with the surrounding at all, then it means certain me-
chanical properties of the system cannot change. These quantities are said to be conserved and
the conservation laws involved are fundamental principles of mechanics. Such conserved quanti-
ties include energy, momentum, and angular momentum.

There are many methods used for constructing conservation laws for DEs including the direct
method [2, 12, 15, 8], the symmetry/adjoint symmetry pair method [1] and the Noether’s approach
among others. A systematic way of constructing the conservation laws of a system of DEs that ad-
mits a variational principle is via Noether’s theorem. Many references including [12, 14, 15, 20, 21]
explain this method. The method used for calculation of conservation laws in this dissertation is
via the Noether’s approach.

4.1 Preliminaries
Most of the theoretical concepts and notations presented in this section are adopted from [13].

Definition 4.1.1 A locally analytic function of a finite number of independent variables, depen-
dent variables and derivatives of the dependent variables is called a differential function. The
vector space of all differential functions of finite order is denoted by J.

Definition 4.1.2 A differential operator of the form

.0 0 0 0
Xzfl@_'_naua-‘_(:'xm-k(z’éau‘?. +ey (4.1)
1 ni2
where ¢, 7% € F and
(% =D;(W% +§fu;?‘j,
(4.2)

(¢ =D D (WO +Eus s>,

jil"'is’
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is called a Lie-Backlund operator. In (4.2), W% is the Lie characteristic function given by

W% =n%- éiu;”. (4.3)

Definition 4.1.3 A function L = L(x, u®, u}) is a first-order Lagrangian of the second-order system
of DEs if it satisfies the Euler-Lagrange system

oL =0 (4.4)
Su® '
Definition 4.1.4 The operator in (4.4), that is
0 0 0
= + -1)°D;,..D;, ———,a=1,2,...m 4.5
5u%  oue sgl( )’ Dy, is 5@ (4.5)

iy

is called the Euler-Lagrange operator.

Definition 4.1.5 A Lie-Backlund operator X is said to be a Noether (point) symmetry correspond-
ing to a Lagrangian L € J of the Euler-Lagrange system if there exists a vector

B'=@B'B?%..,B"YeT,
such that . .
X(L)+ LDiV(c,“) = Div(BY). (4.6)

If B' =0 (for i = 1,2,...,n), then X is a strict Noether symmetry corresponding to a Lagrangian L.

Theorem 4.1.6 For any Noether symmetry X corresponding to a Lagrangian L there corresponds
avector T! = (TY, T2,..., T™), T' € F defined by

T'=N(L)-B%,i=1,2,..,n 4.7)

which is a conserved vector of an Euler-Lagrange equation (or system) 55uLa = 0, and the Noether

operator associated with X is

o 5
N =& +we +)Y D;..D; (W%
W 4 P D W g

(4.8)

Theorem 4.1.7 For any Lie-Backlund symmetry X and the components of the conserved vectors
T%, then

X(T) + T'Di(&%) = T*D(¢') = N'(Dr(BY) + B¥ D (&) = B'Di (&%) - X (BY). (4.9)

If (4.9) is satisfied, then X is said to be associated with the Noether conserved vector T¢. A vector
T' is said to be conserved if it satisfies D; T? = 0 along the solutions of the given PDE or a system
of PDEs, i.e.,

D;T'| g« =0, where E” is the system of DEs. (4.10)

Equation (4.10) is a conservation law. The Noether’s theorem guarantees a conservation law for
each Noether symmetry associated with a Lagrangian. In the case in which there is no prior knowl-
edge of a Lagrangian, (i.e., problems which are not variational) conservation laws can be obtained
using other methods [8].
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4.2 Conserved vectors

Consider system (2.34) discussed in Chapter 2 (referred to as System 3). We suppose that the La-
gragian L exists such that (2.34) can be expressed in Euler-Lagrange form

6L
Uy + Uyy T Uzz) = 5 (4.11a)
oL
8(Vxx+Vyy+Vz7) = 50 (4.11b)
where L = L(x, y, 2, uy, Uy, uz). Thus
oL oL oL oL
f(uxx"‘uyy"'uzz):a_Dxaux _Dyauy _Dzauz» (4.12a)
oL oL oL oL
=—-D -D -D ) 4.12b
8(Wxx+ Vyy + Uzz) EP xavx Y30 zavz ( )
where
D —i+u +u 9 +u +u 9 + (4.13a)
x—ax xa xxaux xya v xza i ) .
0 0 0 0 0
D, + Uy + Uyy + Uyy + Uy, +-- (4.13b)
0x 0 Oy ouy, ou,
0 0 0 0 0
D;=—+uU;=—+ Uy, + Uyz + Uzz +eee (4.13¢)
0z ou Ouy ouy, ou,

Expanding equations (4.12) and separating by second order derivatives of u and v yields the fol-
lowing determining equations

Ly, =f, (4.14a)

Ly, =0, (4.14b)
Ly, =0, (4.14c)
Lyyu, =0, (4.14d)
Luy,,x+Lux =0, (4.14e)
Ly, =0,  (4.14)
Luu, =0, (4.14g)

Lu,v, + Ly.v, =0, (4.14h)
Ly, =0, (4.14i)

Luyu, =f, (4.14))

Luy =0, (4.14k)

Ly,v, =g  (4.14)

Ly,v, =0, (4.14m)

Lu,v, +Luyv, =0, (4.14n)
Ly, =0, (4.140)
Lyu,=f, (4.14p)

Ly, =0, (4.14q)
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Ly, =g  (4.14r)
L,— (Lx,,x + thx Ly, + Vs Lug, + Lyw, + tyLuy, + Uy Loy, + Loy, + iz Luy, + sz,,,,z)

+L,— (Lx,,x + ttx Ly + UxLowy + Lyu, + tyLuw, + VyLow, + Lau, + tz Luw, + UZL,,MZ) —0.  (4.14s)

From equations (4.14) we find the following general Lagrangian

2 2 2 2 2 2
Uy uJ/ u; Vx vJ’ V7 1 2 3 4
L:(?+7+?)f+(?+?+?)g+ux(vyvza +vya”+uvza’+a’)

uy(vx v b" + b + 00 + ) + ug(vevy et + ve e + vy + ) + ved! + vyd? + v d® + dY, (4.15)

where arbitrary functions a’, b’, c’,d’; i = 1,2,3,4 of x, y, z, satisfy the following equations

a'+bl =0,
a’+b*>=0,
a1+01:O,
a+c?=0,
ct+bl =0,
S+b=0.

To find a particular Lagrangian, from (4.15), we let all except one of a',b', ¢ and d' be equal to
zero. Below is a list of possible Lagrangians

2 2 2 2 2 2

u, Uy u vy Uy v
L:(_x+_+_z) +(_x+_+_2) , 4.16a
2 2 2 ! 2 2 2 § ( )

2 2 2 2 2 2

u, Uy u vy Uy v
L:(_x+_+_z) +(—x+—+—z) +u at, 4.16b
2 2 2 ! 2 Ty T 8T ( )

2 2 2 2 2 2

u, Uy u vy Vy v
L:(_x+—+—z) +(—x+—+—z) +u, b, 4.16¢
2 2 2 ! 2 T TR 8T ( )

2 2 2 2 2 2

u, Uy u vy Yy v
L:(_x+—+—z) +(—x+—+—z) +uych, 4.16d
2 2 2 f 2 T TR 8T ( )

2 2 2 2 2 2

u, U u vy Uy v
L:_x+—+—z) +(—x+—+—z) +v.d, 4.16e
(2 2 2 ! 2 T TR )8 ( )

2 2 2 2 2 2

u, Uy u vy Uy v
L:(_x+_+_2) +(_X+_+—Z) +v,d?, 4.16
2 2 2 f 2 T T )8y (4.160

2 2 2 2 2 2

u, Uy u vy Uy v

L:(_x+_+—z) +(—x+—+—z) +v,d3, 4.16

2 2 2 f 2 T Ty )8 (4.16g)

2 2 2 2 2 2

u u u v v v
L:(—x+—y+—z)f+(—x+—y+—z)g+d4. (4.16h)

2 2 2 2 2 2

4.3 Noether symmetries
According to Noether’s theorem, each of the Lagrangians in (4.16) gives rise to the corresponding

Noether symmetries and hence for each Lagrangian, conserved vectors can be obtained. We will
consider the Lagrangian (4.16a) when arbitrary functions f = g = 1. Using (4.6), we have
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XMW+ LDiv(é!, €2, &%) = Div(B!, B%, BY), (4.17)
where X! is given by (1.18). Substituting (4.16a) into (4.17) yields

DB'+D,B?+D,B® :(ux(}C Fuyll+ uz(;) + (uxzi + o2+ vzcﬁ)
2 2 2 2 2 2
uy Uy uy vy Uy v 1 2 3
+(—x+—+—x+—x+—+—z)(D +DyE+D ) 4.18
2 T2 T T T v\ Dy D *.18)

Expanding (4.18) and separating by powers and products of derivatives of u and v yields the
determining equations

My +15 =0, (4.192)
1

771;+5(—5;1c+5§+5?z’):0’ (4.19b)
1

pode-gee)=o (199
1

nb+5(€i+€§—€§) =0, (4.19d)

1

ni+§(—fi+f§+fi)=0» (4.19€)
1

nf}+§(,§)1€_ §+.§i3) =0, (4.191)
1

M+ 5 (8 -¢) =0 (4.19g)

nt-B, =0, (4.19h)

n),— B =0, (4.191)

nl-B3 =0, (4.19j)

1% - B, =0, (4.19K)

n;,—B; =0, (4.191)

n:-B3=0, (4.19m)

&, +&5=0, (4.19n)

&+E=0, (4.190)

E+E =0, (4.19p)

&l=0, (4.19q)

&l=0, (4.191)

&, =0, (4.19s)

& =0, (4.19%)

& =0, (4.19u)

& =0, (4.19v)

B,+B5+B.=0. (4.19w)

From equations (4.19) the following solutions are obtained

& =px,y,2), (4.20a)

69



& =q(x,y,2), (4.20b)

E=rxy 2, (4.20¢)
771 = _u%-i_ UKl+d(xryyz)) (420(1)
n° = —V% - vKy +c(x,y,2), (4.20e)
and
. u® + v?
B :_( 4 )pxx+de+VCx+a(x,y;Z), (4.21&)
24,2
BZ——(u 2 - )pxy+udy+ vey+p(x, y,2), (4.21b)
3 u® + v?
B° = —( 1 )sz +ud;+ve, +y(x,y,2), (4.21¢)

where arbitrary functions of x, y, z satisfy the following

Py +4qx =0, (4.22a)
pPz+7x=0, (4.22b)

qz+T1y =0, (4.22¢)

Pxx+ Pyy+ Pzz =F(y,2), (4.22d)
dyx + dyy +dzz =0, (4.22e)
ay+ By +7vy,=0. (4.22f)

From (4.20) we get the following Noether point symmetries

X1 =00, — udy, (4.23a)
Xp, = upx0u+vpx0y, (4.23b)
Xy =p(x,y,2)0x, (4.23c)
Xq=q(x,y,2)0y, (4.23d)
X =r(x,y,2)0,, (4.23e)
Xq=d(x,y,2)0y, (4.23f)
Xe=c(x,y,2)0,. (4.23g)

To find the conserved vectors, we use the formula

o oL oL .
T' =L+ W' —+W?—=_B! (4.24)
Oui av,-

where
W'=n'—ué' - uye® - u
W2 =% - v - v, & - 0,8
Next we find conserved vectors associated with finite symmetries.

For X, = vd, — ud,, we have: ¢! = ¢ =& =0, n! = v and n? = —u. The corresponding conserved
vectors are
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T' = vu, — uvy — udy — vex — @, (4.26a)
T? = vy — uvy —udy, —vcy -, (4.26b)

T3 =vu,—uv,—ud,—ve, — Y- (4.26¢)

The rest of Lagrangians given in (4.16) have the same Noether symmetries given by (4.23). What
differs for each Lagrangian are the values of B's. Table 4.1 gives the B’ for each Lagrangian together
with the corresponding conserved vectors for the finite symmetry X;. Through calculations, it was
established that the Lagrangian (4.16h) possesses the conserved vectors (4.26).
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Table 4.1: List of conserved vectors

Lagrangian B!’ Conserved vectors
Bl = (” +v )pxx+ udy+ vex—Suatpy + va* Ky + u(pat + qa;*,+ ra}), T'=v(uy+a*) —uvy—a
+a(x, y,z), —(udy + veg + va*Ky + u(pas + qa}l, +ray)),
(4.16b) B2 = (”2+” )pxy+ udy + v, —ua'qy, T? = vy —uvy — (ud, +vey, + ),
B3 = —(” tv )pxz+ ud, +ve, —ua*r, +y(x,y,2). T3 = vu, —uv,— (ud, + ve, +v).
Bl = —(”21”2);9”+ udy + vex — ubtqy + al(x, y, 2), T' = vuy — uvy — (udy + vey + a),
(4.16¢) B? = (”2” )pxy+ udy +vey — ub*B —ub'q, + vb*Ky + u(pay + qay +ray)  T*=v(uy+b*) - uv,—p
+B(x, 7, 2), —(udy + vey, + vb* Ky + u(pay + qay + ras)),
B3 = (” +v )pxz+ ud; +ve, —ubir, +y(x,y,2). T3 =vu,—uv,— (ud, + ve, +v).
B! = —(”zzvz)pxx+ udy+vey—uctp, +a(x,y,z), T' = vuy—uvy — (udy + vex + @),
(4.16d) BZ:—(#)pmﬁudJﬁ vey—uctqy + B(x, y, ). T2 = vuy — uvy — (udy + vey + ),

B3 = (u +v )pxz+ ud, + ve, + v Ky — uc' B — uchr, + u(pal + qal+ral)  T8=v(uz+ch - uv,—y
+y(x, ¥, 2). —(ud; + vz + ve* Ky + upas + qay, + ray)).




Lagrangian B!’ Conserved vectors

€L

B'=- (u . )pxx+de+ vex—Svd' py—ud Ky + v(pdy + qdy, + rdy) Tl = v(uy+dY) — uv,—a
+a(x, y,z), —(udy+ vex —ud' 'Ky + v(pat + qaj‘, +ray)),
(4.16e) B%=— (”2+” )pxy+ud +vey—vd' g+ B(x,,2), T? = vuy — uvy — (udy + vey + B),
B3 = —(” +U )pxz+ ud; +ve, —vd'ry +y(x,y,2). T3 = vu,—uv,—(ud, + ve, + ).
Bl =-— (““’ )pxx+ud + Ve, — vd? py+a(x,y,2), T' = vuy —uvy— (udy + vex + ),
(4.16f) B?= (” U )pxy+ udy + vey + vd* 5 —vd*q, - ud®Ky + v(pas +c/a +ra}) T*=v(u,+d*)-uv,—p
+p(x,¥,2), —(udy + vey — ud®Ky + u(pay + qay + ray)),
B3=- (”“’ )pxz+ud +ve;—vd?ry +y(x, Y, 2). T3 =vu,—uv,— (ud, + ve; + ).
B! = —(”szz)pxx +udy+vee—vd3p, +alx, y,2), T = vuy — uvy — (udy + vee + @),
(4.16g) B? = _(#)ny‘k udy +vey, —vd>q; + B(x,y, 2). T? = vuy — uvy — (udy + vey + ),
B3=- (”*” )pxz+ud +ve, —vd*EE —vdr, + vpay + qay + ray) T3 = v(uy +d3) — uv, —y

+y(x, ¥, 2). —(ud. +ve, + v(pay + qal + ray)).




Chapter 5

Conclusion

In this work, systems of elliptic type in three independent variables were investigated using sym-
metry methods; eight systems of equations were considered. The Lie point symmetries for each
system were obtained. Through calculations, it was discovered that the following pairs of sys-
tems admitted the same symmetry Lie algebra: systems 1 & 2, 4 & 5 and 6 & 7. All the systems
possess an infinite-dimensional Lie algebra having the common symmetries Xi, X», ..., Xg together
with the infinite symmetries. Some finite symmetries and their linear combinations were used
to reduce the original system to an invariant system with two new independent variables whose
symmetries were also obtained. The optimal system of one-dimensional subalgebras for the new
symmetries were used for reduction to a system of ODEs. Some symmetry reductions were per-
formed for all the systems and various types of invariant solutions were derived. Since not all the
finite symmetries were used to reduce a particular original elliptic system, the future work to be
presented elsewhere will involve construction of optimal system of two-dimensional subalgebras
for that original system.

The last part of this work involves the derivation of conservation laws. Through calculations, it

was proven that all elliptic systems led to similar Lagrangians and hence similar conserved vectors
were obtained. Therefore only calculations for one system (System 3) are presented.
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