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ABSTRACT

The main purpose of this work is to perform Lie group analysis of a pseudo-parabolic
partial differential equation modelling solvent uptake in polymeric solids. Three different
sub-models for constitutive laws for the diffusion coefficient and the viscosity will be
considered. Once the symmetries have been determined, they will be used to find group-
invariant solutions for the optimal systems of one-dimensional subalgebras obtained and

where possible, exact solutions will be obtained.
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INTRODUCTION

Products that are commonly referred to as plastics, nylon and deoxyribonucleic acid
(DNA) to the general public are known as polymers to chemists. A polymer is a macro-
molecule which consists of small molecular units that are linked together to form a long

chain. The small molecular unit is called a monomer.

If one immerses a polymer sample, for example, polymethylmetacrylate, in an organic
solvent such as methanol, solvent particles diffuse into the polymer [8]. In this process
an anomalous diffusion behaviour known as Case IT which was reported in [1] by Alfrey,
Gurnee and Lloyd occurs. Case II diffusion (which occurs in polymer-penetrant systems)
explains the process in terms of two basic parameters, the diffusion coefficient and the
viscosity of the polymer. It is characterized by linear sorption kinetics and a sharp
diffusion front in which the penetrant subsatacially swells the polymer [24]. Alfrey et
al documented that as the solvent penetrates into the polymer, swelling takes place and
a sharp front is generated between the swollen rubbery shell and inner glassy core at a
constant velocity, which result in the growth of the volume of the absorbed liquid to be
linear in time. After a certain time the normal (Fickian) diffusion, characterized by the
penetrant’s volume being proportional to the square root of time, occurs. The Fickian
diffusion follows the Fick’s laws introduced by Adolf Fick in 1855, which states that
diffusion is the movement of components from a high concentration to a low concentration
across a concentration gradient, and the concentration changes as a function of time to

the change in flux with respect to position.

The most widely known Mathematical model of the uptake of liquids by polymers was
proposed by Thomas and Windle [24] in 1982. Case II diffusion and related diffusion
process have also been studied by different authors [9, 10, 12, 13]. But recently, research

of the model was carried out using pseudo-parabolic differential equation [8].



Problem to be investigated

The pseudoparabolic differential equation modelling solvent uptake in polymeric solids
is given by [§]
ue = (D(w)(u+ v(u)ur)s ), (1)

where v = u(t, x) is the concentration of the solvent, ¢ represents time, x stands for the
material coordinates, D is the diffusion coefficient, and v is the viscosity of the polymer.
The solvent has the property that mass is conserved upon penetrating into the polymer,

hence u(t, r) satisfies the continuity equation
Ut + le J = O, (2)

where J = J(t, z) describes the flux of the solvent. The flux obeys a generalized Darcy’s
law of the form

J=—=D(u)(Vu+ E(u)Vo), (3)

where o is the stress put on the polymer by the solvent particles and E is the stress

coeflicient.

Equation (1) will be considered for different constitutive laws for the diffusion coefficient
D(u) and the viscosity v(u). In [8] a proof of (short and long) existence of solutions to
the Dirichelt problem for constitutive law D(u) = «™ with m > 0 and v(u) = 1 was

given.
Model I:

In this case, it is assumed that there is no phase transition of the polymer during the
uptake of the solvent and at least one of the quantities, diffusion coefficient or inverse
viscosity, degenerates. For example, take D(u) = v™ with m > 0 and v(u) = 1, then the

special case of equation (1) having the form
w = (Wuy + M), (4)

where p and ¢ are real numbers is considered. In the investigation by Hulshof and King

[13] using phase plane analysis, it was determined that there exist positive travelling



wave solutions with fronts if and only if 0 < m < 2. It is worth noting that the case

p = q = m corresponds to power law in diffusion coefficient with constant viscosity.
Model II:

In this case, the assumption is that there is no phase transition of the polymer during

the uptake of the solvent and neither the diffusion coefficient nor the inverse viscosity

mu nu

degenerates in u. We will consider D(u) = €™ and v(u) = e~ ™ where m,n > 0 as

proposed by Thomas and Windle [24]. Thus the model is given by
ur = (™ (u~+ e7™up)y) e (5)

Asymptotic analysis on the dependence of the front velocity on m and n was discussed
by During and Cohen [9]. Equation (5) was solved using numerical simulations in [24],

the move from case II to Fickian diffusion was noted.
Model III:

The asymptotic analysis by Hulshof and King [13] suggested the diffusion coefficient of
the form D(u) = u® + eu” and the constant viscosity v = 1 where a > 2, 0 < 8 < 2
and € << 1. The term u® provides for creation of an approximately sharp front and
the perturbed term eu® generates a similar front of finite length to cause the sharp front

move like a travelling wave. Thus the model is given by
wy = ((u® + et (u + 1)) (6)
For large time (i.e. t — 00) equation (6) is approximated to
w = (u™ + eu®)uy),. (7)

The classical Lie symmetry analysis approach will be used to solve models (4) and (5)

while approximate symmetry analysis of models (6) and (7) will be performed.

Method to be used

In the nineteenth century, Norwegian mathematician Sophus Lie introduced a method of

solving differential equations (DEs) known as Lie symmetry (group) analysis which its
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core idea is based on the invariance of a differential equation under a continuous group
of symmetries. A symmetry group of a differential equation is a group of transformation
which maps any solution to another solution of a differential equation [20]. In other
words, a symmetry of a differential equation is an invertible transformation whose action
leaves the DE unchanged. Finding all symmetries is a difficult task as it involves a lot
of cumbersome and tedious calculations. But if we consider symmetries that depend
continuously on one-parameter and that form a group, we can determine them by using
a powerful and versatile systematic procedure known as Lie’s algorithm. The Lie’s algo-
rithm has been implemented using Computer Algebra Systems(CAS) like Mathematica,
Maple, Maxima and Reduce to mention a few [19]. In this work we will use a software
package YaLie [7] written in Mathematica together with needed algebraic manipulations

to determine the Lie point symmetries.

The investigation of the exact solutions plays an important role in the study of PDEs.
Many different methods have been developed to find these exact solutions such as the in-
verse scattering method, Darboux and Backlund transformation, Hirota bilinear method,
Lie symmetry analysis, e.t.c. However, the latter has proven to be a powerful and sys-
tematic approach to construct exact solutions of PDEs by using symmetries to find the
invariant solutions. Invariant solutions are then used to reduce the order of PDE and/or
reduce PDE to an ordinary differential equation (ODE) which in general is easier to solve.
Futhermore, based on the Lie symmetry analysis, many other types of exact solutions can
be obtained, such as a travelling wave solutions, soliton solutions, power series solutions,
fundamental solutions [21], and so on. Another application of Lie symmetry analysis is
the classification of group invariant solutions of DEs by means of optimal system, which
provides the minimal list from which all other invariant solutions can be obtained. Thus,
invariant solutions can be derived from an optimal system. Hence the optimal system
can be used to construct a more abundant group of invariant solutions. In the past six
decades there have been considerable developments in the complilation of literature on
symmetry analysis of differential equations as evidenced by research papers and books

[4, 5, 6, 14, 20, 21, 23] including the references there in.

An outline of the study is as follows. In Chapter 1 a brief theoretical background of Lie

symmetry analysis is given. In the remaining chapters, different models of the pseudo-



parabolic equation are studied. In Chapters 2 and 3, the Lie point symmetries are
obtained for each model and the corresponding optimal system is derived. Thereafter
symmetry reductions and group invariant solutions are obtained. In Chapter 4, the
approximate symmetries are obtained and the approximate symmetry Lie algebra is

used to construct approximate invariant solutions.



Chapter 1

Lie Point Symmetries of Differential

Equations

In this chapter we introduce some basic methods of Lie symmetry analysis of differential
equations (DEs) that are used throughout this work including the algorithm to determine
the Lie point symmetries of PDEs based upon the references [4, 5, 6, 14, 15, 17, 18, 20,
21, 23]. The definitions, theorems, proofs and notations in this chapter are based upon

the aforementioned references.

In order for one to clearly get the concepts about Lie symmetry analysis, we will consider

a general second-order PDE of the form
E(t,x,u,ut,ux,utt,um,um) =0 (11)

in one dependent variable u and two independent variables ¢ and =x.

1.1 One parameter group of transformations

Definition 1.1.1. Invertible transformations of the variables ¢, x, u

t=f(t,z,u), T=g(t,z,u), uw=h(tzu)



are called symmetry transformations of (1.1) if they leave (1.1) form-invariant (has the

same form) in the new variables ¢, 7, %, i.e.,
E(t, @, 1, Uy, Uy, Up, Uty Ugg) = 0, (1.2)
whenever (1.1) is satisfied.
Definition 1.1.2. A set GG of transformations
T,:t=f(t,x,u,a), T=g(t,z,u,a), u=h(t,z,u,a) (1.3)

is called a continuous one-parameter (local) Lie group of transformations (1.3) in R?
where f, g, h are differentiable functions and a is a real parameter which continuously
takes values in a neighbourhood D C R of @ = 0 provided the group properties of closure,

identity and inverse are satisfied, i.e.,

(i) Closure: If T,,T, € G, where a,b € D' C D then

T.T,=T.€ G, c¢=¢(a,b) €D.

(ii) Identity: There exists Ty € G such that
ToT, = ToTo = T,
for any a € D' C D. Ty is known as the identity of the group.
(iii) Inverse: There exists T, ! = T,-1 € G, a~! € D such that
T =T, =T,

for any Ty € G, a € D' C D. T, ! is known as the inverse of the group.

The group property (i) can be written as

?: f(%757ﬂ7 b) - f(f(t,x,u,a),b) - f(t,x,u, ¢(a7b>)a
a g(t,z,u, ¢(a,b)), (1.4)
u = h(t,z,u,b) = h(h(t,v,u,a),b) = h(t,z,u, d(a,b)).

The analytic function ¢ is called the group composition law.

For the rest of the study, we will use the term “a one-parameter group” to mean a

continuous one-parameter (local) group.



Corrolary 1.1.1. Any one-parameter group of transformation is abelian, i.e.,
7,7, =T,T,.
Definition 1.1.3. A group parameter a is canonical if the group composition law is
additive, i.e., ¢(a,b) = a +b.
If a is canonical, then
LT, = Ta+b = TbJra =1T,T.

Theorem 1.1.1. Given an arbitrary composition law ¢(a,b) the canonical parameter a
is defined by
N / ¢ da
a= —_—
o Ala)

0¢(a, b)
ab

where

Afa) =

b=0
Definition 1.1.4. The transformations (1.3) form a symmetry group G of E if its in-

variant form (1.2) is satisfied whenever equation (1.1) holds.

1.2 Infinitisemal generator and Lie’s equation

According to the Lie theory the construction of the symmetry group G is equivalent to

the determination of its infinitesimal transformations
txt+al'(t,z,u), T~x+a’(t,z,u), w~u+nt s u) (1.5)

obtained by expanding (1.3) in powers of a around @ = 0 (in a neighborhood a = 0
identity) and setting

of (t,z,u,a)

= dg(t,x,u,a) — (2 u), Oh(t,z,u,a)

1
= t
6 ( » L, U), 8@ o aa -

a=0
The components &', €2 and 7 are called the infinitesimals of (1.3). The vector (£, &%,7)
is the tangent vector at the point (¢,x,u) to the surface curve described by transformed

points (¢,7,u), and it is therefore called the tangent vector field of the group G.



One can now introduce the symbol X (after Lie) of the infinitesimal transformations

(1.5) by writing
t(1+X)t, T~ (1+X)z, u=(1+ X)u, (1.6)

where
X = (€Yt z,u), E(t, z,u),n(t,z,u)).V

0 0 0
_ ¢l 2 - —
_5 <t7x>u)at+£ (t’x’u)8x+n(t’x’u)8u’

o o0 0
and the operator V is the gradient vector operator V = | —, —, — ).
ot’ 0z’ Ou

The operator (1.7) is known as the infinitesimal operator or generator of the group G.
Remark 1.2.1. X((t,z,u)) = (£'(t, z,u), E2(t, x,u), n(t, z, u)).

Theorem 1.2.1. Given infinitesimal transformations (1.5), or an infinitesimal operator
(1.7) the transformations (1.3) of the corresponding group G are determined by solving

the Lie equations

it o dE . di
% _§ (t,x,u), % _5 (t7x7u)7 % —77(75,%“% (18)

subject to the initial conditions
flt,x,u,a)la=0 =t, g(t,x,u,a)|e=0 =, h(t,z,u,a)|ls=0 = u.

A one-parameter Lie group of transformation is equivalent to its infinitesimal operator,

this allows to represent the solution of Lie equations in terms of Taylor series (exponential

map)
t =exp(aX)t, T=-exp(aX)zr, u=exp(aX)u, (1.9)
where
a? —al
exp(aX):l—l-aX—i-a%—---:ZﬁX (1.10)
=0

is known as the Lie series operator.



1.3 Invariants

Definition 1.3.1. A point (¢,7,u) € R? is an invariant point if it remains unchanged

by every transformation of a group G, i.e.,

(t,7,u) = (f(t,z,u,a), g(t,z,u,a), h(t,z,u,a)) = (t,x,u), Vae D CD. (1.11)

Theorem 1.3.1. A point (¢, z,u) € R? is an invariant point of a group G with operator

0 0 0
st v 2
if and only if
't u) = E(tx,u) = n(t, =, u). (1.13)

Definition 1.3.2. A function F(¢,z,u) is called an invariant of a group G if and only if

F(t,z,u) = F(f(t,z,u,a),g(t,z,u,a), h(t,x,u,a)) = F(t,z,u) (1.14)
for t,x,u,a € D' C D.
Theorem 1.3.2. A function F'(,z,u) is an invariant of a group G with generator X if
and only if X(F) =0, i.e.,

_ OF  ,0F  OF

Condition (1.15) is known as the infinitesimal criterion of invariance. From (1.15), one-
parameter group has 2 functionally independent invariants (basis of invariants) taken
from the left hand sides of 2 first integrals Ji(¢,z,u) = Cy and Ja(t,z,u) = C5 of the
characteristic equations for linear PDE (1.15). Any other invariant is a function of

Ji(t,x,u) = Cy and Jo(t, z,u) = Cs.

1.4 Prolongation formulas

Consider a kth-order PDE

E(t,x,u,u(l),...,u(k)) =0, (1.16)



where ¢ and z are two independent variables and u is the dependent variable. Let

0 0 0
A 2
X=¢ (t,x,u)—at + £ (t,:v,u)—(% —|—77(t,x,u)—au (1.17)

be the infinitesimal generator of the one-parameter group G of transformation (1.3).

Definition 1.4.1. The extended infinitesimal generator X ¥ of the prolonged group G*!
on the space (¢, x,u,uq), ..., uw)) is called the kth prolongation of X, and denoted by

0 0 0 0
XW = et — &t — +(t — Gt
5 ( 71:7“)61; +€ ( ’x’U)a[E +77( 71}7“)8’& +€( ax7u7u(1))au(1)
9 (1.18)
++CZ11 (t,x,u,u 1), Uk )—
Kk 1 (k) Dy i)
The coefficients (s are determined recursively by the prolongation formulae
G = Di(n) —u;Di(&7)
= D;(n) — utDZ(fl) - uxD'(§2)>
Gij = Dj(G) —uaD;(£)
= Dz(fz) — uitDj(él) - Um«Dj(f2>a (1'19)
Clllk = Dik (Cil“'ikﬂ) - uii"'ik—llDik (51)
= Dik (Cil'“ik—l) - uii"'ik—ltDik (gl) - uii“'ik—wDik (§2)7
where 7, 7,11, -+, = t,x and the total derivative operator D; is given by
0 0 0
D, =— — i . 1.2
0i+u38u+ujf)uj+ (1.20)

For example, if we consider a second order partial differential equation (1.1), the second

prolongation of the prolonged group G2 in a space (¢, z, u, uy, Ug, Use, Usz, Use) 1S given by
X[z] =X + Ctaut + Cxauz =+ Cttautt + Ctxaum + Cxxauzz (121>
The coefficients (;, (;, (;» and (., and are given by the formulae

G = Di(n) —wDi(§') — u, Dy(€2),

(1) = wr Do (€Y) = ua Do (€2),
G = Di(G) — unDy(€') — ue Dy(E7),
—uu Dy (€") = uw Du(€2),
Coo = DolCe) = e Dy (€') = uza D2 (€7),

Oy
8
\
‘é\r
o~
I
S
—~~
Ly
SN~—
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where D, and D, are total derivatives with respect to ¢ and x respectively given by

D—2+ua+ua+ua+
t_ﬁt ta ttau txauz )
(1.22)
D 0 + 0 +u 0 +
T ox ou oy, T " Gy,
Using the definitions of the total derivatives D; and D, yields
Co =+ ue(n — &) — w7 €, — ekl — upusEy, (1.23)
Co = T + g (1 — E2) — UZEL — Wy — uguily, (1.24)
Cet = Mt + 2UgNpyy + UMy + U?ﬁuu — 2Umt§t2 - Uxf?t - 2uxut£152u - fi(ua:utt + 2upuy)
— U €, — 2unéy — wikhy — 2uiEy, — Buunly — Uiy, (1.25)
Cir = Mt + Wilww + UM + Uty + UMy — Uy — UgEy — Ep (Uptlyy + 20y, )

—uE2 — Q&) — wll — sl — uP gl — Buptg £l (1.27)

1.5 Determining equations for Lie point symmetries

In this section we introduce Lie’s algorithm for calculating Lie point symmetries of dif-

ferential equations.

Definition 1.5.1. An invertible transformation acting on the space (t,z,u) of E is a
point symmetry of E provided it transform any solution of the equation into another

solution of the same equation.

Theorem 1.5.1. Let G be a group of infinitesimal transformations (1.5) admitted by
E. Then G consists of symmetries of F if and only if

XB(E) =0, (1.28)

whenever (1.1) is satisfied for every group generator X of G. Conversely, the operator

X is a point symmetry of (1.1) if
XP(E)=0, whenever E = 0. (1.29)

12



The symmetry condition (1.29), also called the invariance criterion can be written com-
pactly as
XB(E)|,_, =0, (1.30)

where |p—o means evaluated at the equation F = 0.

Definition 1.5.2. The equation (1.30) is called the determining equation, it is an over-
determined system of linear homogeneous PDEs for the unknowns &', €2, i (infinitesi-

mals) of the symmetry generator X.

Theorem 1.5.2. The solution of the determining system form a vector space, that is,

any finite linear combination of the symmetries is again a symmetry.

Theorem (1.5.1) summarizes Lie’s algorithm. Lie’s algorithm for calculating Lie point
symmetries of differential equations is explained in several textbooks, among them [5, 7,

20, 21]. We will adopt Lie’s algorithm as explained in [18].

Lie’s algorithm

1. Write E such that all the terms are on the left hand side.
2. Write the symmetry generator

0 0 0
_ ¢l i 2 . 7
X_f (tvmvu)at_’_g (tax7u>az+n(t7xau)au

3. Prolong the symmetry generator X to the order which is the same as the order of
E e,

0

au(ilmik&.:ﬂ)

X[k] — X + Ci(th? u, U(l)) + - + Ci1~~'ik(t7x7ua u(1)7 e au(k‘))

Y

8u(1)

where the variables (; are given by (1.19).

4. Apply the prolonged generator X on E evaluated at £ = 0 which gives the
symmetry condition

XH(E)|,_, =0. (1.32)

5. Substitute the {; upon expansion of the symmetry condition and replace the deriva-

tives which are to be eliminated.

13



6. Separate the expanded expression with respect to the derivatives of the depen-
dent variables and their powers resulting from an over-determined system of linear

homogeneous PDEs in terms of infinitesimals &', £2 and 7.
7. Solve the over-determined system for the infinitesimals ¢!, €2 and 7.

8. Construct the one-parameter group using Theorem (1.2.1).

1.6 Lie algebra

Definition 1.6.1. A Lie algebra is a vector space L over a field F with a binary operation
[—,—] : Lx L — L called Lie bracket (also known as commutator), such that the following

axioms are satisfied

(i) Bilinearity: If X, X5, X3 € L and a,b € F, then

[CLXl + bXQ,Xg] = G[Xl, Xg} + b[Xz,Xg].

(ii) Skew-Symmetry: If X; € L, then
[Xb Xl] = Oa
and this implies that, for all X, X, € L

(X1, Xo] = —[Xs, Xi].

(iii) Jacobi Identity: If Xy, X, X3 € L, then
(X1, [Xo, Xs]] + [Xo, [Xs, Xq]] + [ X5, [X7, Xo]] = 0.

Definition 1.6.2. A Lie bracket (commutator) [—, —] on the set of vector fields V is
defined by
(X1, Xo] = X1(X2) — Xa(X1),

where X; and X, are operators defined respectively by

0 0 0
_ 1 2
Xl - 51(t>wau)at +€1 (t7x>u)ax +771(t7$au)au

and

0 0 0
_ A1 i 2 . .
X2 - £Q(tvz7u)at +§2(taxau)ax +ﬁ2(ta$7U)au-

14



Theorem 1.6.1. The set of all symmetries forms a Lie algebra called a symmetry Lie

algebra.

Definition 1.6.3. The dimension of a Lie algebra L is the dimension of the finite vector

space L. Finite-dimensional Lie algebra of dimension r is denoted by L.

Definition 1.6.4. Let L, be a Lie algebra over field F, then a linear subspace S of L
(S C L) is a subalgebra of L if it is closed under the Lie bracket of L, that is [ X7, X5] € S
it Xy,X,€S.

Definition 1.6.5. Let I be a linear subspace of a Lie algebra L. Then [ is an ideal of
L if [Xy, X5] € I whenever X € [ and X, € L.

Definition 1.6.6. A Lie algebra L is called abelian if the Lie bracket vanishes for all
elements in L, that is, [ X7, X5] = 0 for all X3, X, € L.

1.7 Invariant solution

Definition 1.7.1. A solution u = F(t,z) of F is invariant under the one-parameter
group of transformation (1.3) if

u=F(t,7). (1.33)

Definition 1.7.2. A function v = F(t, ) is said to be an invariant solution under the

one-parameter group of transformation (1.3) of E if and only if

X(u—F(t,z))| 0. (1.34)

u=F(t,x) -

1.8 Conclusion

In this chapter Lie group analysis of PDEs was introduced, where notations, theorems
and definitions that will be used throughout this work were presented. An algorithm that

is used to calculate Lie point symmetries of PDEs due to Sophus Lie was summarized.
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Chapter 2

Symmetries and Invariant Solutions

of a pseudo-parabolic PDE: Model I

In this chapter we consider the pseudo-parabolic PDE (4)
w = (WPuy + ulugg )y, (2.1)

where p and ¢ are real numbers. We start by considering a general case where p # ¢
and p,q # 0 and perform Lie symmetry analysis, i.e, we find Lie point symmetries, then
derive optimal systems, and subsequently perform symmetry reductions and construct
group invariant solutions. Thereafter we consider particular cases of (2.1) for different

values of p and ¢ which arises from the analysis of the general case.

2.1 Calculation of Lie point symmetries

According to Lie’s algorithm, the vector field

0 0 0
ngl(t,x,u)a—i-g(t,x,u)%+n(t,x,u)% (22>
is a symmetry generator of (2.1) if and only if
XB]( t (upuz + uqut:n)m)|ut:(u1’uz+uqutm)z - 07 (23>
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where X is the third prolongation of X given by

0 0 0 0 0 0
xBl — -
5(% f —l— U —i—Ct +Ca; +Ctta tt+<txa "
0 0 8 0 0
+§sz au + gttta Ui + Cttza Uit + Ct:m: a Ui + Ccca:a: au:mx .

From (2.3), we have

(¢ — (p(p — D202 + puP gy + qlg — Dut 2wty + qud™ gy ) 0
_(2pup—1u$ + quq_lutz)<$ - quq_luzc—tz - UPC:UJ: (24>
_qut:m) |ut:(upuz+uqutz)z =0,

where the coefficients (;, (;, (i, (o are given respectively by equations (1.23), (1.24),
(1.26), (1.27), and (g is given by

Ct:m: = Dt(CsL‘x) - umxtDt(fl) - uxa:a:Dt(fQ) (25)
Expansion of (2.5) gives

Ctor = Utaalu — 2Utta (Ul + &) — 200 (W€l + €2) + 240 (UaTuu + Tou)
— (gl + Unpy, + U (Ualy + Eb) + €0
— e (U, + a0, + up (€0, + E2,) + E€7,)
+ Uy (U Tuu + ez + U (Vo Nuua + Noun) + Towu) — Utaa (s + &)
- um(utﬁﬁ + 5752) + UgeNpu — 2Uty (Utxfllt + ut(uxf'llw + &u) + Ua:ftlu + ftlz)
— Qg (UiaEys + U (U0l + E2,) + Wbl + Ebn) + UaTion + Uo (UaTluu + D)
+ Ttaa — Ut (Uraay + e (Uelyy, + E0,) + Ut (Unally + Uab g,
+ e (U + Epun) T Eawu) + Uaau + Wiz + U (Uabiuy + Eizu) + Etoo)
=ty (g €+ 20 (€5, A €5,) + e (Uaa&ity, + ey

(2.6)

Substitution of equations (1.23), (1.24), (1.26), (1.27), and (2.6) into (2.4) yields an
overdetermined system of linear partial differential equations (determining equations)
that can be solved for the coefficients &, €2 and 7 since they are independent of the
derivatives of the dependent variable u. Generating the determining equations manually
is easy but it is a lengthy and tiring task. The method of Lie is algorithmic, as a result,

symbolic manipulation software packages such as Mathematica [25], Maple, Maxima and
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Reduce have been developed to perform this task. In this work we will use Mathematica

software package YaLie [7]. Thus, the determining equations are

& =0, (2.7)

& =0, (2.8)

Nuw = 0, (2.9)

& =0, (2.10)

New = 0, (2.11)

& =0, (2.12)

qui~'n, —ulel, =0, (2.13)

UWNew — Nt + UMNtze = 0, (2.14)

qui~tn — 2ui€2 =0, (2.15)

(1 — p)puP~2n — puP~'n, + 2puP 12 — puP 1€} — qui~rn,, = 0, (2.16)
puP~ 1y — 20PE2 + uPEl + ulny, = 0, (2.17)

(1 = q)qu™?n — qui™'n, + 2qu?™'€2 = 0, (2.18)
2puP~'n, — uPE2, + qut'n, =0, (2.19)

where the subscripts denote partial derivatives with respect to the indicated variable.

From equations (2.7) and (2.10) we have

& =al(t), (2.20)
where a(t) is an arbitrary function of t. Equations (2.8) and (2.12) give

£ =b(x), (2.21)

where b(z) is an arbitrary function of . Substituting equation (2.21) into equation (2.15)
we obtain
2ub' (z
77 =
q
Equation (2.9) is identically satisfied by (2.22). Substituting equations (2.20), (2.21),
and (2.22) into equations (2.11), (2.13), (2.14), (2.16), (2.17), (2.18) and (2.19) reduce

~—

(2.22)

to the following equations
b//(x) —

a'(t) +2(p — )V (z)

: (2.23)

0
0 (2.24)
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From equation (2.23), we obtain

b(x) = k;lx + ]{ZQ,

(2.25)

where ki and ko are constants of integration. Substituting (2.25) into equation (2.24) we

obtain
a(t)+2(p —q)ky = 0.

From equation (2.26) we get

2ki(q — p)t
oft) = 2la Pt g
q
where k3 is a constant of integration. Thus,
2k1(q — p)t
51 _ 1(q p) + k?37
q
52 = kliL’ + kg,
. 2]€1U
_
Therefore the Lie point symmetries of equation (2.1) are
0
X =2
1 at’
0
Xy= =
2 ax7
2(q—p)t 0 0 2ud 0 0 0
Xg=——""— — + —— =~ 2(q — p)t— — + 2u—.
s q 8t+x8x+ q Ou (4 =p) 8t+qxax+ “ou

(2.26)

(2.27)

(2.28)

(2.29)

We now consider particular cases of equation (2.1) and obtain corresponding Lie point

symmetries.
Subcase 2.1.1. p=gq=7v#0, 1.
When p = ¢ =~ # 0,1 equation (2.1) becomes
ur = (g 4wty ),

and the Lie point symmetries of (2.30) are given by

0
X1 ==
1 8t7
0
Xy =—
2 8337
0 0
X3 = Wm% +2u%.
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Subcase 2.1.2. p #0,1 and ¢ = 0.
When p # 0,1 and ¢ = 0 equation (2.1) becomes
up = (UWPUy + Utz )z

and the Lie point symmetries of (2.32) are given by

0
X = —
1 at7
0
X —
2 ax7

Subcase 2.1.3. p =g =0.
When p = ¢ = 0 equation (2.1) becomes
Ut = Ugg + Uty

and the Lie point symmetries of (2.34) are given by

0
X1_§7
0
Xy = —
2 ax7
0
Xy = u—
3 uau7
X, = c(t,x) 0

"
The function ¢(¢, x) is a solution to equation (2.34).
Subcase 2.1.4. p=0and g = 1.
When p =0 and ¢ = 1 equation (2.1) becomes

up = (Up + Ulgy) 2

and the Lie point symmetries of (2.36) are given by

0

X = —
1 at7
0

X = —
2 8337

0 0 0
Xg=2— +2— +2u—

ot ox
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Subcase 2.1.5. p =1 and ¢ = 0.
When p =1 and ¢ = 0 equation (2.1) becomes
Uy = (Ul + Utz )z

and the Lie point symmetries of (2.38) are given by

0
X —
1 8t7
0
Xo = —
2 ax7
0
Xg —t§+u%.

Subcase 2.1.6. p# 0,1 and ¢ = 1.

When p # 0,1 and ¢ = 1 equation (2.1) becomes

wp = (UPuy + utlyy )y

and the Lie point symmetries of (2.40) are given by

9,

X, = —
1 at7
0

Xo= —
2 ax7

0 0
Xa =2(1 — — — 4+ 2u—.
3 ( pit— +x +u8u

ot ox
Subcase 2.1.7. p=qg = 1.

When p = ¢ = 1 equation (2.1) becomes
wp = (Ul + Ullyy )y

and the Lie point symmetries of (2.42) are given by

0
X = —
1 8t7
0
X2 %7
0 0
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Subcase 2.1.8. p=0and g #0, 1.

When p =0 and ¢ # 0,1 equation (2.1) becomes
up = (Up + uUyy )z (2.44)

and the Lie point symmetries of (2.44) are given by

0
Xi= 5.
Xy = (%, (2.45)
X3 = 2qt% + q:caE + ZU%.
Subcase 2.1.9. p=1and ¢ # 0, 1.
When p =1 and ¢ # 0,1 equation (2.1) becomes
wp = (uty + ultigy) . (2.46)
and the Lie point symmetries of (2.46) are given by
0
S
X, = o (2.47)
X3=2(qg— 1)t g?f+q$8£+2u86u

Remark 2.1.1. Subcases 2.1.4, 2.1.6, 2.1.8 and 2.1.9 are recovered from the general
case. Subcase 2.1.7 is recovered from subcase 2.1.1 whereas subcase 2.1.5 is obtained
from subcase 2.1.2. Therefore, this amounts to considering the general case and subcases

2.1.1, 2.1.2, 2.1.3 because they have different symmetry group.

2.2 Optimal system of subalgebras

In this section, we construct one-dimensional optimal system for the Lie algebra with

basis (2.29) as an illustration, the rest are presented without detailed calculations.

Given a Lie algebra admitted by a differential equation, any linear combination of those

Lie point symmetries can be used to perform symmetry reduction, and hence construct
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an invariant solution of the equation. Since there may be an infinite number of such
linear combinations, it may not be possible to list all of them. Rather than guessing
or choosing a good combination, there is an effective and systematic way of classifying
those combinations known as obtaining an optimal system, which is a collection of all

non-unique linear combinations that represents all possible linear combinations.

More formally, an optimal system of subalgebras is a list of conjugacy inequivalent sub-
algebras in the Lie algebra, L, where any other subalgebra in L is conjugate to only one
of the subalgebras in that list using adjoint representation [20]. Patera and Winternitz
[22] defined optimal system of subalgebras as a collection of pairwise non-conjugate sub-
algebras where two subalgebras in the Lie algebra are conjugate (similar) if there is a

transformation from group G which takes one subalgebra into the other.

There are three methods mostly used to construct an optimal system of subalgebras:
Olver [20] suggested a method where the most general expression of the Lie algebra is
simplified as much as possible by subjecting it to various adjoint trasformations. Patera
and Winternitz [22] in their method, they first start by finding the subalgebras of Lie
algebra of dimension r < 4, then classify the subalgebras of each such Lie algebra into
conjugacy classes and finally present a representative of each class. Conjugacy in each
case is considered under the group of inner automorphism, i.e., the Lie group obtained
by the exponentiation of the adjoint representation of the considered Lie algebra. In
case the Lie algebra is of dimension r > 4, it is decomposed into decomposable parts
then find the subalgebras for each and then combining them again. Method suggested
by Ovsiannikov [21] construct an optimal system by using a global matrix for the adjoint

transformation. In this work the former is used.

The adjoint transformation is expressed as the following series which is given by Baker-

Campbell-Hausdorf formula [22]:

Ad(e ) X; =S E(4dX,)kX,
k=0 (2.48)

1 1’

= X5 — X, X5] + S [, X) = S [ [XG Gl -

where p is a parameter, and [X;, X;] is the Lie bracket of X; and X; given by
[Xi, X;] = Xi(X;) — X;5(X0).
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Before we can construct an optimal system, we will illustrate with examples how a Lie
bracket [X;, X;] of two symmetries X; and X is obtained and how the adjoint represen-
tation Ad(e"*1)X; of X; and X; is constructed.

Example 2.2.1. Consider two symmetries of (2.1), say X; and X3, then a non-zero

commutator [X7, X3] is given by

(X1, Xa] = X1(X3) — X3(X))

9 d 9 d d a o\ 0
875 (2(q p)ta + q:ra— + 2u%) — (2((] p)ta + qma— + 2u%) 5
)
=2(q—p)= p
=2(qg — p)X1.

The full calculations of the commutators [X;, X;] where ,j = 1,2,3 are summarised

in Table 2.1. To compute the adjoint representation, say Ad(e**")X; of X; and X, we

XL X Xy Xo X3
X1 0 0 Q(C] —P)Xl
X2 0 0 qu
X3 —2(¢—p) X1 —q¢X 0

Table 2.1: Table of commutators of (2.1)

will make use of Table 2.1 and equation (2.48). As an illustration we will consider two

examples.

Example 2.2.2. Consider two symmetries X; and X3 of (2.1), the adjoint representation
Ad(e! 1) X5 of X; and X3 is given by

o k

Ad(e“Xl)Xg = %(AXm)ng
k=0
2

= Xy — X, X 4+ 510, [0, X)) -
2

=X = (20a = p)X0) + 5 Lo1X1,2(g — p)Xa] —
2

= X5 —2(q — )X + £:(0)

21
= X3 —2(q —p)uX;.
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Example 2.2.3. Consider two symmetries X5 and X3 of (2.1), the adjoint representation

Ad(e!*2) X5 of X, and X3 is given by

o k
Ad(e"X3) X, = %(Ang)kXQ
k=0
2 3
= X = X, Xa] + 5[, X, o] — 5[ X, [Xa, [X, Xa] +
2 3
= Xo — p(—qX2) + %[Xsa —qXo] — %[I?n [X3, —qXo]] +
Mé 1 '
= Xo — p(—qX2) + 5(—@2 2~ y(—qﬂXg, Xo] +
2 3
= Xy = p(=4Xa) + Ty (—0)* X = Gy (—0)* X +
2 3
:<1+Nq+(ug) ) (ngl) L)X
= M X,.

The full calculations of the adjoint representations Ad(e**i)X; where i,j = 1,2,3 are

summarised in Table 2.2. According to the method of constructing one-dimensional

Ad(e”Xl)XJ X1 X2 X3
X1 X1 X2 X3—2(q—p),uX1
Xo X Xo X3 — quXs
X5 2Py,  etnX, X,

Table 2.2: Table of Adjoint representations of (2.1)

optimal system suggested by Olver [20], we set up a non-zero vector field or operator
X = CLle + GQXQ + a3X3 (249)

with arbitrary coefficients a,, as and a3. The task is to simplify as many of the coefficients

a; as possible by acting on it by Ad(e#Xi) of a group generated by X;, this process of

adjoint action eliminates a;X; where j can be equal to i. The process is repeated until

no further simplification is possible.

Firstly, suppose that a3 # 0 and set a3 = 1 without loss of generality. Then the vector

X becomes

X = Gle + CZQXQ + X3. (250)
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To eliminate the coefficient of X, we act on such a vector X by Ad(eﬂqip) Xl), the vector
becomes
X' = Ad(exa X)X

a
= X1+ asXo + X3 — q—12(q - p)Xi (2.51)

= 0/2X2 + Xg.

We continue to eliminate the coefficient of X, by acting on X’ by Ad(e%XQ), then the
vector becomes
X" = Ad(e ¢ *?) X’
a
= 43Xz + X3 — Equz (2.52)

= X;.
Therefore X is equivalent to X3 under the adjoint representation, that is, every one-
dimensional subalgebra generated by a vector X with a3 # 0 is equivalent to a subalgebra

spanned by Xj.

Secondly, suppose that a3 = 0 and a; # 0. Scaling X if necessary we assume that a; = 1,

then the vector X becomes

X = Xl + &QXQ. (253)
We act on X by Ad(e#*3) a group generated by X3 so that

X' = Ad(e!*3)X
(2.54)
— €2u(qu)X1 + ayeM1 X,

The vector X' is a scalar multiple of the vector X” = X 4+ a»e?*?~#1X,, hence depending
on the sign of ay we can make the coefficient of Xy either +1 or —1. Thus any one-
dimensional subalgebra generated by X with a3 = 0 and a; # 0 is equivalent to a

subalgebra spanned by X; +§ X5 where 6 = +1, —1. No further simplification is possible.

Thirdly, suppose that az = 0, as = 0 and a; # 0. Scaling X we let a; = 1, then the
vector X becomes

X=X (2.55)

which can not be simplified further. Thus any subalgebra generated by X with a3 = 0,
as; = 0 and a; # 0 is equivalent to a subalebra spanned by X;. No further simplifications

on X are possible.
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Lastly, suppose that a; = as = 0 and as # 0. Scaling X we let as = 1, then the vector

X becomes

X =X, (2.56)

which can not be simplified further. Thus any subalgebra generated by X with a; =
a3 = 0 and ay # 0 is equivalent to a subalebra spanned by X5. No further simplifications

on X are possible.

In summary, an optimal system of one-dimensional subalgebras is spanned by

X37
X1 + 5X2, 0= :l:]_,
(2.57)
X27
Xi.
Optimal systems of different subcases of equation (2.1) considered in Section 2.1 are

summarized in Table 2.3.

Subcase Subalgebras Conditions on constant(s)
2.1.1 {Xl,X27X3,CLX1+X3,X1+(5X2} (S:Ziil, CL#O
2.1.2 {Xl,XQ,Xg,bX2+X3,X1+5X2} 5:I|:1, b;é()

2.1.3  {Linear combination of X, X, X3}

2.1.4 (X1, Xa, X3, X1 + 0X,} §=+1
215  {X1, X, X5,bXs + X5, X1 + 62X} §=41,b40
2.1.6 (X1, Xo, X3, X1 +0X,} §=+1
2.1.7  {X1,Xo, X3, X1 + 6Xs,aX, + X3} §==41,a#0
2.1.8 (X1, Xo, X5, X1 + 06X} §=+1
2.1.9 (X1, Xo, X5, X1 + 06X} §=+1

Table 2.3: Optimal system of one-dimensional subalgeras of subcases of (2.1)
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2.3 Symmetry reductions and invariant solutions

In this section, we perform all possible similarity (symmetry) reductions and construct
invariant solutions using the optimal system obtained in Section 2.2. That is, a symmetry
or linear combination of symmetries is utilized to reduce a PDE into an (ODE) and
then an appropriate fundamental method is employed to solve the ODE. Below we give

calculations for subcases 2.1.3, 2.1.7 and present the rest in a tabular form.
Subcase 2.1.3

We note that the symmetry Lie algebra is infinite dimensional and thus, only the finite
part of the Lie algebra is considered. Invariance under one of X, X5 and X3 is trivial,

hence we take any linear combination of X, X5 and Xj.

(a) Invariance under X; + X5. The characteristic equations are given by

dt _dr _du

= 2.
11 0 (2:38)

which give similarity variables as J; = x — ¢ and J; = wu, therefore the invariant
solution Jy = f(Jy) is
u(t,z) = f(x —1t). (2.59)

Substituting (2.59) into (2.34) we obtain the following ODE
fl// _ fl/ _ f/ — O (260)

where “7 denotes differentiation with respect to J; = x — t, and it solves to

exp (U2 ) [ K (14 V) + Ko(—1+ V) exp (V3h)
2

f(h) = + K3 (2.61)

where K, Ky, K3 are arbitrary constants. Finally the invariant solution becomes

exp (=50 [Ka(V5 — 1) exp (VB(@ — 1) = K1 (14 V5)]

u(t,z) = 5 + K.
(2.62)
(b) Invariance under X + X3. The characteristics equations are given by
dt dr du
== 2.63
1 0 U ( )
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Solving the characteristic equation give the similarity variables as J; = z and

Jo = ue™". Therefore the invariant solution J, = f(J;) is given by
u(t,r) = e'g(x). (2.64)
Substituting (2.64) into (2.34) gives the following ODE
g—2¢" =0, (2.65)

where “” denotes differentiation with respect to the variable J; = x. The solution

of equation (2.65) is

g(x) = Kyexp {\/gx} + K exp {— %x} : (2.66)

where K, and K35 are arbitrary constants. Hence the invariant solution is given by

u(t,z) = Kyexp {t + \/ga:} + K5 exp {t — \/gx} : (2.67)

Invariance under X; + X5 — X3. The characteristic equations are given by

dt dx du
_ e —_— = — 2.
1 1 —Uu ( 68)

and yields the invariants J; = z — t and J, = ue'. Therefore the invariant solution
is
u(t,z) = e "h(x —t). (2.69)

Substituting (2.69) into (2.34) gives the following ODE
hth — " =0, (2.70)

where “” denotes differentiation with respect to J; = x — t. Using Mathematica
[25], the approximate roots to the auxilliary equation of (2.70) are r; = 1.32472
and 793 = —0.662359 + 0.56228i. Hence, we obtain

h(Jy) = Kge™ ' + 21 [K; cos(rsJy) + Kgsin(rsJy)] (2.71)

where K4, K; and Ky are arbitrary constants. Therefore, the invariant solution is

given by
ut,x) = e [Kge™ ™ 4 eI (Kq cos [ry(x — t)] + Kgsin[ry(z — 1)])] . (2.72)
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(d) Invariance under aXs + X3; a # 0. The characteristic equations are given by

dt dx du
D 2.73
0 «Q U ( )

—z/a

which give the invariants J; =t and Jy = ue . Therefore the invariant solution

Jo = R(J;) is given by
u(t, z) = e*/“R(t). (2.74)

Substituting (2.74) into (2.34) gives the following ODE
(1—a?) R'(t)+ R(t) =0, (2.75)

where “7 denotes differentiation with respect to the variable J; = t and the solution

is nonzero provided a # 1. The solution of equation (2.75) is

R(t) = Ky exp{azt_ 1} (2.76)
where Ky is an arbitrary constant. Hence the invariant solution is given by
u(t, z) = Ko exp {f T } | (2.77)
a of—1

Subcase 2.1.7

Invariances under X; and X5 are trivial hence not considered.

(a) Invariance under X3. The characteristics equations are given by
dt dr du

S 2.
0 T 2u (2.78)

which give invariants as J; =t and Jo = u/2*. The invariant solution J, = f(J;)
is given by
u(t,r) = 22 f(t). (2.79)

Substituting (2.79) into (2.42) we obtain the following ODE

f—6f2—6ff =0, (2.80)
where “” denotes differentiation with respect to J; = t. The solution of equation
(2.80) is given implicitly as

1
—— +1In f(t) = — K 2.81
7 ) = o K (281)

where Ky is an arbitrary constant.
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(b) Invariance under X; + dX,. The characteristics equations are given by

dt_dx_du

T = (2.82)

which give the invariants as J; = x — 0t and J, = u, hence the invariant solution
Jo = g(Jy) is given by
u(t,z) = g(x — dt). (2.83)

Substituting (2.83) into (2.42) we obtain the following ODE
399" +0g'g" — 99" — g — dg' =0, (2.84)
where “/” denotes differentiation with respect to J; = x — dt.

(c) Invariance under aX; + X3. The characteristics equations are given by

dt dr d
o (2.85)

a T 2u

which give the invariants as J; = ze~%® and J, = ue 2/, Therefore the invariant
solution is

u(t,z) = e*/*h(ze ). (2.86)
Substituting (2.86) into (2.42) we obtain the following ODE
TR+ (1+ a)h'® — WK — 2h + ahl” — Jihh" = 0, (2.87)

where “” denotes differentiation with respect to J; = ze=t/.

The group invariant solutions for the general case and other subcases are summarized
in Table 2.4. The nonzero functions F, G, F;, GG; and H; of their respective arguments

satisfy the ODEs
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2F +2p(p — q)FP ' F? + qF " [(¢ — 2)F? 4+ qzF'F"] + 2(p — q) F*F"
—qzF'+ F12(q— 1)F" + qzF"] =0, (2.88)
(pG™ + GG") GP™ = 6G' (¢GT'G" — 1) — GG =0,  (2.89)
V2 =202+ ) (FY™ + FJF)) =0,  (2.90)
G|+ G G — ey GhGY + GL(GY — G =0,  (2.91)

(2H, — yeH)H " +~(y —a — 2)H,* + <k H| H!
+Hi[(2y —a—2)H{ +yxH"] =0,  (2.92)
F + P’ FYFy* — BFy +pFy "' F =0, (2.93)
0G, + pGE G + GEGY — 6GY =0, (2.94)
p (pHY? + HoHY) HyP™' + Hy — bHY — HY +bH}) =0, (2.95)
F? 4+ ¢F|(1— F!'Y+2F! — F,(2+ ¢F") =0,  (2.96)
0GL (G — 1) — GY 4+ 0G,GY =0, (2.97)
Fs+F° —F'+ FsF' =0,  (2.99)
0G4+ GL2 + GG — 0GY =0, (2.99)
(b— H.)H. + H! — H; (1+ HY) — bH!" =0, (2.100)
2p — V)(pF§" + FeF{)FY ™ + Filw(F{ — 1) — F) + Fs(2+ wFy') =0, (2.101)
SGL(GE — 1) + 0GGY — GE M (pGL® + GeGE) = 0, (2.102)

[q0F; — 2 (Fr — qF))| Fy " — q(q — 2)F}* — OF FY
—F[2(q — 1)FY 4 ¢AF"] =0, (2.103)
G, (qGITIGY — 1) — G2+ 6GIGY =0, (2.104)
[F5 (a9 +2[q = 1Fg) + 2Fs (lg — Y = )] Fy™" — q(q — 2)F

~PIFLFY — Fs 2(q — V)FY + q9F)'] =0, (2.105)
Gy (6 — 6qGE'GY + Gy) + GsGy — 6GEGY = 0. (2.106)
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Equation Invariant solution Generated by sublagebra
V@ P F(z): 2 =t1/2r-dg X5
(2.1) G(z — 6t) X, + 06X,
vV Fy (1) X3
(2.30) Gy (x — ot) X1+ 60X,
el (k) . k= xe /e aXi + X3
t=VPFy () X3
(2.32) G (x — 6t) X1 +0X,
tTVPHy () : s =2+ (blnt)/p bXs + X3
(236) tFy(¢): ¢ =t X3
Gy(z — ot) X1 +0X,
7 F5() X3
(2.38) Gz — ot) X, + 06X,
t™'Hs(¢) : x+blnt bXs + X3
/=P Fy(w) : w =t~ 1/20-Pg X5
(2.40) Golz — ot) X, + 06X,
Y (0) 0 =172 X3
(2.44) Gz — ot) X1+ 06X,
/@D () 9 = /2070y X3
(2.46) Gs(z — 6t) X, +6X,

Table 2.4: Group invariant solutions of (2.1) and subcases of (2.1)

2.4 Graphical Solutions

In this section, we present graphical solutions of group invariant solutions that were

expressed explicitly in terms of independent variables t and x. Graphs of exact solutions

of subcase 2.1.3 are presented below.

33



10

Figure 2.1: Solution (2.62) with K; = Ky =1, K3 = 0.

\:

-10 -3 L] 5 10

Figure 2.2: Solution (2.67) with K, = K5 = 1.

=3 H3 10 0 30

‘ —1o0L

Figure 2.3: Solution (2.72) with K¢ = K7 = Kg = 1.
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Figure 2.4: Solution (2.77) with K9 = 1, = 2.

2.5 Conclusion

In this chapter we obtained the symmetry Lie algebra of the pseudo-parabolic PDE
for power law in diffusion coefficient with constant viscosity, different subcases were
considered. Optimal systems of one-dimensional subalgebras were then derived, and
subsequently used to perform symmetry reductions and construct group invariant solu-
tions. Graphical solutions were presented where group invariant solutions were expressed

explicitly in terms of the independent variables.
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Chapter 3

Symmetries and Invariant Solutions

of a pseudo-parabolic PDE: Model 11

In this chapter we consider the pseudo-parabolic PDE (5)
up = (™ (u~+ e ™u)y) - (3.1)

Firstly, we perform Lie symmetry analysis of a general of a general case m # n for
m,n > 0. Secondly, we consider particular cases of (3.1) for different values of m and n
which arises from the analysis of the general case and other cases of interest. In each case
the Lie point symmetries are obtained and then used to perform symmetry reductions

and/or construct group invariant solutions.

3.1 Lie point symmetries

According to Lie’s algorithm, the generator of Lie point symmetries of (3.1) is

0 0 0
_ el 9 g
X =& (t,x,u) oy + &5 (t, x,u) 5 + n(t, x,u)—au (3.2)
if and only if
X 3] (e — (€™ (u+ €7™uy)a)a) | 3.1) = O, (3.3)
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where X is the third prolongation of X given by

0 0 0 0 0 0 0

XB = £at+£—+na + G +<m +<m8t + Cra +CMW.

From (3.3), we have

( —elm=mue, — (m — 2n)e™ ", G + (1+ ne(m_")“((m — U+ Upe))
—e™ (1 — ne” ™) Cw — €TV (2ug (€™ m 4+ n(n — m)uy) + (M — 2n)ug)Co
+e(m_”)“(—e”“m(mui + Ugz)
+(n —m)(=n((m — n)ud + uge)uy + (M — 2n) gy + Uggs))7) |(3.1) =0,
where the coefficients (;, (;, (i, (e are given respectively by equations (1.23), (1.24),
(1.26), (1.27), and (2.6). Substitution of equations (1.23), (1.24), (1.26), (1.27), and (2.6)
into (3.4) yields an overdetermined system of linear homogeneous partial differential
equations (determining equations) that can be solved for the coefficients ¢!, €2 and n
of the symmetry generator (3.2). Generating the determining equations manually is

easy but tedious, often some terms are omitted by mistake and thus, lead to the wrong

solution.

With the aid of YaLie [7] software package, the determining equations become

& =0, (35
£=0, (3.6
&=0, (3.7
£=0 (38
My — Nuw = 0, (3.9

(2n — m)ny — 21y, = 0,

(
(2mn — 200, + (3n — M) Nuy — Nuww = 0, (3.11
(2n — m)n, = 2pu + €5, =0, (312
nn —mne "n + ftl +e "N =0, (3.13
(2mn —2n°)n, + (47 — m)Ngy — 21wy — n€s, =0, (3.14

nu 2 —nu)

mnn + mny, + Nyu — (mne‘ —_n e+ mft (2716_”“ . me—nu) i

+€7nu7]tuu = 0, (3].5)
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Nex — M + e_nunta;x - 07 (316)
(n —m)n + 262 + net™ "y, — ey, = 0, (3.17)
2mmn, + 20p — ix — (Qne_"“ — me_”“) Niw + 2Nz = 0, (3.18)

where the subscripts denote partial derivatives with respect to the indicated variable(s).

From equations (3.5) and (3.7) we obtain

& = '), (3.19)
From equations (3.6) and (3.8) we obtain
£ =& (x). (3.20)
From (3.9) and (3.10), we get
mn,, = 0
which implies
n=n(t,x), since m #0. (3.21)

From (3.12), (3.13), (3.14) and (3.21), we obtain
n=1, (3.22)
where [, is a constant of integration. From (3.12) and (3.22), we obtain
(z) = lyw + 3, (3.23)

where I and I3 are constants of integration. Substituting (3.22) and (3.23) into (3.17)

we obtain
2
m—mn
Also, substituting equations (3.22), (3.23) and (3.24) into equations (3.13) and (3.15) we

get
2nlst
)= —2 +1 25
)= ——+1, (3.25)

where [3 is a constant of integration. The remaining equations are identically satisfied.

Therefore the Lie point symmetries of (3.1) are given by

0

Xl_a7

=2 (3.26)
ox
2nt 0 0 2 0 0 0 0
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We now consider particular cases of (3.1) and find corresponding Lie point symmetries.

Subcase 3.1.1. m = n.

When m = n equation (3.1) becomes

wp = (™ (u+ e ™)) s (3.27)
and the Lie point symmetries of (3.27) are given by
0
X1 = o
X,y = (%, (3.28)
X3 = mt% — é%
Subcase 3.1.2. m =0 and n # 0.
When m = 0 and n # 0 equation (3.1) becomes
up = (U4 e ")z (3.29)
and the Lie point symmetries of (3.29) are given by
0
Xy = o
X, = (%, (3.30)
X3 = 2nt% + nx(% — 2%.
Subcase 3.1.3. m # 0 and n = 0.
When m # 0 and n = 0 equation (3.1) becomes
ur = (™ (u+up))z (3.31)
and the Lie point symmetries of (3.31) are given by
0
X = 5
Xy = %, (3.32)
X3 = mx% + 2%.

Remark 3.1.1. Subcases 3.1.1, 3.1.2 and 3.1.3 are recovered from the general case.

39



3.2 Optimal system of subalgebras

All the cases in the last section have three-dimensional Lie algebra, any linear combi-
nation of the Lie point symmetries can be used to perform symmetry reduction, and
hence construct an invariant solution of the equation. However, in order to obtain all
possible linear combinations without guessing or a good combination, an optimal system
of one-dimensional subalgebras is constructed. In constructing one-dimensional system
[20], we illustrate with an example by considering the Lie algebra having the basis (3.26),

the rest of the cases are presented without derivation.

Example 3.2.1. Consider two symmetries of (3.1), say X; and X3, then a non-zero

commutator [X7, X3] is given by

[X1, X3] = Xo(X3) — X3(Xy)

9] 9, 0 9] 0 9] JY\ 0
=% <2nta +(n—m)x— — 2—) — <2nt— +(n—m)x— — 2—) —
0

= 2n—

ot
= 2nX1

The full calculations of the commutators [X;, X;| where 4,5 = 1,2,3 are summarised

in Table 3.1. To compute the adjoint representation, say Ad(e**")X; of X; and X; we

/‘ [XZaX]] Xl XQ X3
X4 0 0 2n X,
X, 0 0 (n—m)X,
X3 —2TLX1 —(TL - m)X2 0

Table 3.1: Table of commutators of (3.1)

will make use of Table 3.1 and equation (2.48). As an illustration we will consider two

examples.
Example 3.2.2. Consider two symmetries X5 and X3 of (3.1), the adjoint representation
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Ad(e!*2) X3 of X, and X3 is given by

Ad(e™)X; =Y %(AdXQ)ng

k=0
2

= X5 — p[ Xy, X3] + %[Xm (Xo, X3]] —

2

= X3 —pu(n—m)Xs + /; [ X2, (n —m)Xs] —
= X — pln—m)Xa + 20

Example 3.2.3. Consider two symmetries X3 and X; of (3.1), the adjoint representation
Ad(e"*1) X3 of X; and X3 is given by

ok
t M
Ad(e" )X, = H(Ach?,)le
k=0
18
= X1 — plXs, X)) + “—,[Xg, (X, X1]] = 5 X, [Xs, [X, Xall] +
2 3
= ( 2nX1) a [Xg, 27’LX1] - g—[(ﬂg, [Xg, —QnXl]] +
2 13
= X1 — ,LL(—2TLX1) ol ( 271)2X1 — y( 2n)2[X3,X1] +
1 p
= X1 — ,LL(—QTLXl) + 5(-2”)2)(1 — §<—2n)3X1 +
2n)? 2n)3
:(1+M2n+(’“‘2”) N (u;) L
= SMQnXl.

The full calculations of the adjoint representations Ad(e**i)X; where i,j = 1,2,3 are

summarised in Table 3.2. We set a non-zero vector field or operator

Ad(e“X")Xj Xl X2 Xg
X1 X1 X2 X3 — 2N/LX1
X2 X1 X2 X3 — (n — m),uX2
Xg €2nMX1 e(n—m),uX2 X3

Table 3.2: Table of Adjoint representations of (3.1)
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X = CL1X1 + CLQXQ + CL3X3 (333)

with arbitrary coefficients a;, as and az. The task is to simplify as many of the coefficients
a; as possible by acting on it by Ad(e#Xi) of a group generated by X;, this process of
adjoint action eliminates a;X; where j can be equal to ¢. The process is repeated until

no further simplification is possible.

Firstly, suppose that a3 # 0 and set a3 = 1 without loss of generality. Then the vector
X becomes

X = a1X1 + a2X2 + X3. (334)

To eliminate the coefficient of X, we act on such a vector X by Ad(e%xl), the vector

becomes
X' = Ad(ez™) X
— X1 + asXs + X5 — g—;mxl (3.35)
= as Xy + Xs;.

We continue to eliminate the coefficient of X, by acting on X’ by Ad(e%)@), then the

vector becomes

X" = Ad(en-n*2) X’

Q2

= QQXQ -+ X3 — (n — m)X2 (336)

n—m
= X;s.

Therefore X is equivalent to X3 under the adjoint representation, that is, every one-
dimensional subalgebra generated by a vector X with az # 0 is equivalent to a subalgebra

spanned by Xsj.

Secondly, suppose that a3 = 0 and a; # 0. Scaling X if necessary we assume that a; = 1,
then the vector X becomes

X = X1 + CL2X2. (337)

We act on X by Ad(e*X3) a group generated by X3 so that

X' = Ad(e"*3) X :
3.38
= GQnMXl + age“(”_m)Xg. )
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The vector X' is a scalar multiple of the vector X” = X; +ase ™+ X, hence depending
on the sign of as we can make the coefficient of X5 either +1 or —1. Thus any one-
dimensional subalgebra generated by X with a3 = 0 and a; # 0 is equivalent to a

subalgebra spanned by X; 40X where 6 = +1, —1. No further simplification is possible.

Thirdly, suppose that a3 = 0, a; = 0 and a; # 0. Scaling X we let a; = 1, then the

vector X becomes
X =Xy, (3.39)

which can not be simplified further. Thus any subalgebra generated by X with a3 = 0,
as; = 0 and a; # 0 is equivalent to a subalebra spanned by X;. No further simplifications

on X are possible.

Lastly, suppose that a; = a3 = 0 and ay # 0. Scaling X we let ay = 1, then the vector

X becomes
X =X, (3.40)

which can not be simplified further. Thus any subalgebra generated by X with a; =
a3 = 0 and ay # 0 is equivalent to a subalebra spanned by X,. No further simplifications

on X are possible.

In summary, an optimal system of one-dimensional subalgebras is spanned by

X37
X1+ 0Xs, 0 ==+1,
(3.41)
X27
X;.
Optimal systems of different subcases of equation (3.1) considered in Section 3.1 are

summarized in Table 3.3.

3.3 Symmetry reductions and invariant solutions

In this section, we perform all possible similarity (symmetry) reductions and construct

invariant solutions for subcase 3.1.3 using the optimal system obtained in Section 3.2.
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Subcase Subalgebras Conditions on constant (s)

3.1.1 {Xl,Xz,Xg,aX2+X3,X1+(SX2} 6::|:1, CL%O
3.1.2 {X1, Xo, X5, X1 + 6Xo} §=+1
3.1.3 {Xl,XQ,Xg,CLXl—{—Xg,Xl—I—(SXQ} 6::|:1, CL%O

Table 3.3: Optimal system of one-dimensional subalgeras of subcases of (3.1)

Subcase 3.1.3

Invariance under X; and X, are trivial hence not considered.

(a)

Invariance under X3. The characteristics equations are given by

dt _ dr _du

= = 3.42
0 mx 2 ( )
Solving the characteristic equation give the similarity variables as J; = ¢ and
Jo = u — In(z?)/m, therefore the invariant solution J, = f(J;) is given by
1 2
ult,z) = —— 1 f(4). (3.43)
Substituting (3.43) into (3.31) gives the following ODE
mf —2e™ =0, (3.44)

where “/” denotes differentiation with respect to the variable J; = t and it solves

to
f@:_EQ;ﬁz (3.45)

m

where C' is a constant of integration. Therefore the invariant solution becomes

u@@:m(cf%ym. (3.46)

Invariance under X; + §X,. The characteristic equations are given by

dt dr du

= 3.47
1 4] 0 (347)
which give similarity variables as J; = z — §t and Jy = u, therefore the invariant
solution Jo = g(Jp) is

u(t,z) = g(x — dt). (3.48)
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Substituting (3.48) into (3.31) we obtain the following ODE
" (095 — g5) — 95(0 + me™* (g5 — dgy)) = 0, (3.49)
where “/” denotes differentiation with respect to J; = x — t.

Invariance under aX; + X3. The characteristic equations are given by

dt  de d
a_ar_adau (3.50)

a mx 2

which give the invariants J; = e~y and Jy = u — 2t/a, therefore the invariant

solution Jy = h(Jy) is
2t
u(t,r) = = + h(e ™/%). (3.51)
a

Substituting (3.51) into (3.31) we obtain the following ODE

2+ m(m — a)e™2hy’ + (2m — a)e™hY + myhl(me™hl — 1)

+mabe™3hy =0 (3.52)

Wy

where is the derivative with respect to J; = e~

The group invariant solutions for the general case and other subcases are summarized

in Table 3.4. The nonzero functions F, G, F;, G; and H; of their respective arguments
satisfy the ODEs

(3.53)
5e"9G + e(m+")g(mg’2 +G") + 6™ [n(m — n)g'3 +(m—3n)G'¢" +G" =0, (3.54)
(3.55)
(3.56)

2¢"” 4+ ™ [m(m — n + 2ne™)F'? + 2(m + ne™”) F"]
(n—m)z[e"” F' — ™ (n(n — m)F” + (m — 3n) F' F' + F")] =0,

1+ m?e™ FI2 4 m(1 + ™) Fl =0,
me™9G\% 4+ M9 G 1 §(1 + 2mG!)G, — 6G)" = 0,

1 — mr?(2a — e™YH? + k230 + m + me™ N + arH
+mH) (k(1 + ™) — 2ak*H]) =0, (3.57)
2e""2 — n3¢F) + 2ne™ 2 FY + ngFy(e™ + 3nFy) —neFy =0, (3.58)
on*Gy’ — €" Gl — 5G4 (e"% + 3nGY) + 0G5 = 0. (3.59)
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Equation Invariant solution Generated by sublagebra

—l%t + F(2): z=tmm)/2ng X3
(3.1)

—lnﬁ +f1($) X3
(3.27) Gi(z — 6t) X, + 60X,
—%—I—'Hl(m) LR =tYmer aXs + X3

_In¢ .12

+ Fa(s): ¢ =t T X

(3.29) w ) ’
g2(flf - 5t) X1 + (5X2

Table 3.4: Group invariant solutions of (3.1) and subcases of (3.1)

3.4 Graphical solutions

The graphical solution of group invariant solution of subcase 3.1.3 is presented below.

Figure 3.1: Solution (3.46) with C = 21,m = 1.

3.5 Conclusion

In this chapter we obtained the symmetry Lie algebra of the pseudo-parabolic PDE for
exponential law in diffusion coefficient and viscosity, different subcases were considered.
Optimal systems of one-dimensional subalgebras were then derived, and subsequently

used to perform symmetry reductions and construct group invariant solutions. The
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graphical solution was presented.
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Chapter 4

Approximate symmetry analysis of a

perturbed pseudo-parabolic PDE:
Model I11

Partial differential equations with small parameter are widely used as mathematical mod-
els to describe non linear phenomena in various fields of mathematics, engineering and
physical sciences such as mechanics, optics, e.t.c. For these perturbed equations, inves-
tigation of the analytic solutions play an important role in these related fields. Various
perturbation methods have been developed to solve these equations, such as homotopy
perturbation method, Adomian decomposition method, inverse scattering transformation

method, e.t.c. [3].

In the 1980s Baikov, Gazizov and Ibragimov [2, 3] developed a method called approxi-
mate symmetry method, which is the combination of Lie group theory and perturbation
analysis. In this method, the Lie operator is expanded in a perturbation series so that
an approximate operator can be found. Also there is another method developed by
Fushchich and Shtelen [11], where the dependent variables are expanded in a perturba-
tion series; equations are separated at each order of approximation and the approximate
symmetries of the original equations are defined to be the exact symmetries of the system

obtained from equating to zero the coefficients of the smallness parameter.
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In this work, the method due to Baikov et al. will be used to find the approximate
symmetries. The definitions, theorems, proofs and notations of the theory of approximate

symmetries in the first-order precision are based upon the references [16, 17].

4.1 Preliminaries

4.1.1 Notations and definitions

Consider a set of smooth vector functions depending on vector x and a group parameter
a:

fO(xu CL), fl(‘r7 (l)
with coordinates

fi(z,a), fi(x,a), i=1,...,n.

Let us define the one-parameter family GG of approximate transformations
T~ fi(x,a) + fi(z,a), i=1,...,n. (4.1)

of points x = (z!,...,2") € R" into points T = (Z!,...,7") € R" as the class of the
invertible transformations
7= f(z,0,6) (12)
with vector-functions f = (f!,..., f") such that
fiz,a,¢) = fi(z,a) + fi(r,a), i=1,...,n.
Here a is a real parameter, and the following condition is imposed:

f(z,0,€) ~ x.

Furthermore, it is assumed that the transformation (4.2) is defined for any value of a from
a small neighborhood of @ = 0, and that, in this neighborhood, the equation f(z,a,€) ~ x
yields a = 0.
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Definition 4.1.1. The set of transformations (4.1) is called a one-parameter approximate

transformation group if
f(f(z,a,€),b,€) = f(x,a+ b, e)

for all transformations (4.2).

Remark 4.1.1. Here, unlike the usual classical Lie group theory, f does not necessarily

denote the same function at each occurrence. It can be replaced by any function g ~ f.

Definition 4.1.2. The generator of an approximate transformation group G given by

(4.2) is the class of first-order linear differential operators

X =&z, ¢) 8?32. (4.3)
such that
¢'(z,€) = () + e (x),
where the vector fields &, &, are given by
¢ = _8fgéz, ) . ¢ = —8%2’ ) sl
In what follows, an approximate group generator
X~ (€)(2) + €l ()2
ox’
is written simply as
X = (6(2) + i) o (4.4
Approximate Lie equations
Consider the one-parameter approximate transformation groups (4.1). Let
X =Xp+e€X; (4.5)

be a given approximate operator where

9
ozt’

)
ort

Xo = &(2) X1 =¢i(2)

The corresponding approximate transformation (4.1) of points x into points T = Zo+ €z
with the coordinates

T =T+ ez, (4.6)
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where
Ty = folw,a), 71 = filx,a),

is determined by the following equations:

dji (A —1 i .
da():gO(xO)? i a:0:37, Z:L...,?’L,
Az 06| ki
da Z Ok x:ioxl +&(20), 11,y =0

Equations (4.7) and (4.8) are called the approzimate Lie equations.

Approximate exponential map

Theorem 4.1.1. Given the operator

X = X() + €X1
with a small parameter e, where
- 0 ‘ 0.
Xo =& (x -, X1 =& (x i
0 50( )0171 1 51( )al'l
the corresponding approximate group transformation
T =1L +ert, i=1,...,n,

are determined by the following equations:

zh = e o), B = ((aXe,aX))(@), i=1,...

where
X a? 2 a’ 3
axQg __ _ R PN
and
2 3

a

<<CLXQ,CLX1>> = aX1 + ol

a
[Xo, Xa] + g[Xoj [(Xo, Xa]] + - .

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

In other words, the approximate operator X = X, + €X; generates the one-parameter

approximate transformation group given by the following approximate exponential map:

' = (1 + e{{aXo,aX)))e 0 (z"), i=1,...,n.

ol

(4.15)



4.1.2 Approximate symmetries

Definition 4.1.3. Let G be a one-parameter approximate transformation group:
Z'x f(z,a,€) = fi(z,a) +efi(z,a), i=1,... n. (4.16)
An approximate equation
F(z,e) = Fy(2) +€F1(2) = 0 (4.17)
is said to be approximately invariant with respect to G, or admits G if
F(z,e) = F(f(z,a,€),€) = o(e) (4.18)

whenever z = (z',...,2") satisfies equation (4.17). If z = (z,u,uqy,...,uw)), then
(4.17) becomes an approximate differential equation of order k, and G is an approzimate

symmetry group of the differential equation.

Theorem 4.1.2. Equation (4.17) is approximately invariant under the approximate

transformation group (4.16) with generator

, 0 , 0
X =Xo+eXy =§(2) 575 +e€i(2) 57, (4.19)
if and only if
[XWF(z,¢)] = o(e) (4.20)
F=0

or equivalently

XME(2) + e (Xl[k]FO(z) +x M Fl(z)ﬂ = o(e) (4.21)
(4.17)

in which k is order of equation and X! is k*-order prolongation of X. The operator
(4.19) satisfying equation (4.21) is called an infinitesimal approximate symmetry of, or
an approximate operator admitted by (4.17). Accordingly, equation (4.21) is termed the

determining equation for approximate symmetries.

Remark 4.1.2. The determining equation (4.21) can be written as follows:

XWFy(2) = M2)Fy(2), (4.22)
XME )+ XMW R (2) = M) (2). (4.23)
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The factor A(z) is determined by equation (4.22) and then substituted in equation (4.23).
The latter equation must hold for all solutions of Fy(z). Comparing equation (4.22) with

the determining equation of exact symmetries, we obtain the following statement.

Theorem 4.1.3. If equation (4.17) admits an approximate transformation group with

the generator X = X, + €X;, where X, # 0, then the operator
.0
Xo=&— 4.24
0 50 azz ( )
is an exact symmetry of the equation
Fo(z) =0. (4.25)

Remark 4.1.3. It is manifest from equation (4.22) and (4.23) that if X, is an exact
symmetry of equation (4.25), then X = eXj is an approximate symmetry of (4.17).

Definition 4.1.4. Equations (4.25) and (4.17) are termed an unperturbed equation and
a perturbed equation respectively. Under the conditions of Theorem (4.1.3), the operator
Xy is called a stable symmetry of the unperturbed equation (4.25). The corresponding
approximate symmetry generator X = Xy + eX; for the perturbed equation (4.17) is
called a deformation of the infinitesimal symmetry X, of equation (4.25) caused by the
perturbation €F(z). In particular, if the most general symmetry Lie algebras of equation
(4.25) is stable, we say that the perturbed equation (4.17) inherits the symmetries of the

unperturbed equation.

Algorithm for calculating approximate symmetries

Remark (4.1.2) and Theorem (4.1.3) provide a simple and convenient algorithm for cal-
culation of the first-order approximate symmetries of equations with a small parameter.
The algorithm consists of the following three steps:

First step: Calculation of the exact symmetries Xy of the unperturbed equation (4.25),

e.g., by solving the determining equation
k
X§TFo(2)] 0 = O (4.26)

Second step: Determination of the auxiliary function H by virtue of equations (4.22),
(4.23) and (4.17), i.e., by the equation
1

H=- [X([)k](Fo(z) teFy(2 (4.27)

) ) | Fo(z)+eF1 (z):O]
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with known X, and Fi(2).
Third step: Calculation of the operators X; by solving the determining equation for
deformations:

k
XPFo(2)] 0 + H = 0. (4.28)

Note that equation (4.28), unlike the determining equation (4.26) for exact symmetries is
inhomogeneous and the prolongation formulas are the same as in the classical Lie theory.

Approximate Lie algebras

Definition 4.1.5. A class of first-order differential operator

X = ¢'(z, e)% (4.29)
such that
E(z,e) =& (2)+€€(2), i=1,...,n (4.30)
with some fixed functions &)(2), £i(2), i = 1,...,n, is called approzimate operator.

Definition 4.1.6. An approximate commutator of the approximate operators X; and

X, is an approximate operator denoted by [X;, X5] and is given by

(X1, Xa] ~ X1(X2) — Xa(X1). (4.31)

The approximate commutator satisfies the usual properties, namely

i (bi)linearity: [aX; + bXo, X3] =~ a[X1, X3] + [ X2, X3], a,b=constants,
ii skew-symmetry: [X;, Xo] = —[Xs, X1],
iii Jacobi identity: [[Xl, XQ},XE}] + [[XQ,Xg],Xl] + [[Xg,Xl],XQ] ~ 0.

Definition 4.1.7. A vector space L of approximate operators is called an approzi-
mate Lie algebra of operators if it is closed under the approximate commutator, i.e.,

if [X1, Xs] € L for any X3, X5 € L.

Remark 4.1.4. Here the approximate commutator [X;, X5] is calculated to the first-

order of precision.

Theorem 4.1.4. A set of approximate symmetries of an equation forms an approximate

Lie algebra.
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Approximate invariants

Definition 4.1.8. An approximate function I(z, €) is called an approximate invariant of

the group G of transformations (4.16) if for each z € R™ and an admissible a € R
I(z,€) = I(z,€). (4.32)

Theorem 4.1.5. The approximate functionn is an approximate of the group G with the

generator (4.29) if and only if the approximate equation
XF(z,¢e) =0 (4.33)
hold.

Theorem 4.1.6. Any one-parameter approximate group G with the generator (4.29)

has exactly n — 1 functionally independent approximate invariants of the form

I"(z ) = IF(2) +elf(2), k=1,...,n—1, (4.34)
and any approximate invariant of G' can be represented in the form

I(z,€) = oo(It, ..., " Y + e (I',..., "), (4.35)

where ¢, p1 are arbitrary functions.

Approximately invariant solutions

Approximate invariants for the operator (4.19) are written in the form
J(z,€) = Jo(2) + eJ1(2) + o(e) (4.36)

and are determined by the equation

X(J) = o(e), (4.37)
or equivalently
This equation splits into the system:
Xo(Jo) - O, X1<J0) + X[)(Jl) - O (439)
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Solving equations (4.39) we will find two functionally independent invariants
J' = Ji(2) + eJi(2),
0(2) +eJi(2) (4.40)
= J(2) + e2(2)
for operator (4.19).

Remark 4.1.5. Functions (4.40) are said to be functionally independent if J? = ¥(J!),

i.e., if the equation
J3(2) +eJi(2) = U(J5(2) + eJi(2)) + oe) (4.41)

with a certain function ¥ holds identically in z. If such a function ¥ does not exist, the
functions (4.40) are said to be functionally independent. It is manifest that if Jj and JZ

are functionally independent, then so are the functions (4.40) as well.

4.2 Perturbed pseudo-parabolic PDE: Model 111a

In this section we consider a perturbed pseudo-parabolic PDE (6)
wp = ((u + ) (u+ up)y)a, (4.42)

where € is a small parameter, while o and § are arbitrary constants. Firstly, we perform
approximate symmetry analysis of a general case a # (8 for a, > 0. Secondly, we
consider particular cases of (4.42) for different values of o and  which arises from the
analysis of the general case. In each case the approximate symmetries are obtained and
then used to perform symmetry reductions and/or construct group approximate invariant

solutions.

4.2.1 Approximate symmetries

The generator of approximate symmetries of (4.42) is
X = XQ + €X1
0 9, 0 0 0 0
(00 00 0O 19,19 19 4.43
(5 8t+7—83:+n8u)+6(§ 8t+73x+n8u) (4.43)

o6



if and only if
XBuy — (u® + eu”) (u + ut)x)x)‘(4_42) = o(e), (4.44)

or equivalently

(0 (e — (U (g + i) )a) + (X (= (u®(y + e))o)

3, (4.45)
+Xo ((—u” (u + ut)z)z)))‘ )= 0.

(4.42

The coefficients ¢, 7%, and 7 (i = 0,1) are unknown functions of ¢, z, u and X is the
third prolongation of X. Equation (4.44) is the determining equation for infinitesimal
approximate symmetries.

First step. Calculation of symmetries, X;, of the unperturbed equation:

The symmetry operators X of the unperturbed equation (e = 0)
wp — (U (ug + Uge) ) = 0 (4.46)
are obtained by solving the determining equation for exact symmetries
Xy — (u® (g + uga))a)| (1) = 0> (4.47)

where Xgﬂ is the third prolongation of the vector field X given by

0 0 0 0 0
xB — x 4 e—— + Cpo—— oy —— 4.4
0 0 G o Gyt G Gy — (4.48)
From equation (4.47) we have
(Ct - uaCt:r::L‘ - uaCxac - aua_luazcm - (aua_lux + aua_l(uﬂf + um)) Cx
(4.49)

— (a(a — Du®*uy (U + ) + ou® (ugy + utw)) 7)) |(4.46) =0,

where the coefficients (;, (., iz, Cow and (i are given respectively by equations (1.23),
(1.24), (1.26), (1.27) and (2.6). When expanded , equation (4.49) yields an overdeter-
mined system of linear homogeneous partial differential equations (determining equa-
tions) that can be solved for the coefficients £°, 7° and n° of the approximate symmetry

operator (4.43) using the classical Lie symmetry method.
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With the aid of YaLie [7] software package, the determining equations become

=0, (4.50)

70 =0, (4.51)

R=0, (452

Q-0 (45)

Tow = 0, (4.54)

) =0, (4.55)

au*'nd —urd =0, (4.56)

UMlgy =10+ UMy = 0, (4.57)

au*'n — 2urY =0, (4.58)

au® 10 = 2uT) + u*E) + ung, = 0, (4.59)

(1 —a)au " — au*'n? + 2au*'70 = 0, (4.60)
(1 —a)au*n" — au® 0 + 200170 — au®~1&) — au*'nd, =0, (4.61)
20u* ' — w7+ au®ln) =0, (4.62)

where the subscripts denote partial derivatives with respect to the indicated variable.

From equations (4.50) and (4.53) we have

& = A(t), (4.63)
where A(t) is an arbitrary function of . Equations (4.51) and (4.55) give

70 = B(z), (4.64)

where B(z) is an arbitrary function of x. Substituting equation (4.64) into equation

(4.58) we obtain

= 2uB’(x) .

- (4.65)

Equation (4.52) is identically satisfied by (4.65). Substituting equations (4.63), (4.64),
and (4.65) into equations (4.54), (4.56), (4.57), (4.59), (4.60), (4.61) and (4.62) reduce

to the following equations



From equations (4.66) and (4.67), we respectively obtain
B(I) = kl.CC + k’Q,
A(t) = ks,

where ki, ko and k3 are constants of integration. Thus,

0 leuﬁ
(3x a ou’

onk‘?,a

a (k)llE + k’g)

(4.70)

Therefore the unperturbed equation (4.46) admits the three-dimensional Lie algebra with

the basis
0
X ==
1 8t7
0
Xo=—
2 8337
0 2ud
Xo — 71—
37 Yor Ty o ou
Second step: We determine the auxiliary function H given by
H = 1)([3] a
=X, (ue — ((u* + eu”) (u + ), )|(442),
where Xgﬂ is the third prolongation of X, given by
0 0 2ku 8 0 0
X = ks + (b2 + k) — + — . .
0 3(.%‘1‘(1554‘ 2)8x o Ct +C8 +Ct8m
0 0
+€a:x auII + Ctacz autmc
and the coefficients (’s are given by
2k
G —1Ut,
a
2k
G = (—1 - kl) U,
a
2k
Cta = (—1 - ]ﬁ) Utz
a

k
<tmc =2 (El - kl) Utgy -

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)
(4.76)
(4.77)

(4.78)

Substituting the operator (4.73) into (4.72) and simplifying we obtain the auxiliary func-

tion
2k (o — B)uf~1
a

H =

29

(4.79)



Third step: Now we calculate the operators X; by solving the inhomogeneous deter-

mining equation for deformations:

2k (a0 — B)uf~1

(4.46) o

Xl[?’] (ut—(ua(ux—l—um))x)‘ (BUZ 4 Bl Uy + Uy Utz ) = 0, (4.80)

where X F’] is the third prolongation of X;. Expansion of (4.80) yields an overdetermined
system of linear inhomogeneous partial differential equations that can be solved for the

coefficients €', 71, and n'. The expansion of

X (e = (0 + 1)) g i (4.81)

is the same as that of equation (4.49) with superscript zero replaced by one. Thus, the

determining equations of (4.80) become

) (4.82)
p— (4.83)
nt, =0, (4.84)
£l =0, (4.85)
nt, =0, (4.86)
e — (4.87)
au*'nt —uvrl =0, (4.88)
U Ty — 1) A U = 0, (4.89)
au® "yt — 2uorl — M =0, (4.90)
«
au®tnt = 2ulTh +utel +utn), — M =0, (4.91)
(1 — a)aue 2! — auyk + 2autrd + 2P . P (4.92)
(1 —a)au*?n* — au*'nt + 2007} — au*t¢} — au'n},
—I—leﬁ(a — Bu’t —0, (4.93)
«
200y, — utTy, + au 'y, =0, (4.94)

where the subscripts denote partial derivatives with respect to the indicated variable.

From equations (4.82) and (4.85) we have

& =C(t), (4.95)



where C(t) is an arbitrary function of ¢. Equations (4.83) and (4.87) give
' = D(z), (4.96)

where D(x) is an arbitrary function of x. Substituting equation (4.96) into equation

(4.90) we obtain

ot = 2uD'(z) N 2k (a0 — B)uﬁ*aH.

4.97
= 0 (4.97)
Substituting equation (4.97) into equation (4.84) we have
2%y (o — —a+1)(8 — a)ufot
a
which implies that
ki =0 (4.99)
or
B=a-—1 (4.100)
since o # 3. We now consider the two cases separately including the case a = 5.
Subcase 4.2.1. k; = 0.
When k; = 0, we therefore have
2uD’
g = 2D (4.101)
!

Substituting equations (4.95), (4.96), (4.99) and (4.101) into (4.88), (4.89), (4.91), (4.92),
(4.93) and (4.94) we get

D"(z) =0, (4.102)
C'(t) =0. (4.103)
From equations (4.102) and (4.103) we obtain

C(t) = ds, (4.105)

where d;, ds, and d3 are constants of integration. Thus,

0 0  2dyu 0
X =ds— + (d do)— —. 4.1

! 38t+( 1%+ 2>0x+ a Ou (4.106)
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Then, the approximate symmetries of (4.42) are obtained from

X = (k3+€d3)§+[k‘2+€(d1$+d2)]%+6 o %, (4107)
and are given by
V 2
1 at?
V 2
2 81‘7
_ 9  2ud (4.108)
V3_€<x8m+ a 6u)’
V4 = €V,
V5 = €Va
Subcase 4.2.2. f=a — 1.
When 8 = o — 1 we therefore have
2uD’ 2k
g = 2@ | 2k (4.109)

« a2’
Substitution of equations (4.95), (4.96), (4.100) and (4.109) into (4.88), (4.89), (4.91),
(4.92), (4.93) and (4.94) we get

D" (z) =0, (4.110)
C'(t) = 0.

(4.111)
From equations (4.110) and (4.111) we obtain

D(z) = c1x + co, (4.112)
C(t) = cs, (4.113)

where ¢y, ¢, and c3 are constants of integration. Thus,

0 0 2ciu 2k;\ O
X1 = 035 + (Clx—FCg)% + (T + ?) %

(4.114)

Then, the approximate symmetries of (4.42) are obtained from

0 0 2k 2 2k 0
X = (/c3+ec3)§+[k:1x+k2+e(c1x+c2)]%+ [ alu —l—e( 2“ + a—;ﬂ —, (4.115)

62



and are given by

Subcase 4.2.3. a = £.

0
Vi = —
ot’
0
ox’
0
Vy =€ | T—
ox
Vy = €Vy,
V5 = €Vg
Vg = T —

When « = [ equation (4.42) becomes

w = ((u® 4 eu)(u + )y ) s

and the approximate symmetries of (4.42) are given by

0

V= —
ot’

0

Vo = —
ox’

0
V3 = T—
ox
Vy = €V,
V5 = €Vy,
Vg = €V3.

Subsubcase 4.2.1. a = = 1.
When a = =1 equation (4.42) becomes

up = ((u+ eu)(u+ up)z) e

o
a ou’
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and the approximate symmetries of (4.42) are given by

o0
1 — at7
)
2 — ax7
V3 = xﬁ + 2u2
P 0 T T o (4.120)
V4 = €V,
V5 = €Vy,
Vg — €V3.
Subsubcase 4.2.2. o« =0 and § = 1.
When o = 0 and = 1 equation (4.42) becomes
w = (14 eu)(u+ uy)y)e (4.121)

and the approximate symmetries of (4.42) are given by

v — 0

P ot
v 0

2 ax7

0 N 0

A% - U——

T o o (4.122)
V4 = €V,

V5 = €Vy,

Vg = €V3.

4.2.2 Symmetry reductions and approximately invariant solu-

tions

In this section, approximate invariant solutions will be derived from particular linear
combinations of the approximate symmetries obtained in the previous section. We will

consider the two subsubcases, 4.2.1 and 4.2.2.

Subsubcase 4.2.1

In this subsubcase we will consider the combinations vy +vg, Vv3+ Vs, v3+v4 and vy + vg.
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(a) Invariance under vy + vg. The approximate invariants for vy + v4 are determined

by the equation

0 0 0
— — 4+ 2u— = 4.12
(81; +e (xﬁx + u(‘?u)) (Jo +eJi) = o(e), (4.123)
equivalently
0
—(Jo) =0 4.124
ax( 0) ) ( )
and
0 0 0
— — 4+ 2u— =0. 4.12
From equation (4.124) we have characteristic equations
dt dr du
- 4.126
0 1 0 ( )
which give the two functionally independent solutions
Jy =t (4.127)
and
J3 = u. (4.128)
Substituting (4.127) into (4.125) we get
0
—(J}) =0. 4.129
— () (4129)
The simplest solution is
Ji =0, (4.130)
and hence the first invariant is
J1 =t. (4.131)
Substituting (4.128) into (4.125) we get
0 (J3)+2u=0 (4.132)
— u= :
oz 1 ’
and the corresponding characteristic equation is
dx dJ?
—_—=—— 4.133
1 2u ( )
which gives
Ji = —2ru+k. (4.134)
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Setting & = 0 we have
JP = —2xu (4.135)

and hence the second invariant is

Jo = u — e2xu. (4.136)
Thus, the approximately invariant solution J, = f(.J;) is

u— 2zxu = f(t) (4.137)

which implies that

u(t,z) = (1 —2ex)"" f(t)

(4.138)
~ (1 + 2ex) f(t) + o(€?).
Therefore the approximate invariant solution is
u(t,z) = (14 2ex) f(t). (4.139)
Substituting (4.139) into (4.119) we obtain the following ODE
f +2exf =0 (4.140)

where 7 denotes differentiation with respect to J; = t, and it implies that
' =0. (4.141)
The solution of equation (4.141) is
f(t) = K (4.142)

where K is a constant of integration. Hence the approximate invariant solution is
given by
u(t,z) = (14 2ex) K. (4.143)

Invariance under vs + vy. The approximate invariants for v + v5 are determined

by the equations

(x% + 2ua%) (Jo) =0 (4.144)

66



and
0 0 0
(JZ% + ZU%) (J1) + %<J0) = O. (4145)

Equation (4.144) has two functionally independent solutions J} = t and J2 = u/x2.
The simplest solutions of (4.145) are J; = 0 and J = —2u/z3. Therefore we have
two independent invariants J; = t and J, = u/x* — 2eu/x3. Thus, the approximate

invariant solution Jy = g(.J;) is given by

R (4.146)

22 3

which implies that

T

ult,2) = 22 (1 _ %> o)

5 (4.147)
~ 1 (1 + —€> g(t) + o(€?).
x
Hence the approximate invariant solution is
9 2e
u(t,z) =" {14+ — ) g(t). (4.148)
x
Substituting (4.148) into (4.119) we obtain the following ODE
2?g' —62°g(g + g') + e(2xg’ — 2(6x + 32°)g(g + ¢')) = 0 (4.149)

where “7 denotes differentiation with respect to J; = t.

Invariance under vs + v4. The approximate invariants for vs + v4 are determined

by the equations

0 0
and
0 0 0

Equation (4.150) has two functionally independent solutions Ji = ¢ and J2 = u/x?.
The simplest solutions of (4.151) are J} = —Inz and J? = 0. Therefore we have
two independent invariants J; =t — elnz and J, = u/x?. Thus, the approximate

invariant solution Jy = h(.J;) is given by
v %u = h(t —elnx). (4.152)
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Hence the approximate invariant solution is
u(t,z) = 2*h(t — elnx). (4.153)
Substituting (4.153) into (4.119) we obtain the following ODE
6h2 — h' 4 6hR' + e(6h* — hh' — 20> — 5hR") = 0 (4.154)

where “/7 denotes differentiation with respect to J; =t — elnz.

Subsubcase 4.2.2

In this subsubcase we will consider the combinations v, + vg and v + vg.

(a) Invariance under vy + vg. The approximate invariants for vy + v are determined

by the equations

0
%((}0) =0, (4.155)
and
9+ (—% " “a%) (Jo) = 0. (4.156)

Equation (4.155) has two functionally independent solutions J} = ¢ and J& = w.
The simplest solutions of (4.156) are J] = = and J? = —zu. Therefore we have
two independent invariants J; =t 4+ ex and Jo = u — exu. Thus, the approximate

invariant solution .J, = F'(J;) is given by
u— exu = F(t + ex) (4.157)

which implies that

u(t,z) = (1 —ex) " F(t + ex)

(4.158)
~ (1 +ex) F(t + ex) + o(€®).
Hence the approximate invariant solution is
u(t,z) = (14 ex) F(t + ex). (4.159)
Substituting (4.159) into (4.119) we obtain the following ODE
F' +exF =0 (4.160)
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where “/” denotes differentiation with respect to J; =t — ex, and it implies that
F'=0. (4.161)
The solution of equation (4.161) is
F =K, (4.162)

where K5 is a constant of integration. Hence the approximate invariant solution is
given by
u(t,z) = (14 ex) K. (4.163)

Invariance under vy + vg. The approximate invariants for v; + vg are determined

by the equations
0

E(JO) =0 (4.164)
and
Sy (-2 euY o e

Equation (4.164) has two functionally independent solutions Jj = z and JZ = w.
The simplest solutions of (4.165) are J; = 0 and J? = —tu. Therefore we have two
independent invariants J; = x and Jy = u — etu. Thus, the approximate invariant

solution Jo, = G(J;) is given by
u— etu = G(x) (4.166)
which implies that

u(t,z) = (1 —et) " G(x)

(4.167)
~ (14 et) G(z) + o(e?).
Hence the approximate invariant solution is
u(t,z) = (14 €t) G(x). (4.168)
Substituting (4.168) into (4.119) we obtain the following ODE
G+ eGP+ G +tG"+ GG —G) =0 (4.169)

where “7 denotes differentiation with respect to J; = .
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4.3 Perturbed pseudo-parabolic PDE: Model 11Ib

In this section, for completeness we consider a perturbed pseudo-parabolic PDE (7)
uy = ((u® + eu)uy),, (4.170)

where € is a small parameter, while @ and § are arbitrary constants. Firstly, we perform
approximate symmetry analysis of a general case o # [ for o, 8 > 0. Secondly, we
consider particular cases of (4.170) for different values of a and § which arises from the
analysis of the general case. In each case the approximate symmetries are obtained and
then used to perform symmetry reductions and /or construct group approximate invariant

solutions.

4.3.1 Approximate symmetries

The generator of approximate symmetries of (4.170) is

X = XO +6X1
0 0 0 0 0 0
_ (09 09 00 19, 19 19 4171
(5 8t+T8x+n8u)+e(§ 6t+78x+n8u) (4.171)
if and only if
XPwy — ((u® + euﬁ)ux)x)‘(um) = o(e), (4.172)

or equivalently
(X([)Q](ut — (u®uy)y) + (X (uy — (uCuy)s) + X([JQ}(_(Uﬂum)x)» ‘(4.170) =0 (4173)

The coefficients ', 7%, and 7 (i = 0,1) are unknown functions of ¢, z, u and X2 is the
second prolongation of X. Equation (4.172) is the determining equation for infinitesimal
approximate symmetries.

First step. Calculation of symmetries, X, of the unperturbed equation:

The symmetry operators X, of the unperturbed equation (e = 0)
up — (uug)y =0 (4.174)
are obtained by solving the determining equation for exact symmetries

Xy — (u®u, =0, (4.175)

)x)’(4.174)
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where X[[)Q} is the second prolongation of the vector field X, given by

0 0 0
2] _ _ 7 4.1
X' = X0+ G ” + (G o + Co Tu (4.176)

From equation (4.175) we have
(Ct — Uy — 200y Gy — (oz(a — 1)u*u? + ozua_lum) 77) |(4.174) =0, (4.177)

where the coefficients (;, (, and (., are given respectively by equations (1.23), (1.24)
and (1.27). When expanded , equation (4.177) yields an overdetermined system of linear
homogeneous partial differential equations (determining equations) that can be solved
for the coefficients £2, 70 and n° of the approximate symmetry operator (4.171) using the

classical Lie symmetry method.

With the aid of YaLie [7] software package, the determining equations become

& =0, (4.178)

70 =0, (4.179)

&) =0, (4.180)

W —un, =0, (1181)

a(l —a)u*?n® — au 'Y + 200170 — au® e —unl, =0, (4.182)
—au® I 4+ 2ur? —uE) =0, (4.183)

—20u® ' +utrd, — 2und, — 7 =0, (4.184)

where the subscripts denote partial derivatives with respect to the indicated variable.

From equations (4.178) and (4.180) we have
&Y= A(t), (4.185)
where A(t) is an arbitrary function of £. From equation (4.179) we get
7 = B(t,x), (4.186)

where B(t,z) is an arbitrary function of ¢ and xz. Substituting equations (4.185) and
(4.186) into equation (4.183) we obtain

o = W28 = A (4.187)
«
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Equation (4.182) is identically satisfied by (4.185), (4.186) and (4.187). Substituting
equation (4.187) into equations (4.181) and (4.184) reduce to the following equations

Att + QUQB:E:E:B — Qth = O, (4188)
(44 3a)u*By,, + aB; = 0. (4.189)

Separating (4.189) by powers of u we have

B,=0ora=0 (4.190)
and
B,y =0o0r4+3a=0. (4.191)
For a # 0, —4/3 we get
B(x) = kiz + ko, (4.192)

where k; and ko are constants of integration. Substituting (4.192) into (4.188) we have

which solves to

A(t) = kst + ka, (4.194)

where k3 and k4 are constants of integration. Thus,

B, 0 (2k —ks)u O
XO:(k3t+k4)—+(k1x+k2)—+( 1—hau 9

ot or « ou’ (4.195)

Therefore the unperturbed equation (4.174) admits the four-dimensional Lie algebra with
the basis

0
X, = —
1 8t7
X2:§7
x
N $2+2_u£ (4.196)
5709 a ou’
0 wud
X, — _*=Z
4 tat aou

Second step: We determine the auxiliary function H given by

1
H =

= ZX(?} (ur — ((u™+ euﬂ)ux)x) | (4.197)

(4.170)°
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where X[[)Q} is the second prolongation of X, given by

XP = (st + m)% + (ko + @)(% G )L - k?’)“% - gta% + Cxai%
—l—Cmau—m (4.198)
and the coefficients (s are given by
G = (@ - ks) ug, (4.199)
G = (@ - kg) Uy, (4.200)
Cow = (@ - 2k1) Uy (4.201)

Substituting the operator (4.198) into (4.197) and simplifying we obtain the auxiliary

function
(2]{‘1 — ]{3)(@ — B)uﬁ_l
o

H= (BU2 + Utlyy). (4.202)

Third step: Now we calculate the operators X; by solving the inhomogeneous deter-

mining equation for deformations:

(2]{31 — k?g)(O[ — ﬂ)uﬁul

(4.174) o

Xy — (u®uy),)| (Bu? + ) = 0, (4.203)

where X1[2] is the second prolongation of X;. Expansion of (4.203) yields an overdeter-
mined system of linear inhomogeneous partial differential equations that can be solved

for the coefficients ¢!, 71, and n'. The expansion of expression

2 a
X{ ](ut B (u uw)x)|(4.174)

is the same as that in equation (4.177) with superscript zero replaced by one. Thus, the

determining equations of (4.203) become

&=, (4.204)
=0, (4.205)
& -, (4.206)
nt —unl, =0, (4.207)

a(l —a)u?nt — au® 'l + 20017} — qu e — unl,
G ) [ C o) (4.208)

«
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(2]{31 — k’g)(a — 5)’&5
a
—20u® Il +utr, —2unt, — 7 =0, (4.210)

—ou® 't + 2utTh —uE +

— 0, (4.209)

where the subscripts denote partial derivatives with respect to the indicated variable.

From equations (4.204) and (4.206) we have
& =C(t), (4.211)
where C(t) is an arbitrary function of ¢. From equation (4.210) we get
' = D(t,z), (4.212)

where D(t,x) is an arbitrary function of ¢ and z. Substituting equations (4.211) and

(4.212) into equation (4.209) we obtain

1 _ U(QDg; - Ct) 1 (2]61 — k3)(a — /B)Uﬁfoﬂ»l

2

n (4.213)

(0% (0%

Substituting equation (4.213) into equations (4.207) and (4.210) reduce to the following

equations

Ctt + QUanxw — 2ij = 0, (4214)
(4 +3a)u“Dyy + D, = 0. (4.215)

Separating (4.215) by powers of u we have

D;=0ora=0 (4.216)
and
D, =0or 4+ 3a=0. (4.217)
For a # 0, —4/3 we get
D(z) = dyx + ds, (4.218)

where d; and dy are constants of integration. Substituting (4.218) into (4.214) we have

which solves to

C(t) = dst + dy, (4.220)
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where d3 and d, are constants of integration. Substituting (4.213), (4.218) and (4.220)
into (4.208) we have

(2ky — k3)(o — B)(B — a + 1)(8 — a)uf~a~1

2 =0 (4.221)
which implies that
or
b=a—1 (4.223)

since a # 5. We now consider the two cases separately including the case a = 5.

Subcase 4.3.1. 2k, = k.
When 2k, = k3, we therefore have

1 (2d —dy)u (4.224)
- : :
Thus,
o 0 0 (2d1 — dg)’u 0
Then, the approximate symmetries of (4.170) are obtained from
0 0
X = [2kit + kq + e(dst + d4)]§ + [k1x + ko + e(diz + d2)]a—x
(2d) — ds)u O (4.226)
fe———
« ou
and are given by
V 2
1 at?
V g
2 81_7
v 2t2 + :1c2
’ ot oz’
V4= €Vy, (4.227)
V5 = €Vy,



Subcase 4.3.2. = a — 1.
When 8 = a — 1 we therefore have

1 (2d1 — dg)u + 2]€1 — k‘g‘

T] =
o o?

Thus,

(2d1 — d3)u

0 0
X]Z(d3t+d4)§+(d1$+d2)%+ ( o

2k — k3 \ 0
L 2k 3)

a2

Then, the approximate symmetries of (4.170) are obtained from

0
X = [kst + ky + €e(dst + d4)]5 + [k1z + ko + e(dix + dy))
2k — ks

. [(21@1 ~ku ((2d1 ~dyu

(% (0%

and are given by

—
1 at7
—
2 — ax7

Ox a  a?du
V5 = €Vy,
Vg = €Va,
0 uod
vi=e ( i m)

Subcase 4.3.3. a = £.
When a = f equation (4.170) becomes

w = ((u® 4 eu™)uy ),
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2

9
ox
0

)|

ou’

(4.228)

(4.229)

(4.230)

(4.231)

(4.232)



and the approximate symmetries of (4.170) are given by

o
1 — at7
vaz 2
2 — 8:17’
vatd _uo
STt adu’
0 N 2u 0
Vy =T — —_—
V5 = €V,
Vg = €Vo,
V7 = €Vg,
Vg — €Vy.

Subcase 4.3.4. a = —4/3.
When a = —4/3 equation (4.170) becomes

u = (™3 4 e’ )u,), (4.234)

and the approximate symmetries of (4.170) are given by

S
1 ata
va= 2
2 8:1:’
v —ta S_u 0
STt 4 ou
V4 = xﬁ — 3_U 4
YT 2 ou
) 0
Vs = :cza— — 3u%, (4.235)
Vg = €V,
V7 = €Vo,
Vg = €V3,
Vg = €Vy,
Vip — €Vjp
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4.4 Conclusion

In this chapter, approximate symmetry analysis of perturbed PDEs was presented. Ap-
proximate symmetries of each submodel were obtained and particular linear combinations

of approximate symmetries used to construct approximate invariant solutions.

78



CONCLUSION

In this work, both Lie group analysis and approximate symmetry analysis were em-
ployed to study different submodels of a pseudo-parabolic PDE modelling solvent uptake
in polymeric solids. In chapter two, Lie point symmetries of of the pseudo-parabolic
PDE for power law in diffusion coefficient with constant velocity were obtained. Cor-
responding optimal systems of one-dimensional subalgebras were derived and used to
perform symmetry reductions and construct invariant solutions. In chapter three, Lie
point symmetries of the pseudo-parabolic PDE for law in diffusion coefficient and vis-
cosity were obtained. Optimal systems of one-dimensional subalgebras were derived and

used to perform symmetry reductions and construct group invariant solutions.

In chapter four, approximate symmetries of the perturbed pseudo-parabolic PDE with
diffusion coefficient with a perturbation parameter and constant viscosity were obtained.
Some linear combinations of the approximate symmetries were used to construct approx-

imate invariant solutions.
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