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ABSTRACT

We address the knowledge gap between financial theory and practice by developing a framework

to analyse European option pricing under liquidity shocks, which reduce market completeness and

challenge traditional models like Black–Scholes.To tackle this, we undertake a Lie symmetry analysis

of a coupled system designed to model European options subject to liquidity shocks. The system

consists of a degenerate parabolic equation and another is a first-order nonlinear ordinary differential

equation (ODE) in time with no spatial derivatives. Our analysis has uncovered the parabolic system’s

Lie symmetry group and infinitesimal generators. We have then proceeded to investigate the system

dynamics by constructing commutative tables that illustrate the relationships between the vector fields

under study and the one-dimensional optimal system of symmetry subalgebras associated with the

initial equation. Employing similarity reductions, we have applied the Lie symmetry methodology to

decompose the system into several nonlinear ordinary differential equations (ODEs) corresponding

to each symmetry subalgebra. Finally, we present obtained invariant solutions through simulations as

2D and 3D graphs.
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1
Introduction

The pricing of European options remains a key area of theoretical and practical interest. Their funda-

mental role in financial markets and the rich mathematical frameworks for their analysis–introduced

by Black and Scholes [4], and extended by Merton [56] and Heston [26] – ensure continued rele-

vance [31]. However, liquidity shocks, which deviate from the traditional Black-Scholes framework’s

assumptions, limit the market’s completeness1 by reducing the liquidity of stocks [54, 74].

Partial differential equations (PDEs) have been crucial in financial analysis due to their ability to

model complex dynamics and temporal interconnections of financial derivatives [18]. PDE-based

models help understand and predict financial phenomena such as risk management, portfolio opti-

mization, option pricing, and bond pricing [12, 25, 72]. In particular, solving the PDEs using Lie

symmetry analysis provides structured solutions to differential equations, often difficult to achieve

with traditional numerical methods [37]. This method simplifies complex parabolic systems and re-

veals solutions that provide deeper insights into option price behavior during liquidity shocks [54, 63].

Liquidity shocks in European options cause difficulties in pricing, and the thesis aims to provide

treatment. We use the Lie symmetry analysis to investigate the model’s behavior of option prices in

1a complete trading market has liquidity, transparency, diverse participants, regulation, and efficient price discovery,
ensuring smooth and fair operations
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turbulent market conditions using a parabolic system of partial differential equations. The parabolic

system, belonging to a class of heat equations, is proficient in encapsulating the temporal and spatial

intricacies of option pricing dynamics under the influence of liquidity perturbations [63].

The Introduction lays the foundation for an in-depth study, starting with a brief overview of European

option pricing and the effects of liquidity shocks. Next, we explore the mathematical formulation of

the parabolic system of PDEs, setting the stage for applying Lie symmetry analysis. We will highlight

the historical evolution of this analytical method and its pivotal role in modern mathematical finance.

Our aim is to close the knowledge gap between financial theory and practice by providing a solid

framework for comprehending and forecasting the behavior of European options in the presence of

a liquidity crunch. With this work, we hope to further the ongoing discussion between financial

engineers and mathematicians, promoting a cooperative effort to improve and refine the models that

serve as the foundation for our financial systems.

1.1 Background

1.1.1 Financial Derivatives and Options Pricing

Financial derivatives are complex tools that are essential for contemporary financial markets because

they can be used for both hedging risk and speculation [29, 31, 48]. They come in many different

forms, such as forward contracts, swaps, futures, and most famously options contracts, and their value

is dependent on an underlying asset, index, or rate [31, 33, 49]. Options are particularly significant

because they give the holder the option, but not the obligation, to buy or sell the underlying asset

within a predetermined period and at a predetermined price [31]. Derivatives are essential for the

strategic management of financial risk, making this idea fundamental to modern financial theory and

practice [21, 31].

Historical Development

The French mathematician Louis Bachelier [2] established the theoretical foundation for option pric-
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ing in 1900 by proposing an option pricing model predicated on the notion that stock prices move in

a Brownian motion. However, the field did not take off until Fischer Black and Myron Scholes [4]

introduced the Black-Scholes model in 1973. This model became the cornerstone of contemporary

finance theory and offered a novel approach to determining the fair pricing of options. By adding

new presumptions and developing new explicit formulas for various options, such as call, put, and

exotic options such as down-and-out options, Robert Merton [56] expanded the application of the

Black-Scholes theory.

Mathematical Models in Option Pricing

The theory of option pricing revolves around the partial differential equation known as the Black-

Scholes equation [30]. It is expressed as:

∂u

∂t
+

1

2
x2σ2∂

2u

∂x2
+ r(x

∂u

∂t
− u) = 0 (1.1)

where u denotes the option price, x represents the stock price, σ signifies the volatility, and r stands

for the risk-free interest rate, employed to ascertain the theoretical valuation of European options [4].

With the development of the first bond pricing model in 1977, Oldrich Vasicek’s [78] groundbreak-

ing research transformed the area of financial modeling. Vasicek’s model provided a probabilistic

framework to account for the random nature of interest rate movements by cleverly using a stochastic

differential equation to describe the term structure of interest rates. This groundbreaking model not

only served as a template for subsequent one-factor models but also offered a method to estimate bond

prices. Vasicek’s approach to describing the dynamic evolution of interest rates over time has been

expanded upon by later models, such as the Cox-Ingersoll-Ross (CIR) model [10] and the Longstaff

model [51]. These models have been crucial in the valuation of a variety of interest rate derivatives.

They help assess and manage the financial risk related to interest rate variations by incorporating

variables like volatility, and mean reversion.

Advancements in Option Pricing Models

After the Black-Scholes and Vasicek models were introduced, the option pricing landscape experi-

enced a dramatic change. These early models provided the foundation for understanding how options
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might be valued in a market where stochastic factors are at play. However, they did have certain

drawbacks, mainly related to their presumptions of constant interest rates and volatility [61].

Researchers have developed more advanced models that provide a closer reflection of market be-

haviors to overcome these limitations. Among them is the Cox-Ingersoll-Ross (CIR) model [10].

Mean reversion, which postulates that interest rates move around a long-term average value rather

than staying constant, casts doubt on the notion that interest rates are constant. This model offers a

more realistic framework for pricing interest rate derivatives and is especially helpful in capturing the

behavior of interest rates over time.

The Hull-White model [30], which applies stochastic volatility to option pricing, is another note-

worthy advancement. In contrast to the Black-Scholes model’s constant volatility assumption, the

Hull-White model recognizes that volatility is unpredictable and typically follows a mean-reverting

process. This implies that, while volatility may occasionally stray from its long-term average, it will

eventually return to it. The Hull-White model provides a more dynamic approach to the pricing of op-

tions, particularly those with longer maturities, where volatility changes can have a more pronounced

impact, taking into account this stochastic nature of volatility.

Liquidity shocks and market imperfections have been the focus of recent advances in option pricing

[54, 63]. For example, taking liquidity risks into account results in more realistic pricing models that

take into account how trading volume and market depth affect option prices.

1.1.2 Liquidity Shocks in Financial Markets

Sudden and unforeseen shifts in the liquidity of financial markets are known as liquidity shocks, and

they can have a big influence on trading volumes, asset prices, and the stability of the market as a

whole [54]. Investigating how liquidity shocks affect European option pricing, Michael Ludkovski

and Qunying Shen et al. in [54] offer a comprehensive model that takes these shocks into account

when determining option prices.

The idea that agents have unrestricted trading freedom and that markets are always liquid is a cor-

nerstone of the conventional option pricing theory [49, 70]. However, as Longstaff et al. [52] point
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out, this is usually not the case in real financial markets. Although there is now a consensus on the

definition of liquidity risk, research on the impact of liquidity risk on derivative pricing is still in its

early stages [49, 53, 63]. From a particular academic perspective [70], the fundamental source of

liquidity risk is the impact exerted by traders’ activities on asset prices. For example, Liu and Yong

[49] used the assumption that a trader’s activity affects the underlying price to derive a generalized

Black-Scholes pricing equation.

Several strategies have been developed in recent years to address market illiquidity within optimal

investment frameworks. Gassiat et al. [16] and Ludkovski and Min [53] examined how illiquidity

affected the optimal consumption plans. Ludkovski and Shen [54] extended the analysis to the prob-

lem of pricing derivative securities. They presented a framework in which a continuous-time Markov

chain controls the market’s alternating states of liquidity and illiquidity. By combining a parabolic

PDE and an ordinary differential equation (ODE), this method yields an integro-differential equation

that takes into account changes in the liquidity state and how they affect option prices.

Looking at the well-posedness and comparison principles of the resulting integro-differential equa-

tions, Gyulov and Vulkov [22] expanded on this model. For the pricing model to be accurate and

reliable, their research guarantees that the solutions to these equations are distinct and stable. These

fundamental characteristics laid the groundwork for additional analytical and numerical investigation

of the model. The literature is further expanded by Gyulov and Koleva’s work on the “penalty method

for indifference pricing of American options in liquidity-switching markets” [23], which tackles the

nonlinear complementarity problem (NLCP) that these models inherently have. They apply the inte-

rior penalty method, which guarantees strict satisfaction of the early exercise constraint of American

options, and give comprehensive proof of the convergence, boundedness, and uniqueness of their

numerical solutions.

Theoretical models are validated with market data by empirical studies, such as those conducted by

Liu and Yong [49]. The aforementioned studies underscore the noteworthy influence of liquidity on

option prices and offer pragmatic perspectives on the application of these models in trading and risk

mitigation. It is further demonstrated by Avellaneda and Stoikov’s [1] research on high-frequency

trading strategies how useful it is to include liquidity considerations in option pricing models.
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1.1.3 Lie Symmetry Analysis in Mathematical Finance

Lie symmetry analysis offers a strong framework for the identification and classification of solutions

to differential equations [45], which has its roots in the work of the Norwegian mathematician So-

phus Lie (Figure 1.1). Lie’s techniques provide methodical ways to find precise, frequently unique

solutions by taking advantage of the differential equations’ invariance properties under continuous

transformation groups. Numerous fields, including mathematical finance, have found significant uses

for this analytical toolkit.

Figure 1.1: Sophus Lie (Nordfjordeid, 17 December 1842—Christiania, 18 February 1899).

The Lie symmetry approach is quite computational and analytical. The system-at-a-glance expands

and integrates ad-hoc methods to build explicit solutions for differential equations. To find symmetries

defined by differential equations and to create invariant solutions that come from the symmetries, the

focus is on explicit computational procedures [5, 32]. The ability to lower an ODE or PDE’s order

by one if it is invariant under one parameter is a prominent characteristic of symmetry analysis under

Lie group point transformations [67]. Lie group analysis established itself as an effective method

of solving nonlinear differential equations analytically. Specifically, Sophus Lie provided the first

general solution to the problem of classifying partial differential equations based on their symmetries

[34].

Numerous researchers have worked on different families of differential equations since then. The

results of their efforts have been depicted in several exceptional literary works by, among others,

Ibragimov [17, 34], Hydon [32], Bluman [5], etc.

Table 1.1 above depicts the application of Lie Symmetry Analysis in Mathematical Finance and Table
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Table 1.1: Applications of Lie Symmetry Analysis in Mathematical Finance

Application Description

Bond Pricing

Lie symmetry analysis is used to simplify the bond pricing PDE,
often leading to closed-form solutions. For example, the bond
price equation:

∂V

∂t
+

1

2
σ2r2

∂2V

∂r2
+ (u− λσ)

∂V

∂r
− rV = 0

can be analyzed using symmetries to reduce its complexity and
find exact solutions for bond prices.

Option Pricing

The Black-Scholes equation for option pricing can be trans-
formed using Lie symmetries to obtain simpler forms, facilitating
the derivation of pricing formulas for various options. The equa-
tion:

∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
+ rS

∂V

∂S
− rV = 0

is often simplified by using symmetry methods.

Interest Rate Models

Models like Vasicek and Cox-Ingersoll-Ross (CIR), described by
stochastic differential equations (SDEs), benefit from symmetry
analysis. These models:

∂u

∂t
+ αx

∂2u

∂x2
+ κ(θ − x)

∂u

∂x
+ γxu = 0,

are simplified to provide deeper insights and more efficient com-
putational techniques, one used to solve them.

1.2 summarizes the relevant published literature with their focused perspectives.
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Table 1.2: Recurring Research Themes Over the Years

Year Authors Brief Research Theme
1880 Sophus Lie [45] To develop DE invariant of the continuous

groups transformation
1872 - 1899 Sophus Lie [45, 46] Introduced and applied the symmetry analysis

of DEs
1978 Ovsiannikov [68] Systematically exploited the methods of DEs

symmetry analysis in the explicit solutions con-
struction for multifaceted problems

1990 Bluman [6] Proposed a reduction algorithm for ODEs by
admitting a solvable Lie group

1993 Olver [67] Introduced the use of Lie groups to differential
equations

1998 Gazizov and Ibragimov [17] Introduced Lie Symmetry analysis in the field
of Mathematical finance to solve the Black-
Scholes equation and transform the BS equation
into heat equations

2010 Caister, O’hara and Govinder
[7]

Lie symmetry analysis was used to obtain Asian
option solutions that satisfy the terminal condi-
tions

2011 Liu and Wang [50] Solved the BS equation with dividend yield us-
ing the symmetry approach

2013 O’Hara, Sophocleous and
Leach [69]

Used Lie Symmetry analysis to solve a model
that exercises a barrier option

2015 Okelola, Govinder, and
O’Hara [66]

Studied a partial differential equation associ-
ated with the pricing of power options with
time-dependent parameters

2018 Khalique and Motsepa [39] Investigated the application of Lie symmetry
analysis to the Vasicek pricing equation

2019 Kaibe and O’Hara [38] Studied the zero-coupon pricing equation to
determine the symmetries point to reduce the
equation into the ODE and hence, the solutions
were obtained

2021 K. C. Bosiu [37] Solved Partial Differential Equations associated
with Mathematics of Finance

2022 Tang, Chong, and Kee[77] Derived invariant solutions for the generalized
CIR model and constructed optimal subalgebras

1.2 Research Objectives

The principal objective of this research is to investigate and analyze a parabolic system that models

the valuation of European options under liquidity shocks. Liquidity shocks alter market completeness

8



by affecting the availability of tradable assets, and the model studied here captures both the asset price

diffusion and the state of market liquidity.

The system under investigation is adapted from liquidity-switching models in the literature Ludkovski

and Shen [54] and consists of a degenerate parabolic partial differential equation coupled with a

nonlinear first-order ordinary differential equation in time:

ut −
1

2
σ2x2uxx + aeue−v − b = 0,

vt + cev−u − c = 0.

(1.2)

where a = ν01, b = d0 + ν01, c = ν10, and u(t, x) and v(x, t) denote the option value functions in

two market liquidity states, σ is the volatility of the underlying asset, and x is the asset price. The

terminal conditions for a European call option are given by:

u(0, x) = u0(x) = γh(x), v(0, x) = v0(x) = γh(x),

with the payoff function:

h(x) = max(S −K, 0).

Within this context, the specific objectives of the research are:

1. Lie Symmetry Analysis on the Model:

• Perform a Lie symmetry analysis to obtain the determining equations. To do this, we

leverage the power of the SYM package [13] in conjunction with the Mathematica 12.1

[79] capabilities.

2. Solution of Over-Determined Systems:

• Solve the over-determined systems of equations to obtain the Lie symmetry generators for

the model.

3. Construction of Lie Point Symmetries:

9



• Construct the Lie point symmetries for the model based on the obtained symmetry gener-

ators.

4. Commutation:

• Establish the closure of symmetries under commutation through the construction of a

tabulation of Lie algebras.

• Construct the optimal system of subalgebras.

5. Symmetry Reductions:

• Perform symmetry reductions using the optimal system of sub-algebras to reduce the par-

tial differential equations to ordinary differential equations.

6. Generation of Invariant Solutions:

• Generate a family of exact closed-form invariant solutions for the model and analyze them

using numerical simulations.

1.3 Thesis Outline

This thesis is structured as follows:

Chapter 2: Preliminaries This chapter provides the necessary mathematical background, including

a review of the fundamentals of option pricing, parabolic PDEs, and Lie symmetry theory.

Chapter 3: Model Framework

We derive the parabolic system for European option pricing under liquidity shocks.

Chapter 4: Lie Symmetry Analysis Applied to the Coupled System in the Modeling of European

Options It is the core of the thesis, this chapter applies the Lie symmetry methods to the formulated

PDE system. We determine the symmetries, perform symmetry reductions, and obtain exact solutions.

We finally make simulations of the exact solutions.

10



Chapter 5: Discussions and Conclusion

This last chapter provides an overview of the research, highlights its contributions, and makes rec-

ommendations for future directions. By the time this thesis concludes, we hope to have established

a thorough framework—using the potent instrument of Lie symmetry analysis—for comprehending

and resolving the difficulties associated with option pricing when liquidity shocks are present.
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2
Preliminary

This chapter provides the foundational mathematical framework essential for the analysis and devel-

opments presented in this thesis. It is set in a way that connects mathematics and finance interdepen-

dently. An overview of notations and terminologies of stochastic calculus and financial derivatives

is given, and they will be employed throughout this study. Partial differential equations (PDEs) are

then discussed, emphasising how they can be used to model dynamic systems and their relation to the

pricing of derivatives. We end the chapter by stating concepts and main theorems of Lie symmetry

method for PDEs. In particular, the Lie symmetry method for computing the infinitesimal symmetries

and the invariant solutions of the PDEs. We begin with the financial derivatives.

2.1 Derivatives in Financial Mathematics

Derivatives are financial products that have grown in importance in financial markets [31]. This is

because derivatives have multiple uses [31, 64]. For example, they are frequently included in bond

offerings, and some businesses also include them in the chief executive officer compensation schemes.

Above all, they can shift the mortgage risk from the original lender to a different investor [33, 59]. To

12



provide further insight into these, particularly the pricing of European options, which is central to this

thesis, we give an overview of the mathematical terminology employed throughout. We define terms

such as random variables, stochastic differential equations, filtering, Brownian motion, and stochastic

processes.

2.1.1 Random Variables and Stochastic Processes

The triple (Ω,F ,P), comprising of a set Ω, a σ - field F of subsets of Ω, and a probability P on

(Ω,F), is called a probability space. The collection F is a σ - field, that is, Ω ∈ F and F are closed

under the operations of countable union and taking compliments. A probability measure P on (Ω,F)

is a function P : F → [0, 1] satisfying

1. P(∅) = 0,

2. P(Ω) = 1,

3. if A1, A2, . . . is a collection of disjoint members of F , in that Ai ∩ Aj = ∅ for all pairs i, j

satisfying i ̸= j, then

P (∪∞
i=1Ai) =

∞∑
i=1

P (Ai) .

Next, we will explain the theory related to our subject, Random Variables and Stochastic Processes.

Definition 2.1. A random variable is a mathematical representation of an uncertain quantity in a

probability space. It assigns a numerical value to each possible outcome of a random experiment.

Random variables can be discrete, taking on a countable set of values, or continuous, taking on values

from a constant range. They play a fundamental role in probability theory and statistics, allowing us

to quantify and analyze the uncertain nature of events and phenomena.

Definition 2.2. A stochastic process is a collection of random variables indexed by time or another

parameter, representing the evolution of a system over time in a probabilistic manner.
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The stochastic process provide a mathematical framework for modeling and analyzing random phe-

nomena that change dynamically. Each random variable in a stochastic process represents the sys-

tem’s state at a specific time. Stochastic processes can be classified as discrete-time or continuous-

time, depending on whether the index set is discrete or continuous. They find extensive applications

in various fields such as finance, engineering, physics, and biology, enabling studying of dynamic

systems affected by random influences.

Definition 2.3. [30] The cumulative distribution function of a random variable X is the function

F : ℜ −→ [0, 1] given by F (x) = P(X ≤ x).

Definition 2.4. [31] Let T be a fixed positive number, and assume that for each t ∈ [0, T ] there is

a σ-algebra Ft. Assume further that Fs ⊂ Ft for all 0 ≤ s < t < ∞ and F =
⋃

t≥0Ft. Then

we call the collection Ft of σ-algebras a filtration, which (Ω,F ,P,Ft) is called a filtered probability

space. Ft is taken to be the set of information available to the observer (e.g. the investor or the bank

manager) up to time t. More specifically, {Ft}t>0 is considered to be the flow of information over

certain time and it is assumed that the bank does not lose information as time passes (hence why we

say Fs ⊂ Ft for s < t ).

Definition 2.5. [31] A real-valued stochastic process is an indexed family of real-valued functions

{Xt}t≥0 that Ω. {Xt}t≥0 is said to be adapted to the filtration {Ft}t≥0 if Xs is Ft-measurable for

each t ≥ s.

2.1.2 Brownian Motion

This is the process W = {W (t) : t ≥ 0}, indexed by continuous time and taking values in the real

line R, which is time-homogeneous with independent increments, and with the vital extra property

that W (t) has the normal distribution with mean 0 and variance σ2t for some constant σ2. Brownian

motion is the cornerstone of the modern theory of random processes [20]. In 1827, Robert Brown, a

Scottish botanist, discovered the phenomenon known as Brownian motion. While observing pollen

grains suspended in water under a microscope, he noticed that the tiny particles within the pollen

moved in a continuous, jittery manner [44]. It was later discovered that such irregular motion comes

from a huge number of collisions of the suspended pollen grains with the liquid molecules. Norbert
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Wiener presented a mathematical model for this motion based on the theory of stochastic processes

[36]. The position of a particle at each time t ≥ 0 is a three-dimensional random vector Wt.

Definition 2.6. [31] A real-valued stochastic process {Wt}t≥0 is a P-Brownian motion (or a P-Wiener

process) if for some real constant σ, under P,

1. for each s ≥ 0 and t > 0 the random variable Wt+s − Ws has the normal distribution with

mean zero and variance σ2t,

2. for each n ≥ 1 and any times 0 ≤ t0 ≤ t1 ≤ t2 ≤ . . . ≤ tn, the random variables{
Wtr −Wtr−1

}
are independent,

3. W0 = 0,

4. Wt is continuous in t ≥ 0.

2.1.3 Stochastic Integration

Brownian motion [35], has played a vital role in stochastic integration of risky asset prices and their

modeling. Wiener built upon Brown’s discovery by deriving and proving many properties associated

with the paths of Brownian motion [36]. The following two key properties relate the stochastic inte-

gration: (1) the paths of Brownian motion have a nonzero finite quadratic variation, such that on an

interval (s, t), the quadratic variation is (t− s), and (2) the paths of Brownian motion have an infinite

variation on compact time intervals, almost surely. Processes used to model stock prices are usually

functions of one or more Brownian motions. In this regard, suppose that the stock price is of the form

St = f (t, Zt). Using Taylor’s theorem, we can write

f (t+ δt, Zt+δt)− f (t, Zt) = δtf̄ (t, Zt) +O
(
δt2
)
+ (Zt+σt − Zt) f

′ (t, Zi)

+
1

2!
(Zt+δt − Zt)

2 f ′′ (t, Zt) + . . .

where the notation f̄ , f ′ and f ′′ must be interpreted as f̄(t, x) = ∂f
∂t
(t, x), f ′(t, x) = ∂f

∂x
(t, x) and

f ′′(t, x) = ∂2f
∂x2 (t, x). The dynamics of a stock price are commonly modeled by way of a stochastic
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differential equation as follows (see for example [27]):

dSt = f̄ (t, Zt) dt+ f ′ (Zt) dZt +
1

2
f ′′ (Zt) dt.

The differential equation above is also resembled in integrated form as follows,

St = S0 +

∫ t

0

f̄ (s, Zs) ds+

∫ t

0

f ′ (Zs) dZs +

∫ t

0

1

2
f ′′ (Zs) ds. (2.1)

Definition 2.7. Itô Process (or stochastic integral) is a stochastic process Xt on (Ω,F ,P) of the form

[71]

Xt = X0 +

∫ t

0

a (Xt, t) ds+

∫ t

0

b (Xt, t) dZs.

If Xt is an Ito process of the form (2.1) the equation is sometimes written in the shorter differential

form

dXt = a (Xt, t) dt+ b (Xt, t) dZt,

where a (Xt, t) is the drift rate, b (Xt, t) is the variance rate or diffusion and Zt is a standard Wiener

process.

Definition 2.8 (Itô Formula). [64] Let Xt be an Ito process given by

dXt = a dt+ b dZt, (2.2)

and g(t, x) ∈ C2([0,∞)× R), (i.e, g is twice continuously differentiable on [0,∞)× R) , then

Yt = g (t,Xt) ,

is again an Itô process, and

dYt =
∂g

∂t
(t,Xt) dt+

∂g

∂x
(t,Xt) dXt +

1

2

∂2g

∂x2
(t,Xt) · (dXt)

2 ,
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where differentials are multiplied according to the rules

dt · dt = dt · dZt = dZt · dt = 0, dZt · dZt = dt.

The following example shows how the values of the stochastic integrals can be determined using the

Itô Formula.

Example 2.1.1. [64] Suppose that we choose Xt = Bt and f(t, x) = x2 where Bt is the Brownian

motion. The first and second derivatives of f(t, x) are respectively f
′
t (t, x) = 0, f

′
x(t, x) = 2x and

f
′
xx(t, x) = 2. So, Yt = f(t, Bt) = B2

t . The Itô formula will be

dYi =
∂f

∂t
(t,Xi)dt+

∂f

∂x
(t,Xi)dXi +

1

2

∂2f

∂x2
(t,Xi) · (dXi)

2,

= 0dt+ 2BidBi + (dBi)
2,

= 2BidBi + dt.

Consequently,

d(B2
i ) = 2BidBi + dt.

For s ∈ [0, t], the integral form will look like this:

B2
t = 2

∫ t

0

BsdBs + t.

We determine that ∫ t

0

BsdBs =
B2

t − t

2
,

based on the previous representation. We observe that there is a connection between the stochastic

process and a second-order partial differential equation using the Itô Formula. Typically, the gener-

ators listed below are used to define this relationship.

Definition 2.9. [64] Let {Xt} be a (time-homogeneous) Itô diffusion in Rn. The (infinitesimal) gen-

erator L of {Xt} is defined by

Lf(x) = lim
t→0

Ex[f(Xt)]− f(x)

t
, x ∈ Rn. (2.3)
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The set of functions f : Rn → R such that the limit exists at x is denoted by DL(x), while DL denotes

the set of functions for which the limit exists for all x ∈ Rn.

The deduction of the generator formula L for an Itô diffusion process can be found in [27], but the

principal idea is to consider the expectation Ex[f(Xt)] in (2.3) can be calculated by

Ex[f(Xt)] = f(x) +
∑
ik

Ex

[
σik

∂f

∂xi

(X)dBk

]

+ Ex

[∫ t

0

(∑
i

bi
∂f

∂xi

(X) +
1

2

∑
ij

(σσT )ij
∂2f

∂xi∂xj

(X)

)
ds

]
.

(2.4)

We assume that f is a bounded Borel function so that the limit of the second term in (2.4) vanishes

and any Itô diffusion process Xi in Rn will always be associated with the generator L given by

Lf =
∑
i

bi
∂f

∂xi

+
1

2

∑
ij

(σTσ)ij
∂2f

∂xi∂xj

; f = f(x) ∈ C2
0(Rn). (2.5)

2.1.4 Financial Derivatives

This subsection provides an overview of financial tools used to manage financial risks. It covers the

concepts used for the evaluation of financial derivatives, which will be applied during this study. More

details about financial derivatives can be found in [4, 18, 21, 29, 30, 31, 33, 59, 64] and the references

therein.

Products and Fundamentals

To survive and thrive, companies will always face certain risks. These risks may include equity

risks such as interest rates, exchange rates, and commodity prices, or less conventional risks such

as weather, energy prices, and insurance. Generally, companies lack the expertise to predict these

variables and therefore prefer to hedge (taking an opposite position in a related asset) the associated

risks as a solution. The idea behind hedging is to avoid surprises and focus solely on production.

Furthermore, there is a trade-off between risk and return, as higher expected returns can only be
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achieved by taking higher risks. Risk management is a key tool to understand the current portfolio of

risks and to plan for future risks. In the financial market, various financial tools known as contingent

claims can be utilized to manage financial risk.

Definition 2.10. [64] Contingent claim-T or T -claim is a contract that pays to the holder a stochastic

amount X at time T . The random variable X is FT -measurable and T is called the exercise time of

the contingent claim or maturity of the contract.

The shared feature of contingent claims is that they are characterized by the type of financial goods

to be traded and the underlying asset. They can define certain financial markets, including:

• Stock markets: familiar notion of stock exchange markets such as New York, London, Tokyo,

Milan;

• Bond markets: products with fixed returns, usually issued by the central banks;

• Currency markets or foreign exchange: currencies and their prices are determined;

• Commodities markets: commodities prices such as oil, and gold, are fixed;

• Future, forward, swaps, options markets: derivatives products based on one or more other

underlying products typically of the previous markets.

One may also take into account sub-markets inside the futures and options markets that are based on

the particular underlying asset, such as weather, oil, or power derivatives. The weather, oil, and power

are the fundamental assets, in that order. Contracts related to financial goods are known as derivatives.

These contracts can be applied to standard, plain-vanilla, structured, or exotic items. The last group

is made to specifically address the demands of the company treasurer. Options, futures, swaps, and

forward contracts are the most frequently traded basic products.

Forward Contract

A forward contract is an agreement between two parties to purchase an asset at a future date for a

predetermined price. One party takes a long position, agreeing to buy the asset at a specific future
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date for a specified price, while the other party takes a short position, agreeing to sell the asset on

the same date for the same price. These contracts are typically traded in the over-the-counter (OTC)

market.

The OTC market is not a formalised market. The contract terms do not need to adhere to those spec-

ified by an exchange, and market participants are free to negotiate any mutually agreeable deal. In

contrast, exchange-traded markets are organized markets where contracts and trading among partici-

pants are clearly defined and regulated by the exchange, ensuring that agreed trades are honored.

Futures Contracts

Similar to forward contracts, futures contracts are agreements to purchase an asset at a future date.

However, unlike forwards, futures are traded on an exchange, meaning the contracts are standardised.

The exchange specifies the amount of the underlying asset, the delivery date, and other terms. Futures

contracts can also be closed before the delivery date.

Swaps

A swap is an agreement between two companies to exchange cash flows in the future. The agreement

specifies the dates on which cash flows will be exchanged and the calculation method. Forward

contracts can be seen as a type of swap, as they lead to a single exchange of cash flows on a future

date. In contrast, swaps involve multiple cash flow exchanges over several future dates.

Options

Options are financial instruments that can be traded on both formal exchanges and in the OTC markets.

They come in two primary types: call options and put options. A call option grants the holder the

right to purchase the underlying asset at a specific price on a specific date, while a put option grants

the right to sell the underlying asset at a specific price on a specific date. The price specified in the
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contract is known as the exercise price or strike price, and the specified date is called the expiration

date or maturity.

Depending on the exercise date, options can be categorized into American options and European

options. American options can be exercised at any point up to the expiration date, whereas European

options can only be exercised on the expiration date itself. Unlike forward or futures contracts, options

provide the right but not the obligation to buy or sell the underlying asset, and there is a cost associated

with taking a position in these contracts.

On the exercise date, the option can be in one of three states: at-the-money, out-of-the-money, or

in-the-money. An at-the-money option is when the strike price is close to the underlying asset’s price.

An out-of-the-money option is when a call option’s strike price is above the underlying asset’s price

or when a put option’s strike price is below the underlying asset’s price. Conversely, an in-the-money

option is when a call option’s strike price is below the underlying asset’s price or when a put option’s

strike price is above the underlying asset’s price.

Payoff Functions for European Options

European call options have a payoff function denoted by f(x) = max(x−K, 0), where K represents

the strike price of the option. For European put options, the payoff function is given by f(x) =

max(K − x, 0).

To elaborate, the payoff of a European call option depends on whether the final stock price ST exceeds

the strike price K at expiration. Specifically, if ST is greater than K, the payoff is the difference

ST −K; otherwise, the payoff is zero. This can be mathematically expressed as:

f(ST ) = max(ST −K, 0).

This indicates that the holder of the call option benefits only when the stock price at expiration ST is

above the strike price K.

Similarly, for a European put option, the payoff is determined by whether the strike price K exceeds
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the final stock price ST at expiration. If K is greater than ST , the payoff is K − ST ; otherwise, the

payoff is zero. This can be represented as:

f(ST ) = max(K − ST , 0).

This means that the holder of the put option benefits only when the stock price at expiration ST is

below the strike price K.

Figure 2.1: Payoff functions for European call and put options. The call option payoff is shown in
blue, and the put option payoff is shown in black.

2.2 Partial Differential Equations (PDEs) and Their Classifica-

tions

In applied mathematics and mathematical physics, PDEs are fundamental tools for modeling various

phenomena. The most general second-order linear PDE in two independent variables x and y is
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expressed as:

A(x, y)
∂2u

∂x2
+B(x, y)

∂2u

∂x∂y
+ C(x, y)

∂2u

∂y2
+D(x, y)

∂u

∂x
+ E(x, y)

∂u

∂y
+ F (x, y)u = G(x, y),

(2.6)

where A,B,C,D,E, and F are functions of x and y, and u(x, y) is the unknown function.

The classification of these PDEs depends on the discriminant ∆ = B2 − 4AC:

• Elliptic PDEs: When ∆ < 0. These equations, such as the Laplace equation, typically describe

steady-state processes.

• Parabolic PDEs: When ∆ = 0. These include the heat equation, used to model time-dependent

processes like heat conduction.

• Hyperbolic PDEs: When ∆ > 0. These equations, like the wave equation, are associated with

wave propagation and dynamic systems.

To solve these PDEs, the method of characteristics is often employed. This technique simplifies the

PDE by transforming it into a set of ODEs, making it easier to solve. Additionally, the Lie symmetry

technique will be employed, particularly for solving the parabolic PDE, it transforms the PDE into

simpler ODEs.

2.3 Parabolic Partial Differential Equations

Parabolic partial differential equations (PDEs) are a basic class of equations in applied mathematics

and mathematical physics. They are vital resources for simulating a wide range of time-dependent

processes, such as the pricing of financial derivatives, particle diffusion, and heat conduction, among

others [15, 58]. The unique aspect of parabolic PDEs is their ability to depict the evolution of systems,

including the propagation and alteration of waves and patterns.
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An example on a second-order parabolic PDE in two variables, x and t, which typically represent

temporal and spatial dimensions, respectively, can be expressed in the following form:

∂u

∂t
− a

∂2u

∂x2
= f(x, t). (2.7)

The unknown function we are searching for is indicated by the symbol u(x, t). The source term,

f(x, t), can indicate outside forces or influences, and the coefficient, a, is a constant that describes

the characteristics of the medium or the system [43].

It is the nature of their coefficients and the boundary and initial conditions that distinguish parabolic

PDEs from other PDE categories, like elliptic and hyperbolic PDEs. The Laplace equation serves as

an example of an elliptic PDE, which is usually used for steady-state problems in which time is not a

factor. On the other hand, dynamic systems where wave propagation plays a crucial role are modeled

using hyperbolic PDEs, such as the wave equation [11].

A fundamental property of the parabolic PDEs is their smoothing effect on solutions. The smooth-

ing effect of solutions to parabolic partial differential equations (PDEs) refers to the phenomenon

where the solutions become progressively smoother over time, regardless of the initial conditions.

This characteristic is notable because it implies that any irregularities or discontinuities in the initial

data diminish as the system evolves. This property reflects the behavior of physical systems as they

approach equilibrium and goes beyond simple mathematical curiosity. The physical phenomena they

represent, such as the gradual uniformity of temperature distribution resulting from heat diffusion in

a solid object, are mirrored by this smoothing property.

2.3.1 Applications of Parabolic PDEs

In financial mathematics, especially in option pricing models, parabolic PDEs are essential. A key

tool in derivative pricing, the Black-Scholes equation is a parabolic PDE that illustrates how option

prices change over time. These formulas aid in risk assessment, asset price modeling, and taking

into consideration a number of market variables, including volatility and liquidity shocks. In this

situation, we can effectively hedge financial risks and ascertain fair option prices by solving parabolic

24



PDEs [42]. Financial derivatives pricing is modeled in the field of finance using parabolic PDEs [34].

Parabolic PDEs are also useful in environmental science, especially when simulating the dispersion

of contaminants in air or water [3]. By predicting the spread of contaminants, these equations help in

the development of efficient pollution control and remediation strategies.

2.3.2 Analytical and Numerical Solutions

It can be difficult to solve parabolic PDEs, and a number of techniques are used based on the boundary

conditions and equation complexity. For simpler equations with well-defined boundary conditions,

analytical solutions are feasible. These solutions yield exact expressions for the unknown function

u(x, t), providing deep insights into the behavior of the system [19].

Numerical techniques such as spectral, finite element, and finite difference methods are applied in

these situations [49, 63]. By discretizing the PDE and the domain, these methods reduce the continu-

ous problem to an algebraic system of equations that can be resolved by computer programs [76].

2.3.3 Initial and Boundary Conditions

When figuring out the solution to a parabolic PDE, the initial and boundary conditions are very im-

portant. The system’s state at the start of the observation period is specified by the initial condition.

For example, the initial temperature distribution across the material should be known to solve the heat

equation [76].

The behavior of the solution at the domain’s boundaries is specified by boundary conditions. Bound-

ary conditions come in two common forms: Neumann boundary conditions, which fix the value of

the solution’s derivative at the boundary, and Dirichlet boundary conditions, which fix the value of

the solution at the boundary. Moreover, a variety of applications employ Robin boundary conditions,

which combine Neumann and Dirichlet conditions [11, 47, 65].
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2.4 Lie Point Symmetries of Differential Equations

One effective technique for finding analytical solutions to differential equations is Lie symmetry

analysis and we are going to use it in our work. The concept of differential equation invariance, which

enables the solution of differential equations using Lie groups, is fundamental to this algorithmic

process, which has its roots in Lie’s research. There are many worthwhile manuscripts [6, 8, 32, 34,

37, 40, 60, 67] in the literature that provide a thorough introduction to the topic. The above-mentioned

references serve as the foundation for this section’s definitions, theorems and annotations.

2.4.1 One Parameter Group of Transformations

Definition 2.11. [60] A k-th order (k ≥ 1) system E of s differential equations is defined by

Eσ(x, u, u(1), ..., u(k)) = 0, σ = 1, ..., s. (2.8)

where u ≡ (u1, u2, ..., um) is dependent vector, x ≡ (x1, x2, ..., xn) is the independent vector and

u(1), u(2), ..., u(k) are respectively the collection of all first, second, up to k-th-order partial derivatives.

In expanded form

u(1) = {uα
i }, , u(2) = {uα

ij}, , u(k) = {uα
i1} (2.9)

where α = 1, ...,m; i, j, i1 · · · ik = 1, ..., n.

The equations (2.8) have the highest possible order, which is k. In numerous cases, the number of

equations (s) is equal to the number of unknowns (m). It should be noted that if n = 1, the equations

in (2.8) turn into a system of ODEs, while if n > 1, it becomes a system of PDEs [60].

Definition 2.12. [67] A symmetry transformation of the system (2.8) is an invertible transformation

of the dependent variables u and independent variables x,namely

x̄i = f i(x, u, a), ūα = ϕα(x, u, a), i = 1, ...,m, (2.10)
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that leaves (2.8) form-invariant in new variables ū and x̄, i.e.,

Ēσ(x̄, ū, ¯u(1), ..., ¯u(k)) = 0, σ = 1, ..., s, (2.11)

where (2.8) is satisfied. Here f i, ϕα are differentiable functions and a ∈ R is a parameter that

continuously takes values in a neighborhood D ⊂ R of a = 0.

Definition 2.13. [67] A set G of transformation (2.10), namely,

Ta : x̄
i = f i(x, u, a), ūα(x, u, a), i = 1, ..., n;α = 1, 2, ...,m, (2.12)

is a continuous one-parameter (local) Lie group of transformation in Rn+m provided the group prop-

erties of closure, identity, and inverses are satisfied, namely,

i. Closure: If Ta, Tb ∈ G, where a, b ∈ D′ ⊂ D, then

TaTb = Tc ∈ G,where c = φ(a, b) ∈ D.

ii. Identity: There exists T0 ∈ G such that

T0Ta = TaT0 = Ta,

for any a ∈ D′ ⊂ D. T0 is known as the identity of the group.

iii. Inverse: There exists T−1
a = Ta−1 ∈ G, where a−1 ∈ D such that

T−1
a Ta = TaTa−1 = T0,

for any Ta ∈ G, a ∈ D′ ⊂ D. T−1
a is known as the inverse of the group.

The associativity property follows from (i). Also, if the identity transformation occurs at a = a0 ̸= 0,

that is, Ta0 , then a change of the parameter a = ā+ a0 gives T0 an in (ii).

We will now refer to a continuous one-parameter(local) group as “a one-parameter group”.
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Definition 2.14. A group parameter a is canonical if the group composition law is additive, i.e.,

φ(a, b) = a+ b.

If a is canonical, then

TbTa = Ta+b = Tb+a = TaTb.

Theorem 2.1. [67] For any composition law φ(a, b), there exists a (unique) canonical parameter ã

defined by

ã =

∫ a

0

da′

X
,

where

X (a′) =
∂φ(a′, b)

∂b

∣∣∣∣
b=0

.

Proof. See [67].

Corrolary 2.4.1. [60] Any one-parameter group of transformations is abelian, i.e.,

TaTb = TbTa.

Proof. See [5].

2.4.2 Infinitesimal Generator and Lie’s Equation

According to Lie’s theory, constructing the symmetry group G is identical to determining its infinites-

imal transformations:

t̄ ≈ t+ aτ(t, x, u), x̄ ≈ x+ aξ(t, x, u), ū ≈ u+ η(t, x, u). (2.13)

28



These transformations are obtained by expanding (2.10) in powers of a around a = 0 (in a neighbor-

hood where a = 0 represents the identity) and setting:

∂f(t, x, u, a)

∂a

∣∣∣∣
a=0

= τ(t, x, u),
∂g(t, x, u, a)

∂a

∣∣∣∣
a=0

= ξ(t, x, u),
∂h(t, x, u, a)

∂a

∣∣∣∣
a=0

= η(t, x, u).

The components τ , ξ, and η are referred to as the infinitesimals of (2.12). The vector (τ, ξ, η) repre-

sents the tangent vector at the point (t, x, u) to the surface curve described by the transformed points

(t, x, u). Hence, it is called the tangent vector field of the group G.

One can now introduce the symbol X (after Lie) of the infinitesimal transformations (2.13) by writing:

t̄ ≈ (1 +X)t, x̄ ≈ (1 +X)x, ū ≈ (1 +X)u, (2.14)

where

X = (τ(t, x, u), ξ(t, x, u), η(t, x, u)) · ∇,

= τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
,

(2.15)

and the operator ∇ is the gradient vector operator ∇ =
(

∂
∂t
, ∂
∂x
, ∂
∂u

)
. The operator (2.15) is known as

the infinitesimal operator or generator of the group G.

Remark 2.4.1. X((t, x, u)) = (τ(t, x, u), ξ(t, x, u), η(t, x, u)).

Theorem 2.2. [5] Given an infinitesimal transformation (2.13), or an infinitesimal operator(2.15),

the transformations (2.11) of the corresponding group G are determined by solving the Lie equations

dt̄

da
= τ(t̄, x̄, ū),

dx̄

da
= ξ(t̄, x̄, ū),

dū

da
= η(t̄, x̄, ū), (2.16)

subject to the initial conditions

f(t, x, u, a)|a=0 = t, g(t, x, u, a)|a=0 = x, h(t, x, u, a)|a=0 = u.

A one-parameter Lie group of transformation is equivalent to its infinitesimal operator, this allows for
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the representation of the solution of Lie equations in terms of the Taylor series (exponential map),

t̄ = exp(aX)t, x̄ = exp(aX)x, ū = exp(aX)u, (2.17)

where

exp(aX) = 1 + aX +
a2

2!
+ · · · =

inf∑
j=0

aj

j!
Xj, (2.18)

is known as the Lie series operator.

2.4.3 Invariants

Definition 2.15. A point (t, x, u) ∈ R3 is an invariant point if it remains unchanged by every trans-

formation of a group G, i.e.,

(t̄, x̄, ū) = (f(t, x, u, a), g(t, x, u, a), h(t, x, u, a)) = (t, x, u), ∀a ∈ D′ ⊂ D. (2.19)

Theorem 2.3. [67] A point (t, x, u) ∈ R3 is an invariant point of a group G with operator

X = τ(x, t, u)
∂

∂t
+ ξ(x, t, u)

∂

∂x
+ η(x, t, u)

∂

∂u
, (2.20)

if and only if

τ(t, x, u) = ξ(t, x, u) = η(t, x, u). (2.21)

Proof. See [67].

Definition 2.16. A function F (t, x, u) is called an invariant of a group G if and only if

F (t̄, x̄, ū) = F (f(t, x, u, a), g(t, x, u, a), h(t, x, u, a)) = F (t, x, u), (2.22)

for t, x, u, a ∈ D′ ⊂ D.

Theorem 2.4. A function F (t, x, u) is an invariant of a group G with generator X if and only if

30



X(F ) = 0, i.e.,

X(F ) = τ
∂F

∂t
= ξ

∂F

∂x
= η

∂F

∂u
. (2.23)

Condition (2.23) is known as the infinitesimal criterion of invariance. From (2.23), the one-parameter

group has 2 functionally independent invariants taken from the left-hand sides of 2 first integrals

I1(t, x, u) = C1 and I2(t, x, u) = C2 of the characteristic equations for linear PDE (2.23). Any other

invariant is a function of I1(t, x, u) = C1 and I2(t, x, u) = C2.

2.4.4 Prolongation Formulas

Consider a k-th-order PDE

E(t, x, u, u(1), ..., u(k)) = 0, (2.24)

where t and x are two independent variables and u is the dependent variable. Let

X = τ(x, t, u)
∂

∂t
+ ξ(x, t, u)

∂

∂x
+ η(x, t, u)

∂

∂u
(2.25)

be the infinitesimal generator of the one-parameter group G of transformation(2.11).

Definition 2.17. The extended infinitesimal generator X [k] of the prolonged group G[k] on the space

(t, x, u, u(1), ..., u(k)) is called the kth prolongation of X , and denoted by

X [k] = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
+ ζi(t, x, u, u(1))

∂

∂u(1)

+

· · ·+ ζi1...ik(t, x, u, u(1), . . . , u(k))
∂

∂u(i1...ik)

.

(2.26)
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The coefficients ζs are determined recursively by the prolongation formulae:

ζi = Di(η)− ujDi(ρ
j)

= Di(η)− utDi(τ)− uxDi(ξ),

ζij = Dj(ζi)− uilDj(ρ
l)

= Di(ζi)− uitDj(τ)− uixDj(ξ)

...

ζi1...ik = Dik(ζi1...ik−1
)− ui1...ik−1lDik(ρ

l)

= Dik(ζi1...ik−1
)− ui1...ik−1tDik(τ)− ui1...ik−1xDik(ξ),

(2.27)

where i, j, i1, · · · , ik = t, x and the total derivative operator Di is given by

Di =
∂

∂i
+ uj

∂

∂u
+ uij

∂

∂uj

+ · · · .

For example, if we consider a second-order partial differential equation (2.8), the second prolongation

of the prolonged group G[2] in a space (t, x, u, ut, ux, utt, utx, uxx) is given by

X [2] = X + ζt∂ut + ζx∂ux + ζtt∂utt + ζtx∂utx + ζxx∂uxx . (2.28)

The coefficients ζt, ζx, ζtx and ζxx are given by the formulae

ζt = Dt(η)− utDt (τ)− uxDt (ξ) ,

ζx = Dx(η)− utDx (τ)− uxDx (ξ) ,

ζtt = Dt (ζt)− uttDt (τ)− utxDt (ξ) ,

ζtx = ζxt = Dx (ζt)− uttDx (τ)− utxDx (ξ) ,

ζxx = Dx (ζx)− utxDx (τ)− uxxDx (ξ) ,
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where Dt and Dx are total derivatives with respect to t and x respectively given by

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut

+ utx
∂

∂ux

+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ utx

∂

∂ut

+ uxx
∂

∂ux

+ · · · .

Using the definitions of the total derivatives Dt and Dx yields

ζt = ηt + ut (ηu − τt)− u2
t τu − uxξt − uxutξu (2.29)

ζx = ηx + ux (ηu − ξx)− u2
xξu − utτx − uxutτu, (2.30)

ζtt = ηtt + 2utηtu + uttηu + u2
tηuu − 2uxtξt − uxξtt − 2uxutξ

2
tu − ξu (uxutt + 2utuxt)

− uxu
2
t ξuu − 2uttτt − utτtt − 2u2

t τtu − 3ututtτu − u3
t τuu

(2.31)

ζtx = ηtx + utηxu + uxηtu + uxtηu + utuxηuu − uttτx − utxτt − τu (uxutt + 2ututx)

− ut (τxt + utτxu + uxτtu + utuxτuu)− utxξx − uxxξt − ξu (utuxx + 2uxuxt)

− ux (ξtx + utξxu + uxξtu + utuxξuu) ,

(2.32)

ζxx = ηxx + 2uxηxu + uxxηu + u2
xηuu − 2uxxξx − uxξxx − 2u2

xξxu − τu (utuxx + 2uxuxt)

− u3
xξuu − 2uxtτx − utτxx − 2uxutτxu − u2

xutτuu − 3uxuxxξu

(2.33)

2.4.5 Determining Equations for Lie Point Symmetries

In this section, we introduce Lie’s algorithm for calculating Lie point symmetries of differential equa-

tions.

Definition 2.18. An invertible transformation acting on the space (t, x, u) of E is a point symmetry

of E provided it transform any solution of the equation into another solution of the same equation.

Theorem 2.5. [67] Let G be a group of infinitesimal transformations (2.12) admitted by E. Then G

consists of symmetries of E if and only if

X [2](E) = 0, (2.34)
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whenever (2.8) is satisfied for every group generator X of G. Conversely, the operator X is a point

symmetry of (2.8) if

X [2](E) = 0, whenever E = 0. (2.35)

The symmetry condition (2.35), also called the invariance criterion can be written compactly as

X [2](E)|E=0 = 0, (2.36)

where |E=0 means evaluated at the equation E = 0.

Definition 2.19. The equation (2.36) is called the determining equation, it is an over-determined sys-

tem of linear homogeneous PDEs for the unknowns τ, ξ, η (infinitesimals) of the symmetry generator

X .

Theorem 2.6. [67] The solution of the determining system forms a vector space, that is, any finite

linear combination of the symmetries is again a symmetry.

Theorem 2.5 summarizes Lie’s algorithm. Lie’s algorithm for calculating Lie point symmetries of

differential equations is explained in several textbooks, among them [5, 32, 67, 6]. We will adopt

Lie’s algorithm as explained in [60].

Lie’s algorithm[60]

1. Write E such that all the terms are on the left-hand side.

2. Write the symmetry generator

X = τ(t, x, u)
∂

∂t
+ ξ2(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
.

3. Prolong the symmetry generator X to the order that is the same as the order of E, i.e.,

X [k] = X + ζi
(
t, x, u, u(1)

) ∂

∂u(1)

+ · · ·+ ζi1···ik
(
t, x, u, u(1), · · · , u(k)

) ∂

∂u(i1···ik)
,

where the variables ζi are given by (1.20).
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4. Apply the prolonged generator X [k] on E evaluated at E = 0, which gives the symmetry

condition

X [k](E)
∣∣
E=0

= 0.

5. Substitute the ζi upon expansion of the symmetry condition and replace the derivatives which

will be eliminated.

6. Separate the expanded expression concerning the derivatives of the dependent variables and

their powers, resulting in an over-determined system of linear homogeneous PDEs in terms of

infinitesimals τ, ξ, and η.

7. Solve the over-determined system for the infinitesimals τ, ξ, and η.

8. Construct the one-parameter group using Theorem 2.2.

2.4.6 Lie Algebra

Definition 2.20. A Lie algebra is a vector space L over a field F with a binary operation [−,−] :

L × L → L called the Lie bracket (also known as the commutator), such that the following axioms

are satisfied:

1. Bilinearity: If X1, X2, X3 ∈ L and a, b ∈ F, then

[aX1 + bX2, X3] = a[X1, X3] + b[X2, X3].

2. Skew-Symmetry: If X1 ∈ L, then

[X1, X1] = 0

and this implies that, for all X1, X2 ∈ L,

[X1, X2] = −[X2, X1].
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3. Jacobi Identity: If X1, X2, X3 ∈ L, then

[X1, [X2, X3]] + [X2, [X3, X1]] + [X3, [X1, X2]] = 0.

Definition 2.21. A Lie bracket (commutator) [−,−] on the set of vector fields V is defined by

[X1, X2] = X1(X2)−X2(X1),

where X1 and X2 are operators defined respectively by

X1 = τ1(t, x, u)
∂

∂t
+ ξ1(t, x, u)

∂

∂x
+ η1(t, x, u)

∂

∂u

and

X2 = τ2(t, x, u)
∂

∂t
+ ξ2(t, x, u)

∂

∂x
+ η2(t, x, u)

∂

∂u
.

Theorem 2.7. [5, 67] The set of all symmetries forms a Lie algebra called a symmetry Lie algebra.

Proof. See [67].

Definition 2.22. The dimension of a Lie algebra L is the dimension of the finite vector space L. A

finite-dimensional Lie algebra of dimension r is denoted by Lr.

Definition 2.23. Let Lr be a Lie algebra over the field F. Then a linear subspace S of L (S ⊆ L) is

a subalgebra of L if it is closed under the Lie bracket of L; that is, [X1, X2] ∈ S if X1, X2 ∈ S.

Definition 2.24. Let I be a linear subspace of a Lie algebra L. Then I is an ideal of L if [X1, X2] ∈ I

whenever X1 ∈ I and X2 ∈ L.

Definition 2.25. A Lie algebra L is called abelian if the Lie bracket vanishes for all elements in L;

that is, [X1, X2] = 0 for all X1, X2 ∈ L.
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2.4.7 Invariant Solution

Definition 2.26. A solution u = F (t, x) of E is invariant under the one-parameter group of transfor-

mations if

ū = F (t̄, x̄). (2.37)

Definition 2.27. A function u = F (t, x) is said to be an invariant solution under the one-parameter

group of transformations (1.3) of E if and only if

X(u− F (t, x))|u=F (t,x) = 0. (2.38)
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3
Model Framework

In this chapter, we derive the parabolic system that includes the liquidity risk developed by Ludkovski

and Shen [54]. The model includes liquidity risk, reflecting market incompleteness. By incorporating

an investor’s risk preferences through an exponential utility function, we employ a parabolic system

to capture the dynamics of option prices under different market conditions.

3.1 The Market Model

We adopt a regime-switching Markov model to capture the dynamic of market liquidity, which in-

volves two distinct states: the liquid state (0) and the illiquid state (1) [74]. This aspect of our model

connects with the growing literature on Markov-modulated financial markets driven by the recogni-

tion that the economic environment is not stable. In the liquid state, the market operates smoothly,

without any hindrances, enabling investors to trade stocks in any desired quantity without influencing

stock prices.

Within the framework of the utility maximization, derivative prices are characterized by the Hamilton-

Jacobi-Bellman (HJB) equations, which typically take the form of nonlinear parabolic partial differ-
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ential equations. In the context of a regime-switching Markov model, the HJB equations result in a

coupled system of nonlinear parabolic partial differential equations [53, 54, 74].

3.1.1 Exponential Indifference Pricing

So in our case where the investor’s preferences are modeled using the exponential utility function:

U(x) = −e−γx,

where γ is the risk aversion parameter. Exponential utility offers several benefits, including generat-

ing wealth-independent prices and being linked through dual representation to the minimal entropy

martingale measure1.

The investor aims to maximize the utility of terminal wealth and option payoff at the future horizon

T < ∞, aligning with the expiration date of all market securities [74]. A starting point for the ap-

proach of utility-based pricing are the value functions Ûi(t,X, S) for the optimal investment problem

in the presence of a contingent claim,

Ûi(t,X, S) = sup
(πt)∈A

EP
t,X,S,i

[
−e−γ(XT+h(ST ))

]
, i = 0, 1, (3.1)

where P is the real-world probability, X is the total wealth, πt is the stock holdings as proportion

of total wealth, St is the stock price at time t ∈ [0, T ], and h(ST ) in the payoff at terminal time T .

Standard stochastic control methods imply the following:

Proposition 3.1. [54] The optimal value function Ûi(t,X, S) with (t,X, S) ∈ [0, T ]× R× R+ for a

holder of a bounded contingent claim paying off h(St) at terminal time T are given by

Ûi(t,X, S) = −eγXe−γRi(t,S), (3.2)

1the risk neutral measure that minimises the entropy difference between the objective probability measure and the risk
neutral measure.
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where Ri(t, S) are the unique viscosity solutions of the coupled semi-linear system,

R0
t +

1

2
σ2
0S

2R0
SS − ν01

γ
e−γ(R1−R0) +

(d0 + ν01)

γ
= 0,

R1
t −

ν10
γ
e−γ(R0−R1) +

ν10
γ

= 0,

(3.3)

where Ri(t, S), i = 0, 1 define the price of the options in two states, σ is the volatility of the stock,

ν01, ν10 are the transition from liquid state (0) to the illiquid state (1) and vice-versa, respectively, γ

is the risk aversion parameter, and d0 =
µ2

2σ2 where µ is the drift of the underlying stock. The terminal

conditions are given as

Ri(S, T ) = h(S), i = 0, 1. (3.4)

The system (3.3) and the conditions (3.4) are solved for the stock price S ≥ 0 of the underlying asset

with t ∈ [0, T ].

Proof. See [54].

3.1.2 Indifference Prices

Indifference pricing involves comparing the optimal investment strategies with and without options to

determine the price at which an investor is indifferent between the two scenarios [9]. Let V̂i represent

value functions for an investor following an optimal trading strategy but without investment in options.

Using Ûi and V̂i, the buyer’s indifference prices p (initial state 0) and q (initial state 1) are defined as:

Û0(t,X − p, S) = V̂ 0(t,X), Û1(t,X − q, S) = V̂ 1(t,X). (3.5)

The value functions V̂ i, i = 0, 1 are derived in [54]. The equation (3.5) imply that the utility of wealth

minus the indifference price with options equals the utility of wealth without options. Using the value

functions Û i(t,X), V̂ i(t,X) and (3.5) we can write the relationship between indifference prices p, q
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and R0, R1 as follows:

p = R0 + γ−1 log Y0(t), q = R1 + γ−1 log Y1(t), (3.6)

expressions for Yi(t) in Ludkovski and Shen [54] Definition 3.2 are given as

Y0(t) = c1e
−λ1(T−t) + c2e

−λ2(T−t), (3.7)

Y1(t) =
1

ν01

[
c1(d0 + ν01 − λ1)e

λ1(T−t) + c2(d0 + ν01 − λ2)e
λ2(T−t)

]
, (3.8)

where

d0 =
µ2

2σ2
,

λ1,2 =
d0 + ν01 + ν10 ±

√
(d0 + ν01 + ν10)2 − 4d0ν10

2
,

c1 =
λ2 − d0
λ2 − λ1

,

c2 =
λ1 − d0
λ1 − λ2

.

Using (3.6), the system (3.3) in terms of indifference prices (p, q) can be rewritten as

pt +
1

2
σ2
0S

2pSS − ν01
γ
e−γ(q−p) +

(d0 + ν01)

γ
= 0,

qt −
ν10
γ
e−γ(p−q) +

ν10
γ

= 0,

(3.9)

with terminal conditions,

p(T, S) = q(T, S) = h(S). (3.10)
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3.1.3 Formulation of the Model

By making the substitutions S = x and transforming the option prices as

u = γR0, v = γR1,

then substituting these transformations into the initial system (3.3), we obtain the following system

of partial differential equations (PDEs) that describe the evolution of the option prices under the

influence of liquidity shocks:

ut −
1

2
σ2x2uxx + aeu−v − b = 0

vt + cev−u − c = 0

(3.11)

where a = ν01, b = d0 + ν01, and c = ν10. In accordance with (3.9), we take the initial conditions to

be

u(0, x) = u0(x) = γh(x), v(0, x) = v0(x) = γh(x). (3.12)

For a call option,

h(x) = max(x−K, 0), (3.13)

where K is the strike price.

3.2 Conclusion

We derived a model for pricing European options under liquidity shocks, extending Ludkovski and

Shen’s framework by modeling liquidity risk with a regime-switching Markov process that cap-

tures liquid and illiquid market states, deriving nonlinear parabolic PDEs from the Hamilton-Jacobi-

Bellman equations considering the investor’s exponential utility and market incompleteness, which

enables option pricing through indifference pricing that adjusts for liquidity impacts. .
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4
Lie Symmetry Analysis Applied to the

Coupled Systems in the Modeling of

European Options

In this chapter, we consider the system of partial differential equations–derived in the previous chap-

ter,

ut =
1

2
σ2x2uxx − aeu−v + b,

vt = c− cev−u,

(4.1)

with initial conditions; u(0, x) = u0(x) = γh(x), v(0, x) = v0(x) = γh(x), where h(x) =

max(x−K, 0) and K is the strike price.

We carry out Lie symmetry analysis, which is the process of calculating Lie point symmetries, deter-

mining optimal systems, carrying out symmetry reductions, and creating group invariant solutions.
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4.1 Lie Point Symmetries

In the space of independent and dependent variables, we examine a one-parameter Lie group of in-

finitesimal transformations as follows and defined in [6, 32, 60, 67]:

x = x+ ϵξ(x, t, u, v) +O(ϵ2),

t = t+ ϵτ(x, t, u, v) +O(ϵ2),

u = u+ ϵη1(x, t, u, v) +O(ϵ2),

v = v + ϵη2(x, t, u, v) +O(ϵ2),

(4.2)

where ξ, τ, η1 and η2 are infinitesimal generators to be determined and ϵ represents the group param-

eter. Lie’s algorithm states that the vector field

V = ξ(x, t, u, v)
∂

∂x
+ τ(x, t, u, v)

∂

∂t
+ η1(x, t, u, v)

∂

∂u
+ η2(x, t, u, v)

∂

∂v
, (4.3)

is a symmetry generator of (4.1) if and only if

V[2](ut −
1

2
σ2x2uxx + aeu−v − b = 0)

∣∣
ut=

1
2
σ2x2uxx−aeu−v+b

= 0,

V[1]
(
vt − c+ cev−u = 0

) ∣∣
vt=c−cev−u = 0,

(4.4)

where V[2] is the second prolongation of V to the system given by,

V[2] = V+ζ11∂ut+ζ12∂ux+ζ21∂vt+ζ22∂vx+ζ111∂utt+ζ112∂uxt+ζ122∂uxx+ζ211∂vtt+ζ212∂utt+ζ222∂vxx.

The variables ζ ij are given by the prolongation formulae:

ζ11 = Dt(η1)− utDt(τ)− uxDt(ξ), (4.4a)

ζ12 = Dx(η1)− utDx(τ)− uxDx(ξ), (4.4b)

ζ21 = Dt(η2)− vtDt(τ)− vxDt(ξ), (4.4c)

ζ22 = Dx(η2)− vtDx(τ)− vxDx(ξ), (4.4d)
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ζ111 = Dt(ζ
1
1 )− uttDt(τ)− uxtDt(ξ), (4.4e)

ζ112 = Dx(ζ
1
1 )− uttDx(τ)− uxtDx(ξ), (4.4f)

ζ122 = Dx(ζ
1
2 )− utxDx(τ)− uxxDx(ξ), (4.4g)

ζ211 = Dt(ζ
2
1 )− vttDt(τ)− vxtDt(ξ), (4.4h)

ζ212 = Dt(ζ
2
1 )− vttDx(τ)− vxtDx(ξ), (4.4i)

ζ222 = Dx(ζ
2
2 )− vtxDx(τ)− vxxDx(ξ), (4.4j)

where Dt and Dx are the total derivative operators defined as follows:

Dt = ∂t + ut∂u + vt∂v + · · · , (4.4k)

Dx = ∂x + ux∂u + vx∂v + · · · . (4.4l)

Using the above we get the following system of prolonged equations,

aeu−vη1 − aeu−vη2 − uxτt − utuxτu − uxvtτv − utξt − u2
t ξu

− utvtξv + η1t + utη1u + vtη1v + x2σ2uxξ2uuxt + x2σ2vxξvuxt

+ x2σ2ξxuxt − xσ2ξ1uxx + 3x2σ2uxτuuxx + 2x2σ2vxτvuxx

+ x2σ2τxuxx +
1

2
x2σ2utξ2uuxx −

1

2
x2σ2η1uuxx +

1

2
x2σ2uxτvvxx

+
1

2
x2σ2utξvvxx −

1

2
x2σ2η1vvxx +

1

2
x2σ2u3xτuu + x2σ2u2xvxτuv

+
1

2
x2σ2uxv2xτvv +

1

2
x2σ2u2xτxu + x2σ2uxvxτxv +

1

2
x2σ2uxτxx

+
1

2
x2σ2utu2xξuu + x2σ2utuxvxξuv +

1

2
x2σ2utv2xξvv + x2σ2uxvxη1uv

− 1

2
x2σ2utuxξxu + x2σ2utvxξxv +

1

2
x2σ2utξxx − x2σ2v2xη1vv

− x2σ2uxη
1
xu − x2σ2vxη1xv = 0,

− ce−u+vη1 + ce−u+vη2 − vxτt − utvxτu − vtvxτv

− vtξt − utvtξu − v2t ξv + η2t + utη2u + vtη2v = 0.
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4.2 Determining Equations for Lie Symmetries

Although it takes a while and is tedious, manually finding the determining equations is simple. Due

to the algorithmic nature of the Lie method stated in Subsection 2.4.5, programs for symbolic ma-

nipulation such as Mathematica, Maple, Maxima, and Reduce have been developed to perform this

task. In our work, we will be using the Mathematica 12.1 [79] software package SYM [13]. Following

Subsection 2.4.5, the determining equations are

ξu = ξv = 0, (4.5)

τu = τx = τv = 0, (4.5a)

ξuu = ξvv = ξuv = 0, (4.5b)

τuu = τvv = τuv = 0, (4.5c)

aeuτv − bevτv + evη1v = 0, (4.5d)

aeuτvv − bevτvv + evη1vv − 2aeuτv = 0, (4.5e)

aeuτxv − bevτxv + evη1xv + aeuτx = 0, (4.5f)

− ceuτu + cevτu + euη2u = 0, (4.5g)

2ξu + x2σ2τxu + 2xσ2τu = 0, (4.5h)

2ξv + x2σ2τxv + 2xσ2τv = 0, (4.5i)

− 2evξxu + aeuτuu − bevτuu + evη1uu = 0, (4.5j)

− evξxv + aeuτuv − bevτuv + evη1uv = 0, (4.5k)

− eu+vξt + ae2uξu − beu+vξu + ce2vξv − ceu+vξv = 0, (4.5l)

−4eu+vξ − 4eu+vxξx + 2eu+vxτt − 2ae2uxτu + 2beu+vxτu − 2ce2vxτv+

2ceu+vxτv − eu+vx3σ2τxx = 0, (4.5m)

−2eu+vξt + 2ae2uξu − 2beu+vξu + 2ce2vξv − 2ceu+vξv + eu+vx2σ2ξxx−

2ae2ux2σ2τxu + 2beu+vx2σ2τxu − 2eu+vx2σ2η1xu = 0, (4.5n)
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ceu+2vη1 − ceu+2vη2 + ce2u+vτt − ceu+2vτt − ace3uτu + ace2u+vτu+

bce2u+vτu − bceu+2vτu + c2e3vτv + c2e2u+vτv − 2c2eu+2vτv − e2u+vη2t+

ae3uη2u − be2u+vη2u − ce2u+vη2v + ceu+2vη2v = 0, (4.5o)

−2ae2u+vη1 + 2ae2u+vη2 − 2ae2u+vτt + 2beu+2vτt + 2a2e3uτu − 4abe2u+vτu+

2b2eu+2vτu − 2bce3vτv − 2ace2u+vτv + 2aceu+2vτv + 2bceu+2vτv − 2eu+2vη1t+

2ae2u+vη1u − 2beu+2vη1u + 2ce3vη1v − 2ceu+2vη1v + ae2u+vx2σ2τxx−

beu+2vx2σ2τxx + eu+2vx2σ2η1xx = 0. (4.5p)

We observe from equations (4.5) and (4.5a) that,

ξ = ξ(x, t), (4.6)

τ = τ(t). (4.7)

Substituting (4.6) and (4.7) in (4.5b) through (4.5p) we get that,

eu+vξt = 0, (4.8)

evη1v = 0, (4.8a)

evη1vv = 0, (4.8b)

euη2u = 0, (4.8c)

evη1uv = 0, (4.8d)

evη1uu = 0, (4.8e)

evη1xv = 0, (4.8f)

eu+v(2ξ + x(τt − ξx)) = 0, (4.8g)

eu+v(−2ξt + x2σ2(ξxx − 2η1xu)) = 0, (4.8h)

eu(−ce2vη1 + ce2vη2 + ce2vτt − ceu+vτt − ce2vη2v+

ceu+vη2v − ae2uη2u + beu+vη2u + eu+vη2t) = 0, (4.8i)
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ev(−2ae2uη1 + 2ae2uη2 − 2ae2uτt + 2beu+vτt + 2ce2vη1v − 2ceu+vη1v+

2ae2uη1u − 2beu+vη1u − 2eu+vη1t + eu+vx2σ2η1xx) = 0. (4.8j)

Solving the above equations, the desired infinitesimals generators on the parabolic system (4.1) are as

follows,

ξ = xk1, (4.9)

τ = k2, (4.10)

η1 = k4x+ k3, (4.11)

η2 = k4x+ k3. (4.12)

The symmetry generator is given by

V = k1x∂x + k2∂t + (k4x+ k3)∂u + (k4x+ k3)∂v. (4.13)

Consequently, following the Lie symmetry method explained in [67], we obtain the following 4-

dimensional classical algebra L4 of the parabolic system (4.1) with the aid of (4.13):

v1 = x∂x,

v2 = ∂t,

v3 = ∂u + ∂v,

v4 = x∂u + x∂v.

(4.14)

4.3 A One-dimensional Optimal System of Subalgebras

In this section, we develop a one dimensional optimal system of the algebra L4 obtained in Section

4.2 spanned by the parabolic system (4.1). This symmetry Lie algebra is used to perform symmetry

reductions and construct invariant solutions. Certain linear combinations of the Lie point symmetries

can be used to for symmetry reductions to get invariant solutions.
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In some cases, a system may admit numerous Lie point symmetries, leading to a larger number

of possible linear combinations. However, certain symmetries are related through transformations

within the symmetry group, implying that their corresponding invariant solutions are also related

by these transformations. To manage this redundancy, symmetries that are equivalent under such

transformations are grouped into the same class. The structured method of finding these equivalence

classes is known as constructing an optimal system of subalgebras [73].

For the one-dimensional subalgebras, this classification problem is essentially the same as the pro-

cess of classifying orbits of the adjoint representation, since each one dimensional subalgebra is

determined by a nonzero vector in the algebra. Essentially, this process begins with a general element

V of the Lie algebra, which is then subjected to a series of adjoint transformations with the goal of

simplifying it as much as possible [62].

Now, in our case, given a nonzero vector

V = a1v1 + a2v2 + a3v3 + a4v4 (4.15)

in algebra spanned by the parabolic system. The vector corresponds to the vector a = (a1, a2, a3, a4).

Our task is to simplify as many of the coefficients ai being zero as possible through application of the

adjoint maps on V and find its equivalent one.

In this thesis we use the matrix method given in [32] to determine an optimal system of the one-

dimensional subalgebra of L4. The algorithm is given by the following steps.

1. Construction of the commutator table and determining the structure constants matrix C(j) by

the formula

(C(j))kj = ckij, (4.16)

where ckij is the structure constants given in the commutator table.

2. Calculating the adjoint matrix A(j, ϵ) by definition

A(j, ϵ) = exp(ϵC(j)) =
∞∑
n=0

C(j)n
ϵn

n!
. (4.17)
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3. Simplifying the vector a = (a1, a2, a3, a4) as much as possible by applying A(j, ϵ) on a and

obtain the equivalent one of V.

We proceed by implementing the above steps to construct the optimal system of L4.

4.3.1 Construction of the Commutator Table

The commutation relations (also known as the Lie Brackets) between these vector fields are obtained

by considering a formula provided by [67] is given by,

[vi, vj] = vi · vj − vj · vi (4.18)

where i represents the entry in row i and j the entry in column j. We compute some commutations

below,

Case[v1, v2]:

[v1, v2] = v1(v2)− v2(v1),

= x∂x (∂t)− ∂t (x∂x) ,

= 0. (4.19)

Case[v1, v3]:

[v1, v3] = v1(v3)− v3(v1),

= x∂x (∂u + ∂v)− (∂u + ∂v) (x∂x) ,

= 0. (4.20)
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Case[v1, v4]:

[v1, v4] = v1(v4)− v4(v1),

= x∂x (x∂u + x∂v)− (x∂u + x∂v) (x∂x) ,

= x∂u + x∂v,

= v4. (4.21)

The rest of the commutations of (4.1) upon calculation are shown in Table 4.1 below,

Table 4.1: Commutator table of the parabolic system

[vi, vj] v1 v2 v3 v4

v1 0 0 0 v4
v2 0 0 0 0
v3 0 0 0 0
v4 −v4 0 0 0

We observe that Table 4.1 is skew-symmetric with zero diagonal elements and is the direct sum of the

Lie algebras.

Commutator of Subalgebras

We consider the case v2 and v3, and with the help of the computations of commutators above, we are

to construct the Table 4.2 below.

Table 4.2: Commutator table of the Subalgebra {v2, v3}

[vi, vj] v2 v3

v2 0 0
v3 0 0

We do same thing the algebras v1 and v4, and construct Table 4.3 below.

The optimal set of the original Lie algebra will consist of the direct sum of the optimal sets of the two

subalgebras, since the first subalgebra is abelian so the elements v2 and v3 belong to its optimal set,

and they will be added later to each of the found subalgebras as a direct sum with arbitrary constants.
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Table 4.3: Commutator table of the Subalgebra {v1, v4}

[vi, vj] v1 v4

v1 0 v4
v4 −v4 0

As the commutator Table 4.3 showing, we have the structure constants matrices for the L4 as follows

C(1) =

0 0

0 1

 and C(2) =

0 −1

0 0

 .

4.3.2 Calculation of the Adjoint Matrix A(j, ϵ)

Now we exponentiate the matrices ϵC(j) to obtain A(j, ϵ) which are as follows

A(1, ϵ) =

1 0

0 ϵ

 and A(2, ϵ) =

1 e−ϵ

0 1

 .

Before simplifying a, first check for the existence of invariants. The row vectors aC(j) are

aC(1) = (0, a4), (4.22)

aC(2) = (0,−a1), (4.23)

so any invariants satisfy 0 a4

0 −a1

I1(a)
I2(a)

 =

0
0

 .

Here ρ = 2, and we have a 2× 2 matrix, thus there is only one invariant:

a4
∂I

∂a4
= 0,

a1
∂I

∂a4
= 0.

(4.24)

Using the method of characteristics we find that I = I(a1). Here the basic invariant of the parabolic
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system (4.1) is only one, i.e. a1.

The vector a is transformed by the matrices A(j, ϵ) as follows:

aA(1, ϵ) = (a1, e
−ϵa4), (4.25)

aA(2, ϵ) = (a1, ϵa1 + a4). (4.26)

In matrix form we have a1 e−ϵa4

a1 ϵa1 + a4

 . (4.27)

Since a1 is the only invariant, we separate the cases when a1 = 1 and a1 = 0.

When a1 = 1, (4.27) becomes 1 e−ϵa4

1 ϵ+ a4

 . (4.28)

So, we can always find ϵ such that a4 = 0, so the first element of the optimal system is v1. When

a1 = 0, (4.27) results 0 e−ϵa4

0 a4

 . (4.29)

From this orbit (4.29) we see that the second element of the optimal set is v4. Now, considering

these two elements and the abelian elements, the comprehensive optimal system of symmetry algebra

(4.14) is described by the set

{v1 + αv2 + βv3, v4 + αv2 + βv3}, (4.30)

for some arbitrary constants α, β.
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4.4 Exact Invariant Solutions

In this section, various closed-form invariant solutions for the corresponding symmetry subalgebras

are constructed by solving Lagrange’s characteristic equation [67]

dx

ξ
=

dt

τ
=

du

η1
=

dv

η2
. (4.31)

If we choose α = 1 and β = 0 in the second linear combination of (4.30), we have a subalgebra

V1
1 := v2 + v4. When we choose α = 0 and β = 0, obtain a subalgebra V2

1 := v4 which gives us a

solution that does not satisfy the invariant surface condition. A similar solution applies when choosing

α = 0 and β = 1. Lastly, when we consider α = 1 and β = 1, in the second linear combination, we

have a subalgebra V3
1 := v2 + v3 + v4. Following a similar approach, we do the same thing with the

first linear combination of (4.30) to get the following subalgebras,

• V1
2 := v1,

• V2
2 := v1 + v3,

• V3
2 := v1 + v2,

• V4
2 := v1 + v2 + v3.

4.4.1 Subalgebra V1
1 := v2 + v4 = ∂t + (x∂u + x∂v).

The Langrange’s system (4.31) becomes

dx

0
=

dt

1
=

du

x
=

dv

x
,

from the first ratio we get that

x = c1. (4.32)
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Checking of invariant c1

Checking for the invariant c1 we have

V1(c1) = ∂t(c1) + (x∂u(c1) + x∂v(c1)),

= ∂t(x) + (x∂u(x) + x∂v(x)),

= 0.

This operator satisfies the invariant condition. From the second and third ratios, we deduce that

c2 = u− tx. (4.33)

Checking of invariant c2

Checking for the invariant c2, we have

V1(c2) = ∂t(c2) + (x∂u(c2) + x∂v(c2)),

= −1 + 1,

= 0.

This operator also satisfies the invariant condition. Considering the second and fourth ratios yield,

c3 = v − tx. (4.34)
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Checking of invariant c3

Checking for the invariant c3, we have

V1(c3) = ∂t(c3) + (x∂u(c3) + x∂v(c3)),

= −1 + 1,

= 0.

This operator also satisfies the invariant condition. Taking into account of (4.32) and (4.33) we notice

the following

c2 = F(c1),

u− tx = F(x),

u(x, t) = F(x) + tx.

(4.35)

And combining equations (4.32) and (4.34), we find:

c3 = G(c1),

v − tx = G(x),

v(x, t) = G(x) + tx,

(4.36)

where F and G are arbitrary functions. Substituting (4.35) and (4.36) in (4.1) and simplifying we

obtain:

x =
1

2
σ2x2F ′′

(x)− aeF(x)−G(x) + b, (4.37)

x = c− ce−(F(x)−G(x)). (4.38)

Making F(x)− G(x) the subject in (4.38):
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ce−(F(x)−G(x)) = c− x,

e−(F(x)−G(x)) =
c− x

c
,

ln(e−(F(x)−G(x))) = ln

(
c− x

c

)
,

F(x)− G(x) = ln

(
c

c− x

)
.

(4.39)

Substituting (4.39) in (4.37) we obtain:

x+
ac

c− x
=

1

2
σ2x2F ′′

(x) + b (4.40)

Upon solving equation (4.40) we get:

F(x) =
2ax+ cσ2k1 + cx(σ2k2 − 2) + 2c(b+ x) ln(x)− 2a(x+ c) ln(x)

cσ2
, (4.41)

where k1 and k2 are constants. Now (4.35) become:

u(x, t) =
2ax+ cσ2k1 + cx(σ2k2 − 2) + 2c(b+ x) ln(x)− 2a(x+ c) ln(x)

cσ2
+ tx. (4.42)

Substituting (4.41) in (4.39) and solving for G we obtain:

G(x) = 2ax+ cσ2k1 + cx(σ2k2 − 2) + 2c(b+ x) ln(x)− 2a(x+ c) ln(x)

cσ2
− ln

(
c

c− x

)
(4.43)

Substituting (4.43) in (4.36), we get the solution to (4.36) as

v(x, t) =
2ax+ cσ2k1 + cx(σ2k2 − 2) + 2c(b+ x) ln(x)− 2a(x+ c) ln(x)

cσ2
− ln

(
c

c− x

)
+ tx.

(4.44)

Thus, (4.42) and (4.44) are the invariant solution of (4.1) under the subalgebra V1.
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Figure 4.1: Comparison of option values: (a) shows the 3D option value solution to (4.42), and (b)
presents the 3D option value as a function of stock price and time to (4.44).

(a) Option Value u(x, t) over Stock Price and Time (b) Option Value v(x, t) over Stock Price and Time

In Figure 4.1a, the parameters were set as a = 1, b = 1, c = 1, σ = 1, k1 = 1, and k2 = 11. For

Figure 4.1b, the parameters were adjusted to a = 0.8, b = 1, c = 2 (where c is chosen to be greater

than the maximum asset price x), σ = 0.5, k1 = 2, and k2 = 3.

From these visualizations, it is observed that as the time to maturity increases, the option value gen-

erally increases, reflecting the greater potential for favorable price movements in the underlying asset

before expiration. Additionally, the option value tends to increase as the asset price increases, consis-

tent with the payoff structure of the option, which benefits from higher underlying prices. The higher

volatility σ and differing liquidity parameters k1 and k2 influence the curvature and steepness of the

option value surfaces, with Figure 4.1a exhibiting more pronounced variation due to higher volatility

and liquidity parameter differences compared to Figure 4.1b.
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Figure 4.2: Comparison of 2D slices of option values: (a) plots the option value u(x, t) against asset
price x for various fixed times t, and (b) does the same for v(x, t).

(a) Option Value u(x, t) for selected t (b) Option Value v(x, t) for selected t

Figures 4.2a and 4.2b show 2D line plots of the option values u(x, t) and v(x, t), respectively, for

various fixed times to maturity t. The parameters used in these plots are the same as those used

in the corresponding 3D surface plots in Figures 4.1a and 4.1b. These 2D views provide a clearer

understanding of how the option values evolve with changes in the asset price and time to maturity.

4.4.2 Subalgebra V3
1 := v2 + v3 + v4 = ∂t + (∂u + ∂v) + x∂u + x∂v.

The Lagrange’s system (4.31) becomes

dx

0
=

dt

1
=

du

1 + x
=

dv

1 + x
,

there are several linear equations that can be formed from the above Lagrange’s system. The first ratio

is

dx

0
=

dt

1
.
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Integrating the above yields x = C1, where C1 is just a constant of integration. Hence, one of the

invariants is

J1 = x. (4.45)

Checking of invariant J1

Checking for the invariant J1 we have

V2(J1) = ∂t(J1) + (∂u(J1) + ∂v(J1)) + x∂u(J1) + x∂v(J1),

= ∂t(x) + (∂u(x) + ∂v(x)) + x∂u(x) + x∂v(x),

= 0.

This operator satisfies the invariant condition. Similarly, the integration of the equation

dt

1
=

du

1 + x

yields C2 = u− t− tx, where C2 in the constant of integration. Thus, the second invariant is

J2 = u− t− tx. (4.46)

Checking of invariant J2

Likewise, checking for the invariant J2 we have

V2(J2) = ∂t(J2) + (∂u(J2) + ∂v(J2)) + x∂u(J2) + x∂v(J2),

= ∂t (u− t− tx) + (∂u (u− t− tx) + ∂v (u− t− tx))

+ x∂u (u− t− tx) + x∂v (u− t− tx) ,

= −1− x+ 1 + x,

= 0,
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which also satisfies the invariant condition. Integrating the following equation

dt

1
=

dv

1 + x

yields C3 = v − t− tx, where C3 in the constant of integration. Thus, the third invariant is

J3 = v − t− tx. (4.47)

Checking of invariant J3

Likewise, checking for the invariant J3 we have

V2(J3) = ∂t(J3) + (∂u(J3) + ∂v(J3)) + x∂u(J3) + x∂v(J3),

= ∂t (v − t− tx) + (∂u (v − t− tx) + ∂v (v − t− tx))

+ x∂u (v − t− tx) + x∂v (v − t− tx) ,

= −1− x+ 1 + x,

= 0,

which also satisfies the invariant condition. Designating one of the invariants as a function of the

other, that is

J2 = F(J1),

we get

u(x, t) = F(x) + t+ tx, (4.48)

Similarly,

J3 = G(J1),
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and we obtain

v(x, t) = G(x) + t+ tx. (4.49)

Substituting (4.48) and (4.49) in the parabolic system (4.1), we obtain

∂t (F(x) + t+ tx) =
1

2
σ2x2∂xx (F(x) + t+ tx)− ae(F(x)+t+tx)−(G(x)+t+tx) + b,

∂t (G(x) + t+ tx) = c− ce(F(x)+t+tx)−(G(x)+t+tx).

Simplifying the system of equations, we get,

1 + x =
1

2
σ2x2F ′′

(x)− aeF(x)−G(x) + b, (4.50)

1 + x = c− ceG(x)−F(x). (4.51)

From (4.51) we find that

G(x) = F(x) + ln

(
c− 1− x

c

)
(4.52)

Substituting (4.52) in (4.50) we obtain

1 + x+
ac

c− 1− x
=

1

2
σ2x2F ′′

(x) + b (4.53)

Upon solving the above equation, we get

F(x) = k1 + xk2 +
2

(−c+ 1)2σ2

[
− x(−c+ 1)2 +

(
(x+ b− 1)(c+ 1)2

+ ac(x− c+ 1)
)
ln(x) + ac(−x+ c− 1) ln(x− c+ 1)

]
.

(4.54)
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plugging the above in (4.52) we get

G(x) = k1 + xk2 +
2

(−c+ 1)2σ2

[
− x(−c+ 1)2 +

(
(x+ b− 1)(c+ 1)2

+ ac(x− c+ 1)
)
ln(x) + ac(−x+ c− 1) ln(x− c+ 1)

]
+ ln

(
c− 1− x

c

)
.

(4.55)

Now to find the exact invariants, we substitute (4.54), (4.55) in (4.48), (4.49) respectively and get

u(x, t) = k1 + xk2 +
2

(−c+ 1)2σ2

[
− x(−c+ 1)2 +

(
(x+ b− 1)(c+ 1)2

+ ac(x− c+ 1)
)
ln(x) + ac(−x+ c− 1) ln(x− c+ 1)

]
+ t+ tx.

(4.56)

and

v(x, t) = k1 + xk2 +
2

(−c+ 1)2σ2

[
− x(−c+ 1)2 +

(
(x+ b− 1)(c+ 1)2

+ ac(x− c+ 1)
)
ln(x) + ac(−x+ c− 1) ln(x− c+ 1)

]
+ ln

(
c− x

c

)
+ t+ tx.

(4.57)
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Figure 4.3: Comparison of option values: (a) shows the 2D option value solution to (4.56), and (b)
presents the 2D option value as a function of stock price at specific time points for (4.57).

(a) Option Value u(x, t) over Stock Price at fixed time (b) Option Value v(x, t) over Stock Price at fixed time

In both Figures 4.3a and 4.3b, we used the following parameter values: a = 1, b = 1, c = 2 (note that

c ̸= 1 to avoid division by zero in the model equations), σ = 1, k1 = 1, and k2 = 1. These parameter

choices help ensure numerical stability while remaining within realistic bounds of market volatility

(σ) and liquidity shock effects (k1, k2).

In Figure 4.3b, one of the option value curves starts below zero for some stock prices. While option

prices theoretically should not be negative, this behavior can arise from the selection of the parame-

ters k1 and k2. In some extreme scenarios, such as those involving high volatility or liquidity shocks

the pricing model might briefly show a negative adjustment, which might be seen as a cost or penalty

instead of an actual tradable option price. This indicates that one should exercise caution when eval-

uating option values near limits or during stress situations, and it might be necessary to refine the

parameters further to guarantee that option prices remain strictly non-negative.

4.4.3 Subalgebra V3 := v1 + v2 + v4 = x∂x + ∂t + x∂u + x∂v.

The characteristic equation is given by,

dx

x
=

dt

1
=

du

x
=

dv

x
. (4.58)
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Considering the first and second ratios from the characteristic equation (4.58), we get,

dx

x
=

dt

1
. (4.59)

Hence (4.66) implies that c1 = t − ln(x), where c1 is the first invariant. Next, we take the first and

third ratios of (4.58),
dx

x
=

du

x
,

which results in the invariant c2 = u− x, similarly considering the first and the fourth ratios,

dx

x
=

dv

x
,

the resulting invariant is c3 = v − x. Thus, the invariance surface conditions c2 = W(c1) and

c3 = M(c1), gives the general solutions

u = W(t− ln(x)) + x, (4.60)

and

v = M(t− ln(x)) + x, (4.61)

respectively. Substituting ζ + ln(x) for t, (4.60) and (4.61) reduce to

u = W(ζ) + x, (4.62)

and

v = M(ζ) + x. (4.63)
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Substituting (4.68) and (4.69) in the parabolic system (4.1), we get the following system of ordinary

differential equations

2b+ (−2 + σ2)W ′ + σ2W ′′ = 2aeW−M, (4.64)

c−M′ = ceM−W , (4.65)

where W ′ = dW
dζ

, W ′′ = d2W
dζ2

and M′ = dM
dζ

. When writing (4.64) and (4.65) as a single ODE, we

get a nonlinear ODE.

4.4.4 Subalgebra V1
2 := v1 = x∂x.

The characteristic equation is given by,

dx

x
=

dt

0
=

du

0
=

dv

0
. (4.66)

Considering the first and second ratios from the characteristic equation (4.66), we get,

dx

x
=

dt

0
. (4.67)

Hence (4.67) implies that c1 = t, where c1 is the first invariant. Next, we take the first and third ratios

of (4.66),
dx

x
=

du

0
,

which results in the invariant c2 = u, similarly considering the first and the fourth ratios,

dx

x
=

dv

0
,

the resulting invariant is c3 = v. Thus, the invariance surface conditions c2 = D(c1) and c3 = E(c1),

gives the general solutions

u = D(t), (4.68)
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and

v = E(t), (4.69)

respectively. Substituting (4.68) and (4.69) in the parabolic system (4.1), we get the following system

of ordinary differential equations

D′ = b− aeD−E , (4.70)

E ′ = c− ceE−D, (4.71)

where D′ = dD
dt

, and E ′ = dE
dt

. Making D the subject in (4.71), we get,

D = E + ln

(
c

c− E ′

)
. (4.72)

Differentiating (4.72) we obtain,

D′ = E ′ +
E ′

c− E ′ . (4.73)

Substituting (4.72) and (4.73) in (4.70), and simplifying, we get the following ordinary differential

equation,

b(c− E ′) = cE ′ − E ′2 + E ′′ − ac. (4.74)

Upon solving the above and remembering that v = E(t), we deduce,

E = v =
bt+ ct

2
+ k2 − ln

(
cos

(√
−b2 + 2bc− 4ac− c2

2
(t− k1)

))
. (4.75)

Differentiating (4.76) we obtain,

E ′ =
b+ c

2
+

√
−b2 + 2bc− 4ac− c2

2
tan

(√
−b2 + 2bc− 4ac− c2

2
(t− k1)

)
. (4.76)
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Substituting (4.75) and (4.76) in (4.72),

D =
bt+ ct

2
+ k2 − ln (cos (K(t− k1))) + ln

(
c

c− ( b+c
2

+ K tan(K(t− k1)))

)
, (4.77)

where K =
√
−b2+2bc−4ac−c2

2
.

4.5 Conclusion

In this chapter, we applied Lie symmetry analysis to a coupled system of partial differential equa-

tions (PDEs) designed to model the pricing of European options under liquidity shocks. This chapter

demonstrated the power of Lie symmetry methods in simplifying and analyzing complex mathemat-

ical models that describe real-world financial phenomena with some limitation on highly nonlinear

equations.

The identification of Lie point symmetries for the coupled parabolic system was achieved. By solving

the determining equations, we uncovered the infinitesimal generators that characterizes the symme-

tries of the system. These symmetries provided a deeper understanding of the structural properties of

the equations governing European options pricing in affected by liquidity shocks.

Through similarity reductions, we reduced the coupled PDE system into ordinary differential equa-

tions (ODEs), which are simpler to analyze and solve. The invariant solutions derived from these

reductions were further explored and visualized using 2D and 3D simulations. These visualizations

offered valuable insights into how option prices change when liquidity conditions shift.
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5
Discussions and Conclusions

5.1 Discussion

This study focused on solving a coupled parabolic system to model European option pricing under

liquidity shocks using Lie symmetry analysis. The results obtained in this thesis provide insights

into the mathematical modeling of financial derivatives in imperfect markets. Below, we discuss the

implications of the findings, their relation to existing literature, and the challenges encountered during

the study.

5.1.1 Interpretation of Results

The identification of Lie point symmetries for the coupled parabolic system was a critical stem in

understanding its structural properties. By solving the determining equations, we derived infinitesimal

generators that revealed symmetries facilitated the transformation of the original partial differential

equations (PDEs) into ordinary partial differential equations (ODEs) through similarity reductions.

The invariant solutions derived from these ODEs were visualized using 2D and 3D simulations, illus-
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trating how European option prices evolve under varying markets conditions influenced by liquidity

shocks. These simulations demonstrated that liquidity shocks significantly alter option price trajecto-

ries, deviating from the classical models like Black-Scholes, which assume constant market liquidity.

5.1.2 Comparion with Existing Literature

This research builds upon and extends prior work on option pricing under liquidity shocks, particu-

larly the frameworks proposed by Ludkovski and Shen [53]. While their approach relied on integro-

differential equations to model market states, our use of Lie symmetry analysis offers a novel per-

spective by providing analytical solutions to the coupled PDE system. This contrasts with traditional

numerical methods, which often lack the ability to uncover invariant properties or provide closed-form

solutions.

By explicitly addressing liquidity shocks, this research contributes to a growing body of literature that

challenges the assumptions of classical models and highlights the importance of market dynamics in

pricing financial derivatives.

5.1.3 Practical Implications

The findings have significant practical implications for financial markets:

• Risk Management: The model provides insights into how liquidity shocks affect option prices,

enabling traders and risk managers to better anticipate and mitigate risks during periods of

market instability.

• Pricing Strategies: The analytical solutions derived in this study can serve as benchmarks for

developing more accurate pricing strategies for European options in illiquid markets.

• Policy Development: Regulators can use these insights to design policies aimed at minimizing

systemic risks associated with sudden liquidity shocks.
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5.1.4 Challenges and Limitations

While this study achieved its objectives, several challenges were encountered:

1. Model Assumptions: The model assumes deterministic parameters for volatility and interest

rates, which may not fully capture real-world conditions where these factors are stochastic.

2. Empirical Validation: Due to limited available data on liquidity shocks, validating the model’s

predictions remains a task for future work.

Despite these challenges, the methodology demonstrated its robustness in addressing complex cou-

pled systems and provides a foundation for further exploration.

5.2 Conclusions

This dissertation has successfully demonstrated how Lie symmetry analysis can be applied to solve a

coupled parabolic system modeling European option pricing under liquidity shocks. The key contri-

butions of this research are summarized as follows:

1. Identification of Lie Symmetries: The study uncovered infinitesimal generators and Lie point

symmetries for the coupled PDE system, providing a deeper understanding of its structural

properties.

2. Similarity Reductions: By employing similarity reductions, we transformed the complex PDE

system into simpler ODEs, enabling analytical solutions.

3. Invariant Solutions and Visualizations: The invariant solutions obtained were represented

through 3D simulations, offering valuable insights into option price behavior during periods of

market illiquidity.
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4. Advancement in Financial Modeling: This research complimented Lie symmetry analysis as

a novel tool for addressing challenges in financial modeling caused by market heterogeneities

due to liquidity shocks.

The findings underscore the utility of Lie symmetry analysis as a rich mathematical framework for

solving complex systems in mathematical finance. By bridging theoretical insight with practical

solutions, this research contributes to advancing both academic knowledge and industry practices.

5.2.1 Future Directions

While this study has made significant strides, there are several avenues for future research:

1. Incorporating Stochastic Volatility: Extending the model to include stochastic processes for

volatility and interest rates could enhance its realism and applicability.

2. Application to Other Derivatives: The methodology could be applied to other financial in-

struments such as American options or exotic derivatives.

3. Empirical Validation: Future studies could focus on validating the model using real-world

data on liquidity shocks to assess its practical effectiveness.

4. Interdisciplinary Applications: Similar techniques could be explored in other fields where

coupled parabolic systems arise, such as economics or engineering.

In conclusion, this thesis provides a solid foundation for understanding European option pricing under

liquidity shocks using Lie symmetry analysis. It encourages more research at the intersection of

mathematics and finance, fostering innovative approaches to solving real-world problems in financial

markets.
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[45] S. Lie. Über die Integration durch bestimmte Integrale von einer Classe linearer partieller

Differentialgleichungen. Cammermeyer, 1880.

[46] S. Lie and F. Engel. Theorie der transformationsgruppen, volume 3. Teubner, 1893.

[47] P.-L. Lions. Neumann type boundary conditions for Hamilton-Jacobi equations. 1985.

[48] E. LiPuma and B. Lee. Financial derivatives and the globalization of risk. Duke University

Press, 2004.

[49] H. Liu and J. Yong. Option pricing with an illiquid underlying asset market. Journal of Economic

Dynamics and Control, 29(12):2125–2156, 2005.

[50] Y. Liu and D.-S. Wang. Symmetry analysis of the option pricing model with dividend yield from

financial markets. Applied Mathematics Letters, 24(4):481–486, 2011.

[51] F. A. Longstaff. A nonlinear general equilibrium model of the term structure of interest rates.

Journal of Financial Economics, 23(2):195–224, 1989.

[52] F. A. Longstaff. Financial claustrophobia: Asset pricing in illiquid markets, 2004.

76



[53] M. Ludkovski and H. Min. Illiquidity effects in optimal consumption-investment problems.

arXiv preprint arXiv:1004.1489, 2010.

[54] M. Ludkovski and Q. Shen. European option pricing with liquidity shocks. International Journal

of Theoretical and Applied Finance, 16(07):1350043, 2013.

[55] A. Majda. Introduction to PDEs and waves for the atmosphere and ocean, volume 9. American

Mathematical Society, 2003.

[56] R. C. Merton. Theory of rational option pricing. The Bell Journal of Economics and Manage-

ment Science, pages 141–183, 1973.

[57] R. C. Merton. Applications of option-pricing theory: twenty-five years later. The American

Economic Review, 88(3):323–349, 1998.

[58] Y. Meyer. Wavelets and operators: Volume 1. Number 37. Cambridge University Press, 1992.

[59] Y. Miyahara. Option pricing in incomplete markets: modeling based on geometric Lévy pro-

cesses and minimal entropy martingale measures, volume 3. World Scientific, 2012.

[60] M. Molati. Group classification of coupled partial differential equations with applications to

flow in a collapsible channel and diffusion processes. PhD thesis, University of the Witwater-

srand, 2010.

[61] T. Motsepa, C. M. Khalique, and M. Molati. Group classification of a general bond-option

pricing equation of mathematical finance. In Abstract and Applied Analysis, volume 2014, page

709871. Wiley Online Library, 2014.

[62] M. Mu and C. Temuer. Lie symmetries, 1-dimensional optimal system and optimal reductions

of (1+ 2)-dimensional nonlinear Schrödinger equation. Journal of Applied Mathematics and

Physics, 2014, 2014.

[63] W. Mudzimbabwe and L. Vulkov. IMEX schemes for a parabolic-ODE system of European

options with liquidity shocks. Journal of Computational and Applied Mathematics, 299:245–

256, 2016.

77



[64] C. V. Nhangumbe. Lie analysis for partial differential equations in finance. Master’s thesis,

University of Cape Town, 2019.

[65] F. Nobile and C. Vergara. An effective fluid-structure interaction formulation for vascular dy-

namics by generalized Robin conditions. SIAM Journal on Scientific Computing, 30(2):731–

763, 2008.

[66] M. Okelola, K. Govinder, and J. O’Hara. Solving a partial differential equation associated with

the pricing of power options with time-dependent parameters. Mathematical Methods in the

Applied Sciences, 38(14):2901–2910, 2015.

[67] P. J. Olver. Applications of Lie groups to differential equations, volume 107. Springer Science

& Business Media, 1993.

[68] L. V. Ovsiannikov. Group analysis of differential equations. Academic Press, 2014.

[69] J. O’Hara, C. Sophocleous, and P. Leach. Symmetry analysis of a model for the exercise of a

barrier option. Communications in Nonlinear Science and Numerical Simulation, 18(9):2367–

2373, 2013.

[70] P. Pasricha, S.-P. Zhu, and X.-J. He. A closed-form pricing formula for European options in an

illiquid asset market. Financial Innovation, 8(1):30, 2022.

[71] E. Platen. Øksendal, b., Stochastic differential equations. An introduction with applications.

Berlin-Heidelberg-New York-Tokyo, springer-verlag 1985. xiii, 205 s., dm 42,-. isbn 3-540-15

292-x (universitext). Zeitschrift Angewandte Mathematik und Mechanik, 67(1):36–36, 1987.
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