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Abstract

Sound-wave propagation in compressible media has significant non-linearities. It is for this

reason, that modelling such phenomena necessitates a partial differential equation that considers

these non-linear effects. That is where the Westervelt model comes into action, it is a non-linear

partial differential equation used to model the propagation of high finite amplitude sound waves

in non-linear acoustics, i.e., sonar systems, medical ultrasound imaging and non-destructive

testing. The propagation of such waves takes place in non-linear media that exhibit thermal and

viscous characteristics, e.g. human tissue.

Two equations that represent the Westervelt model are considered in this work, the first one

is the usual equation that has the dissipative term as the third-order temporal derivative. The

second equation is where the linear wave relation has been inserted for the dissipative term.

Symmetry analysis is performed on each of the models individually. This involves generating

an over-determined system of linear homogeneous partial differential equations, which is solved

to get the Lie point symmetries. Then, with the aid of the adjoint and commutator tables, an

optimal system of sub-algebras is found and used in the similarity reductions to get the invari-

ant sub-models. One-parameter Lie point groups are constructed, followed by exact invariant

solutions for the sub-models, with the modified simple equation method applied to find some

solitary wave solutions. Lastly, simulations in terms of 2D and 3D graphs representing the in-

variant solutions are presented.
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Chapter 1

Introduction

The science of sound wave propagation and its interaction with matter is known as acoustics.

In particular, acoustics is concerned with the transfer of acoustical energy from one place to

another in the form of mechanical waves [42]. This influences the particles inside the medium to

vibrate giving off what is known as sound. Therefore, it is evident that for acoustic propagation

to take place, a physical medium should be present because sound waves cannot travel in a

vacuum. One of the major physical dynamics that is utilised in describing sound propagation is

acoustic pressure, defined as the amplitude level of sound at a specific location in space [32].

Although it is assumed that sound wave propagation is a linear process, there are instances

where linear assumptions can be neglected in deriving acoustic models [20, 32], thus results

in complicated non-linear models in the form of partial differential equations (PDEs). It has

been the goal of scientists and engineers to find solutions to the said models [21, 39, 82], which

enables educated predictions concerning acoustic propagation in various media.

We start our exploration by delving into the field of non-linear acoustics, we review the field’s

evolution, consider a brief derivation of the Westervelt model and the contributions of re-

searchers. Additionally, we provide a concise overview of the life and achievements of the

inventor of Lie symmetry analysis. Finally, we analyse the relevant literature related to the

model of interest in this study.
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1.1 Background

1.1.1 Non-linear acoustics

Non-linear acoustics is a well-developed branch of science and technology that is concerned

with the investigation and application of large amplitude sound waves to real-life problems us-

ing non-linear models [56, 78]. These have caught the interest of numerous scientists as early

as the seventeenth century because a majority of phenomena that occur in real life have some

inherent non-linearity, as such, they provide a comprehensive understanding of the system be-

haviour. As early as the seventeenth century, it was established through experimentation that

sound exhibits fundamental wave properties like reflection, refraction, diffraction, and inter-

ference [7, 75]. In the eighteenth century, Leonard Euler discovered a connection between the

theory of sound propagation and continuum physics [33, 59]. As a result, it was possible to

apply D’Alembert’s equation in fluid mechanics and elasticity. There are still some acousti-

cal phenomena that could not be explained by the use of D’Alembert’s equation, or modelling

acoustics using D’Alembert’s equation came to be known as linear acoustics [27, 30]. Among

others, it was dealing with significantly large finite amplitude sound waves where linear acous-

tics failed.

Non-linear acoustics began its development as a scientific discipline in the field of acoustics

in the mid-nineteenth century [27]. Nonetheless, advancements in non-linear acoustics had

already been made in the late eighteenth century. Leonard Euler derived the non-linear acoustic

plane wave equation in the air assuming that air had the characteristics of Boyle’s law [36,

72]. Advancements in solving non-linear wave equations were made by Lagrange and Poisson

[27]. However, the development of non-linear wave propagation is attributed to G.B. Airy

for his work in 1849 [5], S. Earnshaw between 1858 and 1860 [35] and B. Riemann in 1860

[54]. Another important stride in non-linear acoustics was the description of a wave after the

formation of a shock [10]. The main difficulty was discontinuities associated with non-linear

waves propagating in lossless fluids. Imperative impact on this issue was due to the works of

Rankie in 1870 and Hugoniot from 1887 to 1889 [79], they formulated conservation of mass,
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momentum, and energy, linking the flow field behind a shock and a flow field ahead of it.

By 1935, Fubini-Ghiron had made substantial progress in the theory of finite wave propagation

in non-viscous fluids [13]. The successful inclusion of viscosity in the description of the weak

shock formation and propagation was achieved earlier by Lord Rayleigh and G.I. Taylor in

1910 [31]. It was around 1948 that the standard non-linear acoustic plane wave equation began

to be used, this consequently led to the derivation of the fundamental equations that describe

sound propagation in non-linear regimes [22, 87]. For a thorough history concerning the field

of non-linear acoustics refer to [9, 76] and the references therein.

The three fundamental equations governing the propagation of acoustic waves in non-linear

fluids are;

• Westervelt Equation [90]

∂2p

∂x2
− 1

c20

∂2p

∂t2
+

δ

c40

∂3p

∂t3
+

β

ρc20

∂2p2

∂t2
= 0, (1.1)

• Burger’s Equation [14]
∂u

∂t
+ u

∂u

∂x
= 0, (1.2)

• Khokhlov-Zabolotskaya-Kuznetsov (KZK) Equation [95]

∂2p

∂z∂τ
− c0

2
∇2

⊥p−
δ

2c30

∂3p

∂τ 3
− β

2ρ0c30

∂2p2

∂τ 2
= 0. (1.3)

Equations (1.1) to (1.3) describe the propagation of sound waves in fluids, meaning that the

constitutive equations of fluid mechanics are utilised in their derivation. Practical uses of non-

linear acoustics include shock waves, acoustic cavitation, high intensity focused ultrasound

(HUIF), e.t.c. (see [29, 88, 94]).

The constitutive equations for non-linear acoustics are grouped in two, that is, propagation in

fluids and propagation in solids. This work focuses on the former, the fundamental equations of
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fluid mechanics that are used in the derivation of the primary equations of non-linear acoustics

in fluids are (see [27]):

1. Constitutive equation of non-linear acoustics in fluids

∂ρa
∂t

+ ρ0∇ · v⃗a = −ρa∇v⃗a · ∇ρa. (1.4)

2. Equation of motion

ρ0
∂v⃗a
∂t

+∇pa −
(
ξ +

4

3
η

)
△v⃗a = −∇L. (1.5)

3. Equation of State

ρa =
pa
c20

− B

2A

p2a
ρ0c40

+
κ

ρ0c40

(
1

cv
− 1

cp

)
∂pa
∂t

. (1.6)

where κ is the thermal conductivity. Parameters cv and cp are the specific heat capacities per

unit mass at constant volume and pressure, ξ is the bulk viscosity, η is the shear viscosity and c0

is the speed of sound. The pressure, density and velocity are decomposed into their time-mean

and fluctuating components as follows,

p = p0 + pa, ρ = ρ0 + ρa, v⃗ = v⃗0 + v⃗a.

The quantities A and B, are found from the Taylor expansion of the deviation p− p0, from the

time-mean pressure p0, corresponding to the density deviation ρ− ρ0, at constant entropy. The

parameter L is the Lagrangian density,

L =
1

2
ρ0v⃗

2
a −

p2a
2ρ0c20

,

and ∇ is the del operator,

∇ =
n∑

i=1

∂

∂xi

.
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Also, the Laplacian operator is given by △, such that

△ =
n∑

i=1

∂2

∂x2
i

.

Substituting eq. (1.6) into eq. (1.4), assuming the time-mean density ρ0 to be constant and

assuming the velocity fluctuation term, v⃗a, is negligible due to the smallness of the time de-

pendence of the wave at a given distance from sound source caused by the non-linearities and

dissipation effects, we get the following non-linear propagation equation

△pa −
1

c20

∂2pa
∂t2

+
δ

c40

∂3pa
∂t3

= −
(

β

ρ0c40

)
∂2p2a
∂t2

−
(
△+

1

c20

∂2

∂t2

)
L, (1.7)

where β = 1+ B
2A

is the non-linearity parameter and δ =
(

1
ρ0c20

) (
ξ + 4

3
η
)
+
(

κ
ρ0c20

)(
1
cv

− 1
cp

)
is sound diffusivity. Thus, by dropping the last term on the right hand side of eq. (1.7), this is

done because we assume local non-linear effects modelled by the quadratic velocity term are

negligible, we get

△pa −
1

c20

∂2pa
∂t2

+
δ

c40

∂3pa
∂t3

= −
(

β

ρ0c40

)
∂2p2a
∂t2

. (1.8)

Equation (1.8) is known as the Westervelt equation1, which models the propagation of sound

waves in a compressible medium [89]. The analytical solutions of the Westervelt equation are

used in parametric acoustic array and in medical ultrasound, or they can be used as benchmarks

for testing numerical schemes of physical experiments [23, 51].

Recall the linear wave equation relation,

△pa =
1

c20

∂2pa
∂t2

=⇒ c20△
(
∂pa
∂t

)
=

∂3pa
∂t3

.

Substituting the above relation into the Westervelt model eq. (1.8) for the dissipative term,

yields, a modified version of the Westervelt equation.

1Named after Leroy R. Westervelt whose work paved the way for understanding how sound waves behave
under non-linear conditions [48].
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In this dissertation we study both versions the (1 + 1)-dimensional dissipative Westervelt mod-

els.

• Model I

∂2u

∂x2
− 1

c20

∂2u

∂t2
+

δ

c40

∂3u

∂t3
+

β

ρc40

∂2u2

∂t2
= 0,

• Model II

∂2u

∂x2
− 1

c20

∂2u

∂t2
+

δ

c20

∂2

∂x2

(
∂u

∂t

)
+

β

ρc40

∂2u2

∂t2
= 0,

where it is assumed that the direction of propagation is specified in the x-coordinate and t

represents time. Acoustic pressure is given by u(x, t) and sound diffusivity is δ. The third-order

derivatives in both models represent the dissipation or loss term which is a result of thermal

conduction, in a sense that some of the acoustical energy is lost due to conversion into heat

energy, and fluid viscosity.

1.1.2 Historical preface to Lie group theory

The information provided below and more can be found in [15, 40, 53, 77] and the subsequent

references.

Born in the vicarage at Eid in Nordfjord, Norway, on December 17, 1842, Marius Sophus Lie

was the son of a rector at the parish of Eid. For most of his juvenile years, he was heavily

influenced to study to be a parish minister by his father, but later in his early twenties, he began

to take an interest in mathematics. In 1869, he travelled to Berlin and met with Felix Klein, thus

their lifelong friendship and the academic relationship began.

In 1870, during their time in Paris, they collaborated on W-curves. These curves are homoge-

neous, meaning that no point on them differs from another [3]. Essentially, W-curves can be

visualized as either straight lines or circles. The concept of curve homogeneity implies the ex-

istence of isometries that transform the curve into itself, mapping each point to other points on

6



the same curve. For a straight line, this self-isometry group is the group of translations along the

direction of the line, for a circle, it is the group of rotations and for a point P on a logarithmic

spiral whose equation in polar coordinates (r, θ), is r = aθ, where r is the distance from the

origin a, to point P . Other self-similar transformations are r̃ = aθ̃ · r, and θ̃ = θ + c, some

arbitrary constant c. They transform the point (r, θ) into itself and the spiral onto itself.

Lie worked closely with Klein on finding each curve on the plane that has a group of projective

transformations that map the curve into itself, they called such curves W-curves. This research

influenced Lie into studying one-parameter subgroups of the group of projective transforma-

tions which consequently would lead him to the construction of Lie algebras. Additionally, he

established the idea of an infinitesimal transformation and discovered the concept of a contact

transformation. Contact transformations generalize surface mappings in a space that includes

points and their tangents [81].

After Lie’s collaboration with Klein in Berlin and Paris came to an end, he devoted the re-

mainder of his life studying continuous groups known as Lie groups, and their relationship to

differential equations [11, 28, 86]. The adjective "continuous" here, emphasizes that the trans-

formations can be continuously changed by slight alterations of the parameter determining the

particular element of the group. One of the crucial points of Lie’s theory was that one could

assign to each continuous group a much simpler algebraic object, its Lie algebra.

From 1892 to 1893, the Kazan Physico-Mathematical society created the international

Lobachevsky prize, the first prize was awarded in 1898 to Sophus Lie. He died on February

18, 1899. A committee devoted to publishing his mathematical works was formed in 1900.

1.1.3 Literature review

Various analytical solution methods have been developed to solve non-linear partial differential

equations, to name a few, Lie group analysis [2,4,11,16–19,25,28,41,43–46,50,62,69–71,86],

Kudryashov method [49], tanh-function method [97], Bernoulli functional method [24] and

(G′/G)-expansion technique [92]. Some of the studies carried out on the Westervelt model

7



are found in references [52, 66, 80, 85, 99]. Yu.A. Chirkunov carried out a study in [18] where

Lie symmetry analysis was used to obtain the invariant sub-models of the (3+1)-dimensional

Westervelt equation. Following this, some of the analytical solutions to the those invariant sub-

models were found, and can be used as test solutions against numerical methods. In [17], the

Lie point symmetries of the lossless Westervelt equation were studied and used for similarity

reductions to obtain invariant sub-models. The invariant solutions to these sub-models were

determined analytically and used to study intensive acoustic-waves for which pressure and its

derivative were specified in the direction of one axis at initial time t0.

Symmetries and conservation laws are inherent in PDEs as shown by Noether’s theorem, by

investigating symmetries, it is possible to derive conservation laws for different dynamical sys-

tems [12]. In [2], Lie symmetry analysis is conducted on the Westervelt equation with dissipa-

tion, the Lie point symmetries are determined and employed to derive non-local conservation

laws by exploiting the hidden variational structure of the model.

Sidra Ghazanfar et al. in [34] used the Kudryashov and modified Kudryashov methods to find

the exact solutions of the (1+1)-dimensional Westervelt model corresponding to Model II. The

obtained solitary wave solutions are discussed with the help of surface and contour plots. It is

shown that the solutions represent high-amplitude ultrasound waves used in medical imaging

and ultrasonic therapy. The confirm-able time-fractional Westervelt equation was studied by

Tahira S. Shaikh et al. in [84]. They employed the modified exponential rational functional

method and the modified (G′/G)-model expansion method to find analytical solutions of the

fractional Westervelt model. Different hyperbolic, exponential, periodic and plane wave func-

tion solutions are found. The exact solutions are shown to characterise wave structures that are

employable in studying high-frequency sound wave propagation.

The third-order non-linear fractional Westervelt equation was investigated by Usman Younas et

al. in [93]. Various wave structures were extracted in the form of solitary solutions by the use

of a new extended direct algebraic approach. The obtained solutions are useful in ultrasound

propagation in tissue structures, underwater acoustics e.t.c. New soliton solutions to the M-

fractional Westervelt equation were found by Haitham Qawaqneh et al. in [74]. The solutions
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are found by utilizing expa function and modified simplest equation technique. The found

solutions include dark, periodic, dark-bright and other solitons which can be of importance in

medical imaging and ultrasonic therapy.

So far, only manuscripts concerned with analytical approaches to solve the Westervelt model

have been reviewed, but, an alternative approach used by other researchers is approximating

the solution using numerical methods. Guy V. Norton and Robert D. Purrington in [66] realized

that the Westervelt equation with the traditional loss term fails to encompass the dispersive traits

of the medium. By replacing the loss term with a causal convolutional propagation factor and

solving the model using the method of finite differences, it is shown that the time propagation

factor imparts the correct phase and attenuation to the signal. Similarly, Katherine Baker et al.

in [6] represented the attenuation with a class of non-local time operators while studying the

Westervelt model with time-fractional damping. They utilised a hybrid scheme comprising of

the trapezoidal rule and the quadrature method coupled with a piecewise linear Galerkin finite

element space discretization. Find more numerical approaches to solving the Westervelt model

in [37, 38, 65, 67, 83].

This dissertation is partly similar to [2,18], in that, the models of interest in the aforementioned

have the dissipation term described by the third-order temporal derivative of acoustic pressure.

Likewise, the obtained Lie point symmetries are the same as the ones found in this work, with

the distinction that in [18], the space translation symmetries include additional spatial coor-

dinates, y and z. In contrast, the partial differential equation given by Model I has physical

acoustical parameters unlike in [18], where transformations of the independent and dependent

variables, t = ρ0c20
b
c0T , x = ρ0c0

b
x′ and p(t, x) = ϵ

ρ0c20
P (T, x′), such that P (T, x′) is the acous-

tic pressure, T is the time, x′ = (x′, y′, z′) ∈ R3, ϵ is the non-linearity parameter, ρ0 is the

equilibrium density of the medium, c0 is the velocity of sound and b is the coefficient of the

viscosity, results in a parameterless model. Moreover, this work considers a modified version of

the Westervelt equation given by Model II. As an extension, we construct the Lie point groups

for both Westervelt equations under study, also we use modified simple equation method to ob-

tain additional travelling wave solutions.

9



1.2 Research objectives

In this work, we consider two Westervelt model equations, namely,

• Model I

∂2u

∂x2
− 1

c20

∂2u

∂t2
+

δ

c40

∂3u

∂t3
+

β

ρc40

∂2u2

∂t2
= 0, (1.9)

• Model II

∂2u

∂x2
− 1

c20

∂2u

∂t2
+

δ

c20

∂2

∂x2

(
∂u

∂t

)
+

β

ρc40

∂2u2

∂t2
= 0. (1.10)

1. We perform Lie symmetry analysis on both models to get the determining equations with

the help of Mathematica 12.0 [91] software package YaLie [63].

2. We solve the determining equations to get the Lie point symmetries.

3. We show that the symmetries form a Lie algebra via a table of Lie algebras, and construct

the table of adjoint representation to obtain the one-dimensional system of sub-algebras.

4. Using the optimal system of sub-algebras, we perform symmetry reductions, that is, re-

duce our models from partial differential equations to ordinary differential equations.

5. Construct one parameter Lie groups and demonstrate invariance under the one-parameter

group of transformations.

6. Generate a family of exact closed form invariant solutions.
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1.3 Thesis outline

The dissertation is structured as follows, in Chapter 2, the mathematical preliminaries are pre-

sented, that is, the definitions of some of the tools that are to be utilised throughout this work.

In Chapter 3, Lie symmetry method is applied to the first model to get the Lie point symmetries.

The tables of commutators and adjoint representation for this model are constructed, followed

by the one-dimensional optimal system of sub-algebras. Moreover, symmetry reductions are

performed to get the invariant sub-models associated with our model. Then, the one-parameter

Lie groups associated with our model are constructed and it is demonstrated that the group

transformations leave our model invariant. After which, we proceed to find solutions to the in-

variant sub-models followed by presentations and discussions of results. Chapter 4 is dedicated

to the application of Lie symmetry analysis on the second model. We follow the same procedure

as we did for the first model. Lastly, in Chapter 5, we give the concluding remarks.
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Chapter 2

Mathematical preliminaries

In this chapter, we provide definitions, theorems and special functions used in constructing

solutions. This is to construct a firm mathematical background of the ideas that birthed this

work. We lay down the theory of Lie symmetry analysis as applied to differential equations

by thoroughly exploring some of the key aspects of Lie’s method regarding solving differential

equations. For an in-depth exploration of the theory of Lie symmetry analysis and its application

in solving differential equations, the texts [4, 19, 46, 70] can be consulted.

2.1 Airy functions

These are special functions attributed to an English mathematician by the name of George Bidel

Airy, born on 27th July 1801 [1]. It was his work in optics, particularly the calculation of light

intensity in the neighbourhood of a caustic that led him to introduce a function

W (m) =

∫ ∞

0

cos
[π
2
(w2 −mw)

]
dw,

which is now known as the Airy function. It is the solution of the differential equation,

W ′′ =
−π2

12
mW.

A new notation adopted by Jefferys in 1928 for the Airy function is

12



Ai(x) =
1

π

∫ ∞

0

cos

(
t3

3
+ xt

)
dt,

which is the solution of the homogeneous differential equation

y′′(x)− xy(x) = 0.

The Airy function of the second kind is denoted Bi(x), defined as the solution with the same

amplitude of oscillation as Ai(x), as x → −∞, which differs in phase by 2π,

Bi(x) =
1

π

∫ ∞

0

[
exp

(
−t3

3
+ xt

)
+ sin

(
t3

3
+ xt

)]
dt.

Below, we provide graphs of the Airy functions and their derivatives, respectively.

(a) Graph of Airy functions (b) Graph of derivatives of Airy functions

Figure 2.1: In fig. 2.1a, we have Ai(x) and Bi(x) for −10 ≤ x ≤ 10. In fig. 2.1b, we have
Ai′(x) and Bi′(x) for −10 ≤ x ≤ 10.

Airy functions have applications in quantum mechanics as solutions to the time-independent

Schrödinger equation for a particle confined within a triangular potential well and for a particle

in a one-dimensional constant force field [57]. In optics, a non-symmetric optical beam with an

electric field profile described by the Airy function has unique characteristics; its peak intensity

moves towards one side instead of following a straight path like symmetric beams [26, 98].

However, this causes the lower intensity part of the beam to spread in the opposite direction.

Despite this asymmetry, the overall momentum of the beam remains constant (refer to [68]).
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2.2 Modified simple equation method

The modified simple equation method is a very efficient method of constructing exact periodic

and soliton solutions of some non-linear partial differential equations. This method is based

on the assumption that the exact solutions can be represented as polynomials in F ′

F
such that

F = F (ξ), ξ = x − αt, is a function to be determined. The main idea is that, F is not pre-

defined or not a solution of some pre-defined ordinary differential equation, thus, new solutions

maybe found by this method. A thorough outline concerning this method is found in references

[8, 47, 60, 96]. The method is summarized in the following steps;

Step 1.

Consider a general form of a non-linear partial differential equation

E(ux, ut, uxx, uxt, ...) = 0. (2.1)

Assume a solution is given by u(x, t) = y(ξ), where ξ = x− αt. This transformation changes

eq. (2.1) into an ordinary equation given as follows

Q(y, y, y′′, ...) = 0, (2.2)

where Q is a polynomial in the variable y and its derivatives.

Step 2.

Suppose that eq. (2.2) admits the following power series solution

y(ξ) =
M∑
i=0

Ai

(
F ′

F

)i

, (2.3)

where Ai are arbitrary constants to be determined such that AM ̸= 0, while F (ξ) is an unknown

function to be determined later.
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Step 3.

Determine the integer M by the principle of homogeneous balance, that is, balancing the highest

order derivatives and the non-linear terms.

Step 4.

Substitute eq. (2.3) into eq. (2.2) to get a polynomial in F ′

F
and its derivatives. In the polynomial,

we equate to zero all coefficients of F (ξ)i, (i = 0,−1,−2,−3, ...), which results in a system of

equations which can be solved to find Ai and F (ξ), thus, the exact solution of eq. (2.1).

2.3 Group theory

We start the theory of Lie symmetry analysis by briefly looking at the mathematical definition

of groups and their properties. For a thorough introduction to group theory, refer to [64].

Definition 2.3.1 A binary operation ∗ on a set S is a function mapping S × S into S.

Definition 2.3.2 A group ⟨G, ∗⟩ is a set G, closed under a binary operation ∗, such that the

following axioms are satisfied,

1. Associativity:

(a ∗ b) ∗ c = a ∗ (b ∗ c), ∀a, b, c ∈ G.

2. Identity:

There exists an element e ∈ G such that

e ∗ a = a ∗ e = a, ∀a ∈ G.

3. Inverse:

Corresponding to each a ∈ G, there is an element a′ ∈ G such that
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a ∗ a′ = a′ ∗ a = e.

4. Closure:

For all a, b ∈ G, if

a ∗ b = c,

then c ∈ G.

Definition 2.3.3 A group G is abelian if its binary operation is commutative, i.e,

a ∗ b = b ∗ a, ∀a, b ∈ G

Definition 2.3.4 If a subset H of a group G is closed under the binary operation of the group

G and if H with the induced operation from G is itself a group, then H is a subgroup.

2.4 Lie group properties and definitions

The definitions, theorems, corollaries and notations provided in this section are based on [62]

and the references therein.

Definition 2.4.1 A kth-order (k ≥ 1) system E of s differential equations is defined by

Eσ(x, u(1), ..., u(k)) = 0, σ = 1, ..., s, (2.4)

where u ≡ (u1, u2, .., um) is the dependent vector, x ≡ (x1, x2, ..., xn) is the independent vector

and u(1), u(2), ..., u(k) are respectively the collection of all first, second, up to kth-order partial

derivatives.

In expanded form

u(1) = {uα
i }, u(2) = {uα

ij}, ..., u(k) = {uα
i1,...,ik

}
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where α = 1, ...,m; j, i1, ..., ik = 1, ..., n.

Definition 2.4.2 A symmetry transformation of the system in eq. (2.4) is an invertible transfor-

mation of the dependent variable u and independent variables x, namely,

xi = f i(x, u, a), uα = ϕα(x, u, a), i = 1, ...,m, (2.5)

that leaves the system in eq. (2.4) invariant in the new variables x̄ and ū, i.e,

Ēσ(x̄, ū, ū(1), ..., ū(k)) = 0, σ = 1, ..,m. (2.6)

whenever eq. (2.4) is satisfied.

Here, the functions f i and ϕα are differentiable functions and a ∈ R is a parameter which

continuously takes the values in a neighbourhood D ⊂ R of a = 0.

Definition 2.4.3 A set G of transformations eq. (2.5), namely,

Ta : x
i = f i(x, u, a), uα = ϕα(x, u, a), i = 1, ..., n;α = 1, ..,m (2.7)

is a continuous one-parameter local Lie group of transformations in Rm+n provided the group

properties of closure, identity and inverse hold as follows,

(a) Closure: If Ta, Tb ∈ G and a, b ∈ D′ ⊂ D, then

TaTb = Tc ∈ G, c = φ(a, b) ∈ D, (2.8)

where φ(a, b) is called the composition law of the group G.

(b) Identity: There exists T0 ∈ G such that

T0Ta = TaT0 = Ta, (2.9)

for any a ∈ D′ ⊂ D. T0 is known as the identity of the group.
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(c) Inverses: There exists T−1
a = Ta−1 ∈ G, a−1 ∈ D such that

T−1
a Ta = TaT

−1
a = T0, (2.10)

for any Ta ∈ G, a ∈ D′ ⊂ D.

Associativity property follows from eq. (2.8).

Definition 2.4.4 A group parameter a is canonical if the group composition law is additive, i.e,

φ(a, b) = a+ b.

The following theorem shows how a canonical parameter can be constructed.

Theorem 2.4.1 [44, 69] For any composition law φ(a, b), there exists a (unique) canonical

parameter ã defined by

ã =

∫ a

0

d(a′)

χ(a′)
,

where,

χ(a′) =
∂φ(a′, b)

∂b

∣∣∣∣
b=0

.

Corollary 2.4.1 [44, 69] Any one-parameter (local) canonical group is abelian.

Proof:

Let Ta1 , Ta2 ∈ G such that G is any one-parameter (local) canonical group. By Definition 2.4.4,

this implies that group composition law is additive, i.e., φ(a1, a2) = a1 + a2. Now consider the

following,

φ(a1, a2) = a1 + a2

= a2 + a1

= φ(a2, a1).
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Since φ(a1, a2) = φ(a2, a1), this implies that Ta1Ta2 = Ta2Ta1 . Therefore we conclude that if

G is any one-parameter canonical group then indeed it is abelian □

2.4.1 Infinitesimal generator and Lie’s equations

One-parameter group elements can be constructed from their first-order approximations ac-

cording to Lie’s theory. The Taylor expansion of one-parameter group transformations Ta about

a = 0, with the initial conditions, f i|a=0 = xi and ϕα|a=0 = uα is

x̃i = f i(x, u, a) ≈ f i(x, u, 0) + a
∂f i

∂a

∣∣∣∣
a=0

+
a2

2!

∂2f i

∂a2

∣∣∣∣
a=0

+ ...

ũα = ϕα(x, u, a) ≈ ϕα(x, u, 0) + a
∂ϕα

∂a

∣∣∣∣
a=0

+
a2

2!

∂2ϕα

∂a2

∣∣∣∣
a=0

+ ...

Thus,

x̃i ≈ aξi(x, u) +O(a2), ũα ≈ uα + aη(x, u) +O(a2), (2.11)

where,

ξi(x, u) =
∂f i(x, u, a)

∂a

∣∣∣∣
a=0

, ηα(x, u) =
∂ϕα(x, u, a)

∂a

∣∣∣∣
a=0

. (2.12)

The functions in eq. (2.11) are called infinitesimal transformations, they are obtained by the

first-order Taylor expansion. The vector (ξ, η) is the tangent vector at (x, u) to the curve (x̄, ū)

parameterized by a.

The infinitesimals in eq. (2.11) can be written as,

x̄i ≈ (1 + aX)xi, ūα ≈ (1 + aX)uα, (2.13)

where

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
. (2.14)

The differential operator in eq. (2.14) is called the infinitesimal generator (operator) or vector
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field of the group G. It is also known as the symmetry generator (operator).

Theorem 2.4.2 [44,69] For any given infinitesimal transformations or an infinitesimal gener-

ator, the corresponding one-parameter group G is obtained by solution of Lie’s equations,

dx̄i

da
= ξi(x̄, ū),

dūα

da
= ηα(x̄, ū), (2.15)

subject to the initial conditions

x̄i|a=0 = xi, ūα|a=0 = uα.

2.4.2 Invariants

Definition 2.4.5 A point (x, u) ∈ Rn+m is an invariant point if it remains unchanged by every

transformation of a group G. i.e,

(x̄, ū) = (x, u) , ∀a ∈ D′ ⊂ D.

Theorem 2.4.3 [44, 69] A point (x, u) ∈ Rn+m is an invariant point of a group G with gener-

ator

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
.

if and only if

ξi(x, u) = ηα(x, u) = 0.

Definition 2.4.6 A function F(x, u) is an invariant of a group G if and only if

F(x̄, ū) = F(x, u), ∀x, u, a ∈ D′ ⊂ D.
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Definition 2.4.7 A function F(x, u) is an invariant of a group G with generator X if and only

if

X (F) = 0. (2.16)

The characteristic system for eq. (2.16) is given by

dx1

dξ1(x, u)
= ... =

dxn

dξn(x, u)
=

du1

dη1(x, u)
, ... =

dum

dηm(x, u)
. (2.17)

Thus, an arbitrary invariant F(x, u) of the group G is

F = Λ(I1(x, u), ..., Im+n−1(x, u)),

where I1(x, u), ..., Im+n−1(x, u) is called the basis of invariants of G (i.e, group G has exactly

m+ n− 1 functionally independent invariants). The basis is not unique. One can take, as basic

invariants, the left hand side of m+ n− 1 first integrals

Ii(x, u), ..., Im+n−1(x, u) = cm+n−1.

2.4.3 Extended groups

The transformations in eq. (2.5) form a symmetry group G of the system in eq. (2.4) if its

invariant form in eq. (2.6) is satisfied whenever eq. (2.4) holds. The transformed derivatives in

eq. (2.6) are obtained by employing the chain rule, Di = Di(f
j)D̄j , where,

Dj =
∂

∂xj
+ uα

j

∂

∂uα
+ uα

jk

∂

∂uα
k

+ ... ;uα
j = Dj(u

α), uα
jk = Dj(u

α
k ),

is the total differential operator with respect to xi, as is D̄i for the transformed variables. Ap-

plying Di = Di(f
j)D̄j on ūα from eq. (2.5), we arrive at
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Di(ϕ
α) = Di(f

j)D̄j(ū
α)

= Di(f
j)ūα

j

Expanding the above, we get

∂ϕα

∂xi
+ uβ

i

∂ϕα

∂uβ
=

(
∂f j

∂xi
+ uβ

i

∂f j

∂uβ

)
ūα
j , (2.18)

and solving eq. (2.18) for ūα
j , we obtain,

ūα
j =

(
∂ϕα

∂xi
+ uβ

i

∂ϕα

∂uβ

)/(
∂f j

∂xi
+ uβ

i

∂f j

∂uβ

)
, (2.19)

thus, ūα
j = φα

i (x, u, u(i), a) for a small a subject to φα
i |a=0 = uα

i . The transformations in

eq. (2.5) together with the transformation ū(1) = φ(x.u, u(1), a) form a one-parameter group,

G[1], which is the first prolonged group acting on the space (x, u, u(1)). In a similar fashion,

high-order prolonged (extended) groups, G[2] up to G[k] can be obtained.

2.4.4 Prolongation formulas

Definition 2.4.8 The extended infinitesimal generator X [k] of the prolonged group G[k] on the

space (t, x, u, u(1), u(2), ..., u(k)) is called the k-th prolongation of X and denoted by

X [k] = ξ1
∂

∂t
+ ξ2

∂

∂x
+ η

∂

∂u
+ ζi

∂

∂u(1)

+ ...+ ζi1...ik
∂

∂u(i1...ik)

. (2.20)

The coefficients ζ’s are determined recursively by the prolongation formulae,
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ζαi = Di(W
α) + ξjuα

ji,

ζαij = DiDj(W
α) + ξkuα

kj,

.

.

.

ζαi1...ik = Di1 ...Dik(W
α) + ξjuα

ji1...ik
,

where

Wα = ηα − ξjuα
j ,

is called Lie characteristic function.

2.4.5 Lie point symmetries and Lie’s algorithm

Theorem 2.4.4 [44,69] Let G be a group of infinitesimal transformations admitted by a system

E. Then G consists of symmetries of the system E if and only if

X [k](Eσ(x, u, u(1), .., u(k))) = 0, σ = 1, ..., s

whenever eq. (2.4) is satisfied for every group generator X of G.

Lie’s algorithm [62].

Below we give a layout of the steps involved in the execution of the procedure for calculating

symmetries of the system E in eq. (2.4).

1. Write E such that all the terms are on the left hand side.

2. Write the generator of symmetry

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
.
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3. Prolong the symmetry generator X to the order which is the same as that of E, i.e,

X [k] = X + ζαi (x, u, u(1))
∂

∂uα
i

+ ...+ ζαi1...ik(x, u, ..., u(k))
∂

∂uα
i1...ik

,

where the variables are given by the prolongation formulas.

4. Apply the the prolonged generator X [k] on E evaluate on the surface in eq. (2.4) yielding

the symmetry conditions

X [k](Eσ(x, u, u(1), ..., u(k)))|(2.4) = 0, σ = 1, ..., s. (2.21)

5. Substitute ζαi upon expansion of the symmetry condition and replace the derivatives that

are to be eliminated.

6. Separate the expanded expression with respect to the derivatives of the dependent vari-

ables and their powers resulting in an over-determined system of linear homogeneous

PDEs in terms of ξi and ηα.

7. Solve the over-determined system for the infinitesimals ξi and ηα to obtain symmetries of

E.

8. Construct one-parameter groups using Theorem 2.4.2.

2.4.6 Lie algebras and adjoint representation

Definition 2.4.9 A Lie algebra is formed by a vector space L over a field, F , say, together with

a binary operation, [·, ·] called a Lie bracket, commonly known as a commutator, defined on L

such that the following properties hold,

• Suppose that Xa and Xb are ∈ L and α,β ∈ R then, the Lie algebra is a vector space

spanned by the basis set of infinitesimal generators such that,

X = αXa + βXb, (2.22)
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where X ∈ L.

• The commutator is anti-symmetric

[Xa, Xb] = −[Xb, Xa]. (2.23)

• The group operators satisfy the Jacobi identity

[[Xa, Xb], Xc] + [[Xc, Xa], Xb] + [[Xb, Xc], Xa] = 0. (2.24)

• The commutator is bilinear

[[αXa + βXb], Xc] = α[Xa, Xc] + β[Xb, Xc]. (2.25)

Definition 2.4.10 Consider a Lie Algebra L, if the vector space L is finite-dimensional, its

dimension is that of the Lie algebra, that is, the finite dimensional algebra of dimension r is

denoted by Lr. For this work the bracket [·, ·] is defined as follows

[Xa, Xb] = Xa(Xb)−Xb(Xa). (2.26)

Definition 2.4.11 The adjoint representation is given by the formula

Ad(exp (ϵXi))Xj = Xj − ϵ[Xi, Xj] +
ϵ2

2!
[Xi, [Xi, Xj]]− ϵ3

3!
[Xi, [Xi, [Xi, Xj]]] + ... (2.27)

Definition 2.4.12 An optimal system of a Lie algebra is a set of l-dimensional subalgebras

such that every l-dimensional subalgebra is equivalent to a unique element of the set under

some element of adjoint representation.
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Chapter 3

Lie symmetry analysis of the Westervelt equa-

tion: Model I

In this chapter, we consider the Westervelt equation

∂2u

∂x2
− 1

c20

∂2u

∂t2
+

δ

c40

∂3u

∂t3
+

β

ρc40

∂2u2

∂t2
= 0, (3.1)

which will be referred to as Model I in this work [90]. The dissipation term is a third-order

temporal partial derivative, thus eq. (3.1) is suitable for modelling non-Newtonian fluids1. We

perform Lie symmetry analysis, which involves finding Lie point symmetries, constructing opti-

mal systems, and subsequently generating one-parameter Lie groups and invariant sub-models,

which are solved to get the exact solutions associated with this model. Finally, we present and

discuss the results.

3.1 Determining equations and infinitesimal generator

The computation of determining equations by hand can be a tedious task, especially when the

partial differential equation is of order 2 or more. Therefore, since our model is of order 3, we

have employed a computer software package for symbolic computations (YaLie). This package
1The viscosity of a non-Newtonian fluid is time dependent as such a model that has only temporal derivatives

for the dissipation term can best describe the propagation of sound through a Non-Newtonian fluid.
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helps in the generation and manipulation of determining equations for the maximal symmetry

Lie algebra.

We begin by rewriting our model in eq. (3.1) as follows,

uttt = Butt − Auxx − 2C(ut)
2 − 2Cuutt, (3.2)

where A = c4o
δ

, B =
c20
δ

and C = β
ρδ

, such that δ ̸= 0, β ̸= 0, c0 ̸= 0 and ρ ̸= 0 . The

infinitesimal generator of eq. (3.2) is given by,

X = ξ1(x, t, u)
∂

∂x
+ ξ2(x, t, u)

∂

∂t
+ η(x, t, u)

∂

∂u
, (3.3)

provided,

Pr[3]X(Auxx −Butt + uttt + 2C(ut)
2 + 2Cuutt)|(3.2) = 0,

where the third prolongation of X is given as follows,

Pr[3]X = ξ1∂x + ξ2∂t + η∂u + ζt∂ut + ζx∂ux + ζtt∂utt + ζtx∂utx + ζxx∂uxx + ζttt∂uttt

+ ζttx∂uttx + ζtxx∂utxx + ζxxx∂uxxx ,

such that,
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ζt = Dt(η)− utDt(ξ
1)− uxDt(ξ

2), (3.4a)

ζx = Dx(η)− utDx(ξ
1)− uxDx(ξ

2), (3.4b)

ζtt = Dt(ζt)− uttDt(ξ
1)− uxtDt(ξ

2), (3.4c)

ζtx = Dt(ζx)− uttDt(ξ
1)− utxDt(ξ

2), (3.4d)

ζxx = Dx(ζx)− utxDx(ξ
1)− uxxDx(ξ

2), (3.4e)

ζttt = Dt(ζtt)− uttxDt(ξ
1)− utttDt(ξ

2), (3.4f)

ζttx = Dx(ζtt)− uttxDx(ξ
1)− utttDx(ξ

2), (3.4g)

ζtxx = Dt(ζxx)− uxxtDt(ξ
1)− uxxxDt(ξ

2), (3.4h)

ζxxx = Dx(ζxx)− uxxtDx(ξ
1)− uxxxDx(ξ

2). (3.4i)

The total differential operators Dt and Dx are,

Dt = ∂t + ut∂u + utt∂ut + uttt∂utt + ...,

Dx = ∂x + ux∂u + uxx∂ux + uxxx∂uxx + ....

Thus, ξ1, ξ2 and η are the infinitesimals to be determined. Therefore the prolonged generator,

acting on eq. (3.2) yields,

2Cηutt + 4Cζtut −Bζtt + 2Cζttu+ Aζxx + ζttt = 0. (3.5)

Upon substituting the expanded forms of the ζ’s and the total differential operators into eq. (3.5)

we obtain the following equation
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2Cηutt − 3uttutxξ
1
u − 2Auxuxxξ

1
u − 3u2

ttξ
2
u − 2Auxuxtξ

2
u + Au2

xηuu − Au3
xξ

1
uu − u4

t ξ
2
uuu

+ 2Buxtξ
1
t − 4Cuuxtξ

1
t − 3uxttξ

1
t −Buttξ

2
t + 2Cuuttξ

2
t + 3Auxxξ

2
t + 3uttηtu

− 3uttuxξ
1
tu + u3

t (4Cξ2u + (B − 2Cu)ξ2uu + ηuuu − uxξ
1
uuu − 3ξ2tuu) +Bηtt + 2Cuηtt

+Buxξ
1
tt − 2Cuuxξ

1
tt − 3uxtξ

1
tt − 3uttξ

2
tt + u2

t (2Cηu −Bηuu2Cuηuu − 3utxξ
1
tt

− 3uttξ
2
tt + 2Bξ2tu − 4Cuξ2tu + 3ηtuu + ux(−2Cξ1u + (B − 2Cu)ξ1uu − 3ξ1tuu)− 3ξ2ttu)

+ ηtt − uxξ
1
ttt − 2Auxxξ

1
x − 2Auxtξ

2
x + 2Auxηxu − 2Au2

xξ
1
xu + Aηxx − Auxξ

1
xx

+ ut(−3uxttξ
1
u −Buttξ

2
u + 2Cuuttξ

2
u + 3Auxxξ

2
u + 3uttηuu − 3uttuxξ

1
uu − Au2

xξ
2
uu

+ 4Cηt − 4Cuxξ
1
t − 2Bηtu + 4Cuηtu + 2uxt((B − 2Cu)ξ1u − 3ξ1tu) + 2Buxξ

1
tu

− 4Cuuxξ
1
tu − 9uttξ

2
tu +Bξ2tt − 2Cuξ2tt + 3ηttu − 3uxξ

1
ttu − ξ2ttt − 2Auxξ

2
xu − Aξ2xx)

= 0.

(3.6)

Separating eq. (3.6) with respect to the powers of the derivatives of the dependent variable u

and their products, the following system of determining equations is obtained,

ξ1u = 0, (3.7a)

ξ1t = 0, (3.7b)

ξ2u = 0, (3.7c)

ξ2x = 0, (3.7d)

ηuu = 0, (3.7e)

3Aξ2t − 2Aξ1x = 0, (3.7f)

2Aηxu − Aξ1xx = 0, (3.7g)

2Cηu + 2Cξ2t = 0, (3.7h)

(−B + 2Cu)ηtt + ηttt + Aηxx = 0, (3.7i)

4Cηt + 2(−B + 2Cu)ηtu + (B − 2Cu)ξ2tt + 3ηttu − ξ2ttt = 0, (3.7j)

2Cη + (−3B + 6Cu− 2(−B + 2Cu))ξ2t + 3ηtu − 3ξ2tt = 0. (3.7k)
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From eqs. (3.7a) to (3.7e), we note that,

ξ1 = ξ1(x), (3.8)

ξ2 = ξ2(t), (3.9)

η = f(t, x)u+ g(t, x). (3.10)

Updating our system and taking into consideration eqs. (3.8) to (3.10) above we obtain the

following simplified system of equations,

2Cf + 2Cξ2t = 0, (3.11a)

−2Aξ1x + 3Aξ2t = 0, (3.11b)

−Aξ1xx + 2Afx = 0, (3.11c)

2Cuf + 2Cg −Bξ2t + 2Cuξ2t − 3ξ2tt − 3ft = 0, (3.11d)

Bξ2tt − 2Cuξ2tt − ξ2ttt − 2Bft + 8Cuft + 4Cgt + 3ftt = 0, (3.11e)

−Buftt + 2Cu2ftt −Bgtt + 2Cugtt + ufttt + gttt + Aufxx + Agxx = 0. (3.11f)

Considering eq. (3.11a), we see that,

f(t, x) = −ξ2t . (3.12)

We further update eq. (3.10) by substituting eq. (3.12) into eq. (3.10) to get the infinitesimals,

ξ1 = ξ1(x), (3.13)

ξ2 = ξ2(t), (3.14)

η = (−ξ2t )u+ g(t, x). (3.15)

Using equations eqs. (3.13) to (3.15), the following system is obtained,
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−Aξ1xx = 0, (3.16a)

−2Aξ1x + 3Aξ2t = 0, (3.16b)

2Cg −Bξ2t − 6ξ2tt = 0, (3.16c)

3Bξ2tt − 10Cuξ2tt − 4ξ2ttt + 4Cgt = 0, (3.16d)

Buξ2ttt − 2Cu2ξ2ttt − uξ2tttt −Bgtt + 2Cugtt + gttt + Agxx = 0. (3.16e)

Differentiating eq. (3.16b) with respect to t, while taking into consideration eq. (3.13), we obtain

ξ2tt = 0, (3.17)

therefore,

ξ2ttt = ξ2tttt = 0. (3.18)

Now considering eq. (3.16c), we get

g(t, x) =
B

2C
ξ2t . (3.19)

Substituting eq. (3.19) into eq. (3.15),

η = (−ξ2t )u+
B

2C
ξ2t . (3.20)

Updating η given by eq. (3.20) in conjunction with eq. (3.13) and eq. (3.14) results in the

following system of determining equations,
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−6ξ2tt = 0, (3.21a)

−Aξ1xx = 0, (3.21b)

−2Aξ1x + 3Aξ2t = 0, (3.21c)

5Bξ2tt − 10Cuξ2tt − 4ξ2ttt = 0, (3.21d)

−B2

2C
ξ2ttt + 2Buξ2ttt − 2Cu2ξ2ttt +

B

2C
ξ2tttt − uξ2tttt = 0. (3.21e)

We consider eq. (3.21b), which implies that,

ξ1x = k1. (3.22)

Upon substituting eq. (3.22) into eq. (3.21c), we obtain

ξ2t =
2

3
k1. (3.23)

We integrate eq. (3.22) with respect to x and eq. (3.23) with respect to t to get the explicit forms

of ξ1 and ξ2, therefore the infinitesimals are

ξ1(x) = xk1 + k1, (3.24a)

ξ2(t) =
2

3
tk1 + k3, (3.24b)

η(u) =

(
B

3C
− 2u

3

)
k1. (3.24c)

The symmetry generator in eq. (3.3) is given by

X = (xk1 + k2) ∂x +

(
2

3
tk1 + k3

)
∂t +

(
B

3C
− 2

3
u

)
k1∂u. (3.25)

3.2 Lie point symmetries

The Lie point symmetries for Model I are found by considering the symmetry generator in

eq. (3.25) where the number of constants, i.e., ki’s, corresponds to the number of Lie point
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symmetries. Model I admits a three dimensional Lie algebra, i.e, L3, with the following basis,

X1 = x∂x +
2

3
t∂t +

(
B

3C
− 2

3
u

)
∂u ≈ 3Cx∂x + 2Ct∂t + (B − 2Cu)∂u, (3.26a)

X2 = ∂x, (3.26b)

X3 = ∂t. (3.26c)

3.3 Optimal system of sub-algebras

In this section, we construct a one-dimensional optimal system for the Lie algebra with basis

eqs. (3.26a) to (3.26c). The symmetry Lie algebra is utilised for the symmetry reductions and

the construction of invariant solutions. Some linear combination of the Lie point symmetries

can be used for symmetry reductions to obtain invariant solutions.

It can happen that there are many Lie point symmetries, as a result there will be many linear

combinations. However, some symmetries are connected with each other by a transformation

from the symmetry group, meaning their invariant solutions are also connected by the same

transformation. It is therefore necessary to put into one class such symmetries, a systematic

way of classifying such combinations is called obtaining an optimal system of sub-algebras.

This corresponds to non-unique linear combinations, which represent all possible linear combi-

nations.

There are three generally used methods of obtaining an optimal system. The first is where

the Lie algebra is overly simplified by performing various adjoint transformations [62], the

second method entails finding the sub-algebras of the given Lie algebra and grouping them

into conjugate classes [71]. Conjugacy in each case is considered under the group of inner

automorphism, i.e., the Lie group found by exponentiation of the adjoint representation of the

Lie algebra under consideration. Lastly, a global matrix for the adjoint transformation is used

to construct an optimal system [41]. In this work, we use the first method because it bypasses

the laborious process of calculating the matrix of global adjoints or creating a group of inner

automorphisms.
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Using Definitions 2.4.10 and 2.4.11, respectively, we construct table of commutators and a table

of adjoint representations corresponding to eqs. (3.26a) to (3.26c) are given below Tables 3.1

and 3.2.

↗ [Xi, Xj] X1 X2 X3

X1 0 −3CX2 −2CX3

X2 3CX2 0 0

X3 2CX3 0 0

Table 3.1: Lie Algebras

Ad(eϵXi)Xj X1 X2 X3

X1 X1 e3CϵX2 e2CϵX3

X2 X1 − 3CϵX2 X2 X3

X3 X1 − 2CϵX3 X2 X3

Table 3.2: Adjoint representation

To construct the one-dimensional optimal sub-algebra for the symmetry group ⟨X1, X2, X3⟩,

we consider the general symmetry operator

X = a1X1 + a2X2 + a3X3, (3.27)

for some arbitrary constants ai, (i = 1, 2, 3). We investigate if the effect of applying the adjoint

action unto eq. (3.27) will reduce it to a simpler form. We begin by assuming a1 ̸= 0 and rescale

a1, such that a1 = 1, thus,

X = a2X2 + a3X3 +X1. (3.28)

We act on eq. (3.28) by Ad(e
a2
3C

X2) to eliminate a2X2 as follows,
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X ′ = Ad(e
a2
3C

X2)X

= Ad(e
a2
3C

X2)(a2X2 + a3X3 +X1)

= a2Ad(e
a2
3C

X2)X2 + a3Ad(e
a2
3C

X2)X3 + Ad(e
a2
3C

X2)X1

= a2X2 + a3X3 +X1 − 3C(
a2
3C

)X2

= a3X3 +X1.

(3.29)

Again, we act on eq. (3.29) by Ad(e
a3
2C

X3) to eliminate a3X3 in the following manner,

X ′′ = Ad(e
a3
2C

X3)X ′

= Ad(e
a3
2C

X3)(a3X3 +X1)

= a3X3 +X1 − 2C(
a3
2C

)X3

= X1.

(3.30)

Therefore, X is equivalent to X1 under the adjoint representation, meaning, any one-

dimensional sub-algebra generated by X , such that a1 ̸= 0, is equivalent to a sub-algebra

spanned by X1. Now, suppose a1 = 0 and a2 ̸= 0. We rescale a2 such that, a2 = 1, to obtain

X = X2 + a3X3. (3.31)

Acting on eq. (3.31) with Ad(eϵX1), i.e., group generated by X1 we get,

X ′ = e3CϵX2 + a3e
2CϵX3, (3.32)

which is a scalar multiple of eq. (3.31). Depending on the sign of a3, we can make the coefficient

of X3 to be +1,−1. Hence, any one-dimensional sub-algebra generated by X , where a1 = 0

and a2 ̸= 0, is the same as a sub-algebra spanned by X2 + ΓX3; Γ = ±1. Thus, for a3 > 0 :

X = X2 +X3, a3 < 0 : X = X2 −X3.

Also, suppose that a1 = a3 = 0 and a2 ̸= 0, such that a2 = 1, we obtain

X = X2. (3.33)
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Hence, any one-dimensional sub-algebra generated by X , such that a1 = a3 = 0 and a2 ̸= 0,

is equivalent to a sub-algebra spanned by X2. Finally, a1 = a2 = 0 : X = X3, meaning any

one-dimensional sub-algebra generated by X , such that a3 ̸= 0 and a1 = a2 = 0, is equivalent

to a sub-algebra spanned by X3. Thus, the one-dimensional optimal system of sub-algebras is

spanned by set

{X1, X2, X3, X2 +X3, X2 −X3} . (3.34)

3.4 Symmetry reductions and invariant sub-models

In this section we utilise the one-dimensional optimal system of sub-algebras found in Sec-

tion 3.3 to reduce the parent model into invariant sub-models. We employ the symmetries

together with their respective combinations to transform the governing model from a partial

differential equation into an ordinary differential equation. This is done by employing La-

grange’s method of characteristic curves [61].

It is worth noting that any linear combination between the time and space translations, i.e.,

∂t and ∂x, will result in the most general invariant sub-model which obeys the traveling wave

solution, that is, u(x, t) = g(x− αt).

3.4.1 Invariance under X1.

The characteristic equation is given by,

dx

3Cx
=

dt

2Ct
=

du

B − 2Cu
. (3.35)

Considering the first and second ratios from the characteristic equation, we get,

2
dx

x
= 3

dt

t
. (3.36)

Hence eq. (3.36) implies x2

t3
= l1, where l1 is the first invariant. Next, take the second and last

ratios of eq. (3.35),
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dt

2Ct
=

du

B − 2Cu
. (3.37)

We can rewrite eq. (3.37) as a first-order linear differential equation as follows

du

dt
+

u

t
− B

2Ct
= 0, (3.38)

upon solving eq. (3.38), we get the second invariant, l2 = ut − Bt
2C

2. The invariance condition

F(l1) = l2, gives the general solution,

u(x, t) =
F
t
+

B

2C
. (3.39)

Substituting eq. (3.39) into eq. (3.2), we get the following ordinary differential equation

− 6F + 6C(F)2 + 2AF ′ − 144l1F ′ + 48Cl1FF ′ + 18C(l1F ′)2 + 4Al1F ′′

− 135(l1)
2F ′′ + 18C(l1)

2FF ′′ − 27(l1)
3F ′′′ = 0,

(3.40)

where F ′ = dF
dl1

, F ′′ = d2F
dl21

and F ′′′ = d3F
dl31

.

3.4.2 Invariance under X2.

The associated characteristic equation is,

dx

1
=

dt

0
=

du

0
, (3.41)

which results in the following invariants, t = a1, and u = a2. The invariant solution is given by

a2 = W(a1), i.e., u(x, t) = W(t). Substituting the invariant solution into eq. (3.2) reduces the

model into the following ordinary differential equation,

W ′′′ −BW ′′ + 2C(W ′)2 + 2CWW ′′ = 0, (3.42)

where W ′ = dW
dt

, W ′′ = d2W
dt2

, W ′′′ = d3W
dt3

.
2Since eq. (3.38) contains no derivative with respect to the x variable, we can regard this variable as a parameter.
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3.4.3 Invariance under X3.

The corresponding characteristic equation is,

dx

0
=

dt

1
=

du

0
, (3.43)

solving yields the following invariants, x = p1, and u = p2. The invariant solution is given by

p2 = D(p1), i.e., u(x, t) = D(x). Substituting the invariant solution into eq. (3.2) reduces the

model into the ordinary differential equation,

AD′′ = 0, (3.44)

which implies,

D′′ = 0, (3.45)

where D′′ = d2D
dx2 . Therefore, eq. (3.45) has a trivial (linear) solution independent of time given

below

u(x, t) = z1x+ z2, (3.46)

such that zi, (i = 1, 2), are the constants of integration.

3.4.4 Invariance under X3 + αX2.

The parameter α, represents the wave-speed. From the described symmetry, we get the charac-

teristic equation,

dx

α
=

dt

1
=

du

0
. (3.47)

Considering the last ratio of eq. (3.47), we get that u = J1 as the first invariant, then taking into

account the first and second ratios of eq. (3.47), we get x − αt = J2 as the second invariant.

The invariance condition G(J2) = J1 gives a general solution of the form,
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u(x, t) = G(J2). (3.48)

Substituting eq. (3.48) into eq. (3.2) results in the ordinary differential equation,

G ′′′
+

(
B

α
− A

α3

)
G ′′ − 2C

α
(G ′

)2 − 2C

α
GG ′′

= 0, (3.49)

where G ′ = dG
dJ2

, G ′′ = d2G
dJ2

2
and G ′′′ = d3G

dJ3
2

.

3.5 Results and Discussions

This section presents the results for Model I. According to Lie’s algorithm in Subsection 2.4.5,

one of the aims of this method is to construct one-parameter Lie groups which are used to map a

solution of the same differential equation unto another solution via point group transformations.

We begin with the computation of the one-parameter Lie groups for our model and demonstrate

that any one-parameter Lie group picked at random leaves the partial differential equation in-

variant.

Furthermore, we present exact solutions of the invariant sub-models that were obtained in Sec-

tion 3.4 as a result of the symmetry reductions. The solutions found in this section are generated

by a computer algebra software (Wolfram Mathematica 12.0.), while some solutions are found

using the modified simple equation method explained in Section 2.2. There are, however in-

variant sub-models that are unsolvable either from being too non-linear, any attempts to such

solutions are not presented. A few of the exact solutions are expressed in terms of the Airy

functions and their derivatives, respectively, a brief introduction on these functions is provided

in Section 2.1.

3.5.1 One-parameter Lie groups

According to Theorem 2.4.2 one parameter Lie groups are obtained by solving Lie’s equations.

Now, taking into consideration the symmetries found in eqs. (3.26a) to (3.26c), we solve the
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resulting ordinary differential equations to construct the one parameter Lie groups for some

parameter vector ϵ = (ϵ1, ϵ2, ϵ3).

Consider the first Lie point symmetry, we have,

X1 = 3Cx∂x + 2Ct∂t + (B − 2Cu)∂u.

The corresponding Lie’s equations are

ξ1(x̄, t̄, ū) =
dx̄

dϵ1
, ξ2(x̄, t̄, ū) =

dt̄

dϵ1
, η(x̄, t̄, ū) =

dū

dϵ1
, (3.50)

where,


ξ1(x̄, t̄, ū) = 3Cx̄,

ξ2(x̄, t̄, ū) = 2Ct̄,

η(x̄, t̄, ū) = B − 2Cū.

(3.51)

Now, the first ordinary differential equation is,

3Cx̄ =
dx̄

dϵ1
. (3.52)

Solving eq. (3.52) we obtain,

x̄ = c1e
3Cϵ1 , (3.53)

where c1 is the integration constant. Subjecting eq. (3.53) to Lie’s condition, i.e., x̄ = x|ϵ1=0,

we get,

x̄ = xe3Cϵ1 . (3.54)

The second equation is,
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2Ct̄ =
dt̄

dϵ1
, (3.55)

solving eq. (3.55) and taking into consideration Lie’s condition, we get

t̄ = te2Cϵ1 . (3.56)

Similarly, solving the third ordinary differential equation subject to Lie’s condition yields,

ū = ue−2Cϵ1 . (3.57)

Therefore the Lie group3 corresponding to the parameter ϵ1 is,

Tϵ1 : x̄ = xe3Cϵ1 , t̄ = te2Cϵ1 , ū = ue−2Cϵ1 . (3.58)

Carrying out the same procedure for the remaining parameters with their corresponding Lie

point symmetries result in the following additional one-parameter Lie groups

Tϵ2 : x̄ = x+ ϵ2, t̄ = t, ū = u, (3.59)

Tϵ3 : x̄ = x, t̄ = t+ ϵ3, ū = u. (3.60)

We will now proceed to demonstrate that our model in eq. (3.2) is invariant under the one-

parameter Lie groups found above. As an example consider the dilation group in eq. (3.58),

Tϵ1 : x̄ = xe3Cϵ1 , t̄ = te2Cϵ1 . ū = ue−2Cϵ1 .

Thus, the independent variables x, t and dependent variable u, transform as follows,

x = x̄e−3Cϵ1 , t = t̄e−2Cϵ1 , u = ūe2Cϵ1 ,

consider
3For a proof that the transformations found in this work, for an example, in eq. (3.58), indeed form a one-

parameter group see the Appendix 5.
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∂u

∂x
=

∂ūe2Cϵ1

∂x

= e2Cϵ1
∂ū

∂x̄

∂x̄

∂x

= e5Cϵ1
∂ū

∂x̄
.

Using the adopted standard notation we have,

ux = e5Cϵ1ūx̄,

following the same procedure, we find how other derivatives of the dependent variable u trans-

form. Below, we provide a tabular representation of such transformations.

Original derivatives Transformation Transformed derivatives

ux e5Cϵ1ūx̄

ut e4Cϵ1ūt̄

uxx Tϵ1 : (x, t, u) → (x̄e−3Cϵ1 , t̄e−2Cϵ1 , ūe2Cϵ1) e8Cϵ1ūx̄x̄

utt e6Cϵ1ūt̄t̄

uttt e8Cϵ1ūt̄t̄t̄

Table 3.3: Table of derivative transformations under Tϵ1

.

Thus, the transformed form of eq. (3.2) is

Āūx̄x̄ − B̄ūt̄t̄ + ūt̄t̄t̄ + 2C̄(ūt̄)
2 + 2C̄ūūt̄t̄ = 0, (3.61)

where Ā = A, B̄ = Be−2Cϵ1 and C̄ = C. Therefore our model is invariant under the Lie group

of transformations in eq. (3.58).

3.5.2 Exact invariant solutions

For this part, we provide the exact solutions of the invariant sub-models constructed from the

optimal system described in Section 3.3. It is worth noting that the invariant sub-model (3.40)
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is highly non-linear; therefore, it is not solved. We showcase the solutions categorized by dif-

ferent symmetries and their combinations. To fully understand the implications of the obtained

invariant solutions, we represent them as 2D graphs and surface plots (3D graphs). The graph-

ical simulations that follow represent the propagation of acoustic waves in mammalian blood

tissue. The relationship between the physical acoustical parameters of blood tissue is vital for a

number of reasons, including studying the dynamics of tissue propagation characteristics, cre-

ation and implementation of accurate simulations of acoustic propagation in human tissue, and

effective design of quantitative ultrasonic imaging modalities and interpretation.

A tabular representation of the physical acoustical parameters of blood tissue which are utilized

in the simulations that follow is presented below.

Acou. Par. S.I. Unit Value

Speed mm/µs 1.584

Density g/cm3 1.060

Non-lin. par. 6.1

Atten. coef. dB/cm 0.20

Table 3.4: Sound speed, density, attenuation, and non-linearity parameter values used for anal-
ysis. Source [58].

Case 1: X2.

The associated invariant sub-model is given by eq. (3.42), the exact invariant solution is,

u(x, t) =
c1(2CBi′(ξ0)c1 +BBi(ξ0)(Cc1)

2
3 + c3(2CAi′(ξ0)c1 +BAi(ξ0)(Cc1)

2
3 ))

2(Cc1)
5
3 (Bi(ξ0) + Ai(ξ0)c3)

, (3.62)

where ci, (i = 1, 2, 3) are constants of integration and ξ0 =
B2+4Ctc1−4Cc2

4(Cc1)
2
3

.

From Figure 3.1, we observe a constant pressure profile for the majority of the simulated time

and space followed by an abrupt decrease in acoustic pressure at the final time. However, if

the pressure falls below the rest position and becomes negative, we classify this wave as a dark

wave structure.
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Figure 3.1: Pressure profile in 2D and 3D for eq. (3.62), assuming ci = 1. This is for −10 ≤
x ≤ 10, and 0 ≤ t ≤ 20.

(a) 2D-Pressure graph (b) 3D-Pressure graph

Case 2: X3 + αX2.

We consider the invariant sub-model given in eq. (3.49), the associated invariant solution is,

u(x, t) =
2

2
3κBi′(ξ0)c1 + τBi(ξ0)(−κc1)

2
3 + (2

2
3κAi′(ξ0)c1 + τAi(ξ0)(−κc1)

2
3 )c3

κ(κc1)
2
3 (Bi(ξ0) + Ai(ξ0)c3)

, (3.63)

where 2C
α

= κ, B
α
− A

α3 = τ and ci, (i = 1, 2, 3) are the constants of integration. Also, ξ0 =

τ2−2(x−αt)κc1+2κc2

2
4
3 (−κc1)

2
3

.

Figure 3.2: Pressure profile in 2D and 3D for eq. (3.48), where ci = 1. The simulation is for
−10 ≤ x ≤ 10, 0 ≤ t ≤ 20 and α = 1.

(a) 2D-Pressure graph (b) 3D-Pressure graph

Figure 3.2 is a depiction of a periodic singular kink wave propagation with a shock in-front

of the solitary wave. The travelling wave exhibits a repeating pattern of localised wave fronts.
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Due to the wave having both negative and positive amplitude this wave qualifies as a bright-

dark solitary wave. These types of wave structures have many applications in medical imaging

techniques such as high intensity focused ultrasound [25, 73].

We continue to seek more closed-form invariant solutions of eq. (3.49) by using the modified

simple equation method in Section 2.2. Firstly, we rewrite our sub-model as

G ′′′
+ τG ′′ − κ

2
(G2)′′ = 0, (3.64)

where 2C
α

= κ, B
α
− A

α3 = τ . Integrating eq. (3.64) assuming the integration constants to be

zero, we get

G ′′ + τG ′ − κGG ′ = 0, (3.65)

similarly, we integrate eq. (3.65) to get the desired form for this method, which is given by

G ′ + τG − κ

2
G2 = 0. (3.66)

Now assume eq. (3.66) admits the following solution

G =
M∑
i=0

Ai

(
F ′

F

)i

, (3.67)

by balancing G ′ and G2, we get that M + 1 = 2M , which gives M = 1, thus,

G = A0 + A1
F ′

F,
(3.68)

which implies,

G ′ = A1

(
F ′′

F
−
(
F ′

F

)2
)
. (3.69)

Substituting eqs. (3.68) and (3.69) into eq. (3.66), we get
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A1

(
F ′′

F
−
(
F ′

F

)2
)

+ τ

(
A0 + A1

F ′

F

)
− κ

2

(
A2

0 + A2
1

(
F ′

F

)2

+ 2A0A1
F ′

F

)
= 0. (3.70)

Separating eq. (3.70) with respect to F i, (i = 0,−1,−2), yields the following system of equa-

tions

F 0 : τA0 −
κ

2
A2

0 = 0, (3.71)

F−1 : A1F
′′ + τA1F

′ − κA0A1F
′ = 0, (3.72)

F−2 : −A1(F
′)2 − κ

2
A2

1(F
′)2 = 0. (3.73)

Using eqs. (3.71) and (3.73) we obtain

A0 = 0,
2τ

κ
, (3.74)

A1 = 0,
−2

κ
. (3.75)

According to Step. 2, in Section 2.2, the case A1 = 0, is left out. We obtain the cases as follows:

Case 1: A0 = 0 and A1 =
−2
κ

,

substituting the constants A0 and A1 into eq. (3.72), we get

F ′′ + τF ′ = 0, (3.76)

which has the following solution,

F = −c1
τ
e−J2τ + c2, (3.77)

thus differentiating eq. (3.77), we obtain,

F ′ = c1e
−J2τ . (3.78)

We substitute eqs. (3.77) and (3.78) into eq. (3.68) taking into account that u(x, t) = G(x−αt)
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to get the solution

u(x, t) =
−2

κ

(
c1τ

τc2eτ(x−αt) − c1

)
, (3.79)

where ci, (i = 1, 2) are constants of integration.

Figure 3.3: Pressure profile in 2D and 3D for eq. (3.79). This for −10 ≤ x ≤ 10, 0 ≤ t ≤ 20
and α = 1, such that ci = 1.

(a) 2D-Pressure graph (b) 3D-Pressure graph

From Figure 3.3, at initial time, the acoustic pressure increases exponentially, but as time

elapses, we observe a gradual decrease in the gradient of the exponential increase in acous-

tic pressure. This is considered as a kink waveform that has a feathery 3-D structure.

Case 2: A0 =
2τ
κ

and A1 =
−2
κ

.

Substituting the arbitrary constants A0 and A1 into eq. (3.72), we obtain the ordinary differential

equation

F ′′ − τF ′ = 0, (3.80)

whose solution is

F =
c1
τ
eJ2τ + c2, (3.81)

and derivative is,

F ′ = c1e
J2τ . (3.82)
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Substitute eqs. (3.81) and (3.82) into eq. (3.68) to get the exact solution as

u(x, t) =
2τ

κ
− 2

κ

(
c1τe

τ(x−αt)

c1eτ(x−αt) + τc2

)
, (3.83)

where ci(i = 1, 2) are arbitrary constants of integration.

Figure 3.4: Pressure profile in 2D and 3D for eq. (3.83) where ci = 1. This is for −10 ≤ x ≤ 10,
0 ≤ t ≤ 20 and α = 1.

(a) 2D-Pressure graph (b) 3D-Pressure graph

From Figure 3.4, we observe the opposite waveform Figure 3.3. The gradient of the exponential

decay in acoustic pressure is increasing as time elapses. This could signify an absorption of

acoustical energy by the medium.

3.6 Conclusion

In this chapter, we performed Lie symmetry analysis for the Westervelt equation, which is

represented by eq. (3.1). We found the Lie point symmetries which were utilised to generate

the one parameter Lie groups by solving Lie’s equations. Moreover, we constructed a family

of exact closed form invariant solutions from the reduced invariant sub-models. Lastly, we

represented the graphical solutions which are comprised of a number of wave structures ranging

from kinks, feathery, bright, dark and periodic. In Figure 3.2, we observe an amalgamation of

numerous waveforms in a single structure, i.e., a periodic kink wave that exhibits both dark and

bright forms.
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Chapter 4

Lie symmetry analysis of the Westervelt equa-

tion: Model II

In Chapter 3, we explored Model I (3.1), which has the third-order temporal derivative to ac-

count for the acoustic energy loss. We consider a variation to Model I where the linear wave

relation is incorporated into the dissipative or loss term to account for the wave’s dispersion and

energy loss due to damping in a Newtonian fluid1. This is encapsulated by the partial differen-

tial equation below,

∂2u

∂x2
− 1

c20

∂2u

∂t2
+

δ

c20

∂2

∂x2

(
∂u

∂t

)
+

β

ρc40

∂2u2

∂t2
= 0. (4.1)

The resulting Westervelt model in eq. (4.1) shall be referred to as Model II. The Lie point sym-

metries of eq. (4.1) are found and utilized to find an optimal system, then, similarity reductions

are performed to obtain invariant sub-models. Subsequently, the one-parameter Lie groups are

generated, followed by the presentation of the exact solutions to the invariant sub-models to-

gether with their graphs.

1Since the viscosity of a Newtonian fluid depends on time and space, this ensures that the dissipation term has
both space and time dependency.
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4.1 Determining equations and infinitesimal generator

Similarly as we did for Model I, we rewrite the model in eq. (4.1) as,

utxx = Butt − Auxx − 2Cu2
t − 2Cuutt (4.2)

where A = c2o
δ

, B = 1
δ

and C = β
ρδc20

, such that δ ̸= 0, c0 ̸= 0, β ̸= 0, and ρ ̸= 0. The vector

field,

X = ξ1(x, t, u)
∂

∂x
+ ξ2(x, t, u)

∂

∂t
+ η(x, t, u)

∂

∂u
, (4.3)

is an infinitesimal generator of eq. (4.1), provided,

Pr[3]X(Auxx −Butt + utxx + 2C(ut)
2 + 2Cuutt)|(4.2) = 0,

where the third prolongation of X is given as,

Pr[3]X = ξ1∂x + ξ2∂t + η∂u + ζt∂ut + ζx∂ux + ζtt∂utt + ζtx∂utx + ζxx∂uxx + ζttt∂uttt

+ ζttx∂uttx + ζtxx∂utxx + ζxxx∂uxxx ,

such that the coefficients ζijk are given by eqs. (3.4a) to (3.4e) and (3.4g) to (3.4i).

The third prolongation of X acting on eq. (1.10) subject to the condition in eq. (4.2), yields

2Cηutt + 4Cζtut −Bζtt + 2Cζttu+ Aζxx + ζtxx = 0, (4.4)

which upon expansion of the ζ’s becomes
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2Cηutt − 2Buttuxξ
1
u + 4Cuuttuxξ

1
u − 3uxtuxxξ

1
u − 2Auxuxtξ

2
u − 2u2

xtξ
2
u − 2uxuxttξ

2
u

− uttuxxξ
2
u + Au2

xηuu + 2uxuxtηuu − Au3
xξ

1
uu − 3u2

xuxtξ
1
uu + (B − 2Cu)u3

t ξ
2
uu

− uttu
2
xξ

2
uu + 2Buxtξ

1
t − 4Cuuxtξ

1
t − uxxxξ

1
t +Buttξ

2
t − 2Cuuttξ

2
t + Auxxξ

2
t

+ uxxηtu − 3uxuxxξ
1
tu − 2uxuxtξ

2
tu + u2

xηtuu − u3
xξ

1
tuu −Bηtt2Cuηtt +Buxξ

1
tt

− 2Cuuxξ
1
tt − 2Buttξ

1
x + 4Cuuttξ

1
x − 2Auxtξ

2
x − 2uxttξ

2
x − 2Auxηxu + 2uxtηxu

− 2Au2
xξ

1
xu − 4uxuxtξ

1
xu − 2uttuxξ

2
xu − 2uxxξ

1
xt − 2uxtξ

2
xt + 2uxηxtu − 2u2

xξ
1
xtu

+ Aηxx − Auxξ
1
xx − uxtξ

1
xx − uttξ

2
xx + u2

t (2Cηu −Bηuu + 2Cuηuu − uxxξ
2
uu

− u2
xξ

2
uuu − 2Cξ2t +Bξ2tu − 4Cuξ2tu + 4Cξ1x + ux(2Cξ1u + (B − 2Cu)ξ1uu − 2ξ2xuu)

− ξ2xxu) + ηxxt − uxξ
1
xxt + ut(−uxxxξ

1
u +Buttξ

2
u − 2Cuuttξ

2
u + Auxxξ

2
u + uxxηuu

− 3uxuxxξ
1
uu − Au2

xξ
2
uu + u2

xηuuu − u3
xξ

1
uuu + 4Cηt − 4Cuxξ

1
t − 2Bηtu + 4Cuηtu

+ 2Buxξ
1
tu − 4Cuuxξ

1
tu − uxxξ

2
tu − u2

xξ
2
tuu +Bξ2tt − 2Cuξ2tt − 2uxxξ

1
xu − 2Auxξ

2
xu

+ 2uxt((B − 2Cu)ξ1u − 2(uxξ
2
uu + ξ2xu)) + 2uxξ

1
xuu − 2u2

xξ
1
xuu − 2uxξ

2
xtu − Aξ2xx

+ ηxxu − uxξ
1
xxu − ξ2xxt) = 0.

(4.5)

Separating eq. (4.5) with respect to powers and products of the derivatives of u(x, t), we get the

following overdetermined system of linear homogeneous PDEs
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ξ1u = 0, (4.6a)

ξ2u = 0, (4.6b)

ηuu = 0, (4.6c)

ξ1t = 0, (4.6d)

ξ2x = 0, (4.6e)

Aξ2t + ηtu = 0, (4.6f)

2ηxu − ξ1xx = 0, (4.6g)

2Cη + (−B + 2Cu− 2(−B + 2Cu))ξ2t + (−2B + 4Cu)ξ1x = 0, (4.6h)

2Cη − 2Cξ2t + 4Cξ1x = 0, (4.6i)

(−B + 2Cu)ξ1tt + Aξ1xx + ξ1xxt = 0, (4.6j)

2Aξ1xu + 2ξ1xtu − Aξ1xx = 0, (4.6k)

4Cξ1t + 2(−B + 2Cu)ξ1tu + (B − 2Cu)ξ2tt + ξ1xxu = 0. (4.6l)

From eqs. (4.6a) to (4.6e), we get

ξ1 = ξ1(x), (4.7)

ξ2 = ξ2(t), (4.8)

η = uf(x, t) + g(x, t). (4.9)

We update our system by taking into consideration eqs. (4.7) to (4.9), which yield the determin-

ing equations,
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Aξ2t + ft = 0, (4.10a)

−ξ1xx + 2fx = 0, (4.10b)

2Cuf + 2Cg − 2Bξ1x + 4Cuξ1x +Bξ2t − 2Cuξ2t = 0, (4.10c)

2Cf + 4Cξ1x − 2Cξ2t = 0, (4.10d)

−Buftt + 2Cu2ftt −Bgtt + 2Cugtt + Aufxx + Agxx + ufxxt + gxxt = 0, (4.10e)

Aξ1xx + 2Afx + 2fxt = 0, (4.10f)

Bξ2tt − 2Cuξ2tt − 2Bft + 8Cuft + 4Cgt + fxx = 0. (4.10g)

From eq. (4.10d), we get

f(x, t) = ξ2t − 2ξ1x. (4.11)

Substituting eq. (4.11) into eq. (4.9) results in the following updated system of determining

equations

Aξ2t + ξ2tt = 0, (4.12a)

−5ξ1xx = 0, (4.12b)

2Cg − 2Bξ1x +Bξ2t = 0, (4.12c)

−2Auξ1xxx −Buξ2ttt + 2Cu2ξ2ttt −Bgtt + 2Cugtt + Agxx + gxxt = 0, (4.12d)

−5Aξ1xx = 0, (4.12e)

−Bξ2tt + 6Cuξ2tt − 2ξ1xxx + 4Cgt = 0. (4.12f)

Considering eq. (4.12c), we get

g(x, t) =
B

C
ξ1x −

B

2C
ξ2t . (4.13)

Substituting eq. (4.13) into the updated eq. (4.9), we obtain the system
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Aξ2t + ξ2tt = 0, (4.14a)

−5ξ1xx = 0, (4.14b)

AB

C
ξ1xxx − 2Auξ1xxx +

B2

2C
ξ2ttt − 2Buξ2ttt + 2Cu2ξ2ttt = 0, (4.14c)

−5Aξ1xx = 0, (4.14d)

−3Bξ2tt + 6Cuξ2tt − 2ξ1xxx = 0. (4.14e)

From eqs. (4.14b) and (4.14d), we have

ξ1(x) = xk1 + k2, (4.15)

differentiating eq. (4.15) thrice with respect to x, we get

ξ1xxx = 0. (4.16)

From eq. (4.14a), we observe the relation

ξ2tt = −Aξ2t . (4.17)

Substituting eqs. (4.16) and (4.17) into eq. (4.14e), we obtain

3ABξ2t − 6ACuξ2t = 0. (4.18)

Separating eq. (4.18) with respect powers of u(x, t),

u0 : ξ2t = 0, (4.19a)

u1 : ξ2t = 0. (4.19b)

From eqs. (4.11), (4.15), (4.19a) and (4.19b), we get the infinitesimals as
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ξ1(x) = xk1 + k2, (4.20a)

ξ2(t) = k3, (4.20b)

η(u) =

(
B

C
− 2u

)
k1. (4.20c)

The symmetry generator (4.3), is given by

X = (xk1 + k2)∂x + k3∂t +

(
B

C
− 2u

)
k1∂u. (4.21)

4.2 Lie point symmetries

Model II admits a three dimensional Lie algebra, i.e, L3, with the following basis,

X1 = x∂x +

(
B

C
− 2u

)
∂u ≈ Cx∂x + (B − 2Cu)∂u, (4.22a)

X2 = ∂x, (4.22b)

X3 = ∂t. (4.22c)

4.3 Optimal system of sub-algebras

In this section, we construct one-dimensional optimal system for the Lie algebra with basis as

eqs. (4.22b) to (4.22c).

A summarized presentation of the commutations and adjoint representations of the Lie point

symmetries in eqs. (4.22a) to (4.22c), is provided in Tables 4.1 and 4.2.

Likewise, for the construction of the one-dimensional optimal sub-algebra for the symmetry

group ⟨X1, X2, X3⟩, we consider the general symmetry operator

X = a1X1 + a2X2 + a3X3, (4.23)
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↗ [Xi, Xj] X1 X2 X3

X1 0 −CX2 0

X2 CX2 0 0

X3 0 0 0

Table 4.1: Lie Algebras

Ad(eϵXi)Xj X1 X2 X3

X1 X1 eϵCX2 X3

X2 X1 − ϵCX2 X2 X3

X3 X1 X2 X3

Table 4.2: Adjoint representation

where ai, (i = 1, 2, 3) are arbitrary constants. We begin by assuming a1 ̸= 0, now, re-scaling a1

such that a1 = 1 to obtain,

X = a2X2 + a3X3 +X1. (4.24)

Acting on eq. (4.24) by Ad(e
a2
C

X2) to eliminate a2X2, we get,

X ′ = Ad(e
a2
C

X2)X

= Ad(e
a2
C

X2)(a2X2 + a3X3 +X1)

= a2Ad(e
a2
C

X2)X2 + a3Ad(e
a2
C

X2)X3 + Ad(e
a2
C

X2)X1

= a2X2 + a3X3 +X1 − C(
a2
C
)X2

= a3X3 +X1.

(4.25)

From Table 4.2, we see that eq. (4.25) cannot be reduced to a simpler form, thus depending on

the sign of a3 we can make the coefficients of X3 to be +1,−1. Thus, the one-dimensional

sub-algebra generated by X , such that a1 ̸= 0, is equivalent to a sub-algebra spanned by X1 +

γX3; γ ± 1. For a3 > 0 : X = X1 +X3, a3 < 0 : X = X1 −X3. Also, for a3 = 0 : X = X1.

Therefore, any one-dimensional sub-algebra generated by X , such that a1 ̸= 0 and a3 = 0, is

equivalent to a sub-algebra spanned by X1
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Secondly, taking a1 = 0 and a2 ̸= 0 such that a2 = 1, we get

X = X2 + a3X3. (4.26)

As per Table 4.2, we observe that eq. (4.26) cannot be reduced any further, therefore varying

a3 we can make the coefficients of X3 to be +1,−1. Hence, any one-dimensional sub-algebra

generated by X , where a2 ̸= 0 and a1 = 0, is equivalent to a sub-algebra spanned by X2 +

ΛX3; Λ = ±1. Thus, a3 > 0 : X = X2 +X3, a3 < 0 : X = X2 −X3. For a3 = 0 : X = X2,

therefore, any one-dimensional sub-algebra generated by X , such that a2 ̸= 0 and a3 = 0, is

equivalent to a sub-algebra spanned by X2.

Lastly, taking a1 = a2 = 0 and a3 ̸= 0 such that a3 = 1, we get, X = X3. Implying, any

one-dimensional sub-algebra generated by X , where a3 ̸= 0 and a2 = a1 = 0, is the same as a

sub-algebra generated by X3. Therefore the one-dimensional optimal system of sub-algebras is

spanned by the set

{X1, X2, X3, X1 −X3, X1 +X3, X2 −X3, X2 +X3} . (4.27)

4.4 Symmetry reductions and invariant sub-models

In this section, we utilize the one-dimensional optimal system of sub-algebras found in Sec-

tion 4.3 to perform similarity reductions, which yield invariant sub-models. This means we

employ the symmetries together with their respective combinations to transform our governing

model from a partial differential equation into ordinary differential equations.

4.4.1 Invariance under X1.

The corresponding characteristic equation is given by,

dx

Cx
=

dt

0
=

du

B − 2Cu
. (4.28)

Considering the second ratio of eq. (4.28) we get t = a1, as the first invariant. From the first
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and last ratios of eq. (4.28), we obtain x2
(
u− B

2C

)
= a2, as the second invariant. Taking into

account the condition that f(a1) = a2, we get that

u(x, t) =
B

2C
+

f

x2
. (4.29)

Upon substituting eq. (4.29) into eq. (4.2) results in the following ordinary differential equation

6Af + 6f ′ + 2C(f ′)2 + 2Cff ′′ = 0, (4.30)

where f ′ = df
dt

and f ′′ = d2f
dt2

.

4.4.2 Invariance under X2.

The associated characteristic equation is,

dx

1
=

dt

0
=

du

0
. (4.31)

From eq. (4.31) we get t = p1 as the first invariant and u = p2 as the second invariant. Now

taking into consideration the invariant solution h(p1) = p2, i.e., h(t) = u(x, t) and substituting

it into eq. (4.2) yields,

−Bh′′ + C(2(h′)2 + 2hh′′) = 0, (4.32)

where h′ = dh
dt

and h′′ = d2h
dt2

.

4.4.3 Invariance under X3.

The characteristic equation associated with X3 is

dx

0
=

dt

1
=

du

0
. (4.33)

From eq. (4.33) we get x = n1, u = n2 as the invariants, as such, the invariant solution is

g(n1) = n2, i.e, g(x) = u(x, t), upon substituting into eq. (4.2) yields the ordinary differential
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equation below

Ag′′ = 0. (4.34)

From eq. (4.34), we get

g′′ = 0, (4.35)

where g′′ = d2g
dx2 . The associated invariant solution obtained by solving eq. (4.35) is

u(x, t) = c1x+ c2, (4.36)

where, ci, (i = 1, 2), are the integration constants.

4.4.4 Invariance under X = X1 + γX3.

The parameter γ = ±1 and the associated characteristic equation is

dx

Cx
=

dt

γ
=

du

B − 2Cu
. (4.37)

Considering the first and second ratios of eq. (4.37), we have k1 = x

e
C
γ t

as the first invariant.

Also, from the second and last ratios of eq. (4.37) we get the following first-order linear differ-

ential equation

du

dt
+

2C

γ
u− B

γ
= 0. (4.38)

Solving eq. (4.38), we get, k2 = e
2Ct
γ
(
u− B

2C

)
, as the second invariant. Thus, the invariant

solution is v(k1) = k2, which leads to the general solution,

u(x, t) =
B

2C
+

v

e
2C
γ

t
. (4.39)

Upon substituting eq. (4.39) into eq. (4.2), we get the following ordinary differential equation
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16C3

γ2
v2 +

18C3k1
γ2

vv′ +
2C3k2

1

γ2
(v′)2 + Av′′ − 4C3

γ
v′′ +

2C3k2
1

γ2
vv′′ − Ck1

γ
v′′′ = 0, (4.40)

where v′ = dv
dk1

, v′′ = d2v
dk21

and v′′′ = d3v
dk31

.

4.4.5 Invariance under X = X3 + αX2.

From the described symmetry, the characteristic equation is given by

dx

α
=

dt

1
=

du

0
. (4.41)

From eq. (4.41), we have u = s1 as the first invariant and x− αt = s2 as the second invariant.

The invariant solution is given by g(s2) = s1, i.e., u(x, t) = g(x− αt). Upon substitution into

eq. (1.10), we get the ordinary differential equation

g′′′ −
(
A

α
−Bα

)
g′′ − 2Cα(g′)2 − 2Cαgg′′ = 0, (4.42)

where g′ = dg
ds2

, g′′ = d2g
ds22

and g′′′ = d3g
ds32

.

4.5 Results and Discussions

In this section, we present results and discussions for Model II. We begin by the construction

of one-parameter Lie groups. We demonstrate that the model is invariant under the associated

one-parameter Lie groups. Furthermore, we present the analytical solutions of the invariant sub-

models in Section 4.4. The graphical solutions are presented followed by a brief discussion. For

the simulations in this section, the physical acoustical parameters are found in Table 3.4.
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4.5.1 One-parameter Lie groups

The associated one-parameter Lie groups for some vector parameter < δ1, δ2, δ3 >, are

Tδ1 : x̄ = xeCδ1 , t̄ = t, ū = ue−2Cδ1 . (4.43)

Tδ2 : x̄ = x+ δ2, t̄ = t, ū = u. (4.44)

Tδ3 : x̄ = x, t̄ = t+ δ3, ū = u. (4.45)

Below we provide a table that illustrates how the derivatives of u(x, t) transform into ū(x̄, t̄)

under the one-parameter Lie group in eq. (4.43).

Original derivatives Transformation Transformed derivatives

ux e3Cδ1ūx̄

ut e2Cδ1ūt̄

uxx Tδ1 : (x, t, u) → (x̄e−Cδ1 , t̄, ūe2Cδ1) e4Cδ1ūx̄x̄

utt e2Cδ1ūt̄t̄

utxx e4Cδ1ūt̄x̄x̄

Table 4.3: Table of derivative transformations under Tδ1

.

Thus, the transformed form of eq. (4.2) is

Āūx̄x̄ − B̄ūt̄t̄ + ūx̄x̄t̄ + 2C̄(ūt̄)
2 + 2C̄ūūt̄t̄ = 0, (4.46)

where Ā = A, B̄ = Be−2Cδ1 and C̄ = C. Therefore Model II is invariant under the Lie

group of transformations in eq. (4.43). Carrying out the same procedure with Lie group of

transformations in eqs. (4.44) and (4.45), we find that the invariance criterion is satisfied.
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4.5.2 Exact invariant solutions

For this part we provide exact solutions of the invariant sub-models constructed from the optimal

system of sub-algebras found in Section 4.3. We solve the invariant sub-models to obtain exact

solutions of the aforementioned model. We provide graphs corresponding to some analytical

solutions followed by discussions. The invariant solutions of eqs. (4.30) and (4.40), could not

be found.

Case 1: X2.

The associated invariant sub-model given by eq. (4.32), upon solving, we get two exact solutions

given below,

u1(x, t) =
B −

√
B2 − 4Ctc1 − 4Cc1c2

2C
, (4.47)

u2(x, t) =
B +

√
B2 − 4Ctc1 − 4Cc1c2

2C
, (4.48)

where the constants of integration are given by ci, (i = 1, 2).

Figure 4.1: Pressure profile in 2D and 3D for eq. (4.47) where −10 ≤ x ≤ 10 and 0 ≤ t ≤ 20.

(a) 2D-Pressure graph (b) 3D-Pressure graph

From Figure 4.1, we observe that for every time increment the acoustic pressure monotonically

decreases while keeping a constant levels in space.
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Figure 4.2: Pressure profile in 2D and 3D for eq. (4.48). This is for −10 ≤ x ≤ 10 and
0 ≤ t ≤ 20.

(a) 2D-Pressure graph (b) 3D-Pressure graph

We observe that acoustic pressure increases monotonically for the duration of the simulation.

In particular, the constant pressure levels in space steadily increase in height as time evolves.

Considering Figures 4.1b and 4.2b, we observe a rotational symmetry about the spatial axis

between the two solutions.

Case 2: X2 + αX3.

Similarly, this linear combination produces a sub-model that admits the travelling wave solution,

provided in eq. (4.42). The exact invariant solution is,

u(x, t) =
−c1(2κBi′(ξ0)c1 − τBi′(ξ0)(−κc1)

2
3 + (2κAi′(ξ0)c1 − τAi(ξ0)(−κc1)

2
3 )c3)

2(−κc1)
5
3 (Bi(ξ0) + Ai(ξ0)c3)

,

(4.49)

where ξ0 = τ2+4κ(−(x−αt)+c2)

4(−κc1)
2
3

, τ = A
α
− Bα and κ = C

α
. Also, the constants of integration are

represented by ci, (i = 1, 2, 3).

63



Figure 4.3: Pressure profile in 2D and 3D for eq. (4.49) where −10 ≤ x ≤ 10, 0 ≤ t ≤ 20,
ci, (i = 1, 2, 3) = 1 and α = 1. Also, ci = 1.

(a) 2D-Pressure graph (b) 3D-Pressure graph

From Figure 4.3, we have a periodic kink waveform with a shock behind the solitary wave.

We also note that the lengthiest wave humps have negative amplitude, thus this depicts a dark

solitary waveform. These have applications in medical imaging [51], acoustic cavitation [55],

e.t.c.

Also, we use the modified simple equation method to construct additional exact solutions for

eq. (4.42), we rewrite our sub-model as

G ′′′ − τG ′′ − κ(G2)′′ = 0, (4.50)

where τ = A
α
−Bα and κ = Cα. Integrating eq. (4.50) (while keeping the integration constants

zero), we get

G ′′ − τG ′ − 2κGG ′ = 0, (4.51)

then, we integrate eq. (4.51) to get the desired form for this method, which is given by

G ′ − τG − κG2 = 0. (4.52)

Now, assume eq. (4.52) admits the following solution
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G =
M∑
i=0

Ai

(
F ′

F

)i

, (4.53)

we find the value of M is 1, hence

G = A0 + A1
F ′

F
, (4.54)

which implies that

G ′ = A1

(
F ′′

F
−
(
F ′

F

)2
)
, (4.55)

substituting eqs. (4.54) and (4.55) into eq. (4.52), we get

A1

(
F ′′

F
−
(
F ′

F

)2
)

− τ

(
A0 + A1

F ′

F

)
− κ

(
A2

0 + A2
1

(
F ′

F

)2

+ 2A0A1
F ′

F

)
= 0. (4.56)

Separating eq. (4.56) with respect to F i, (i = 0,−1,−2), yields the following system of equa-

tions

F 0 : −τA0 − κA2
0 = 0, (4.57)

F−1 : A1F
′′ − τA1F

′ − 2κA0A1F
′ = 0, (4.58)

F−2 : −A1(F
′)2 − κA2

1(F
′)2 = 0. (4.59)

From eqs. (4.57) and (4.59), we get that

A0 = 0,
−τ

κ
, (4.60)

A1 = 0,
−1

κ
. (4.61)

Two cases arise from eqs. (4.60) and (4.61), namely A0 = 0, A1 =
−1
κ

and A0 =
−τ
κ

, A1 =
−1
κ

.
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Case 1:A0 = 0, A1 =
−1
κ

Taking into consideration the given constants A0 and A1, eq. (4.58) becomes,

F ′′ − τF ′ = 0, (4.62)

upon solving eq. (4.62) we obtain,

F = c1
es2τ

τ
+ c2. (4.63)

Differentiating eq. (4.63) with respect to s2 we get,

F ′ = c1e
τs2 , (4.64)

now, substituting eqs. (4.63) and (4.64) into eq. (4.54) also considering that u(x, t) = G(s2)

where s2 = x− αt, the solution is,

u(x, t) =
−1

κ

(
c1τe

τ(x−αt)

c1eτ(x−αt) + τc2

)
, (4.65)

where ci, (i = 1, 2) are the constants of integration.

Figure 4.4: Pressure profile in 2D and 3D for eq. (4.65). This is for −10 ≤ x ≤ 10, 0 ≤ t ≤ 20,
ci = 1 and α = 1.

(a) 2D-Pressure graph (b) 3D-Pressure graph

The sudden descent in acoustic pressure as witnessed in the above simulation renders this wave

structure a kink solitary wave. The negative wave amplitude renders this wave structure as a
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dark solitary wave.

Case 2: A0 =
−τ
κ

, A1 =
−1
κ

Substituting the relevant arbitrary constants into eq. (4.58) yields the following ordinary differ-

ential equation

F ′′ + τF ′ = 0. (4.66)

The exact solution of eq. (4.66) and its derivative are provided below respectively,

F = −c1
τ
e−s2τ + c2, (4.67)

F ′ = c1e
−s2τ . (4.68)

Substituting eqs. (4.67) and (4.68) into eq. (4.54) gives the following exact solution

u(x, t) =
−τ

κ
− 1

κ

(
c1τ

τc2eτ(x−αt) − c1

)
, (4.69)

such that ci, i = 1, 2, are the constants of integration.

Figure 4.5: Pressure profile in 2D and 3D for eq. (4.69). This is for −10 ≤ x ≤ 10, 0 ≤ t ≤ 20,
ci = 1 and α = 1.

(a) 2D-Pressure graph (b) 3D-Pressure graph

Figure 4.5 is a depiction of a kink wave solitary wave solution, which is evidenced by the lack

of any temporal evolution in shape or size. The positive wave amplitude implies this wave

structure is a bright solitary wave solution.
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4.6 Conclusion

In this chapter, we performed Lie symmetry analysis for eq. (4.1), this model has the linear

wave relation incorporated for the dissipation term. We found the associated Lie point sym-

metries which were used to construct one-parameter Lie groups and exact invariant solutions.

Furthermore, the graphical representations of the exact solutions were provided. We observed

several wave structures such as kinks, exponential, periodic, bright and dark. In Figure 4.3,

we observed a hybrid waveform which is a mixture of periodic, kink and dark solitary wave

structures.
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Chapter 5

Conclusions

The propagation of acoustic waves in thermoviscous fluids is described using complicated, non-

linear models such as the Westervelt model. As such, a breakthrough in finding any exact so-

lution carries an immense amount of interest in the scientific community. Our work mainly

focused on finding a family of closed-form, non-trivial solutions to the partial differential equa-

tions associated with the Westervelt model through the application of Lie symmetry analysis.

This comprised computing Lie point symmetries, Lie point transformations, optimal systems of

sub-algebras, symmetry reductions, invariant sub-models and group invariant solutions.

In Chapter 3, we focused on the model given by eq. (3.1) and in Chapter 4 we dealt with the

second model in eq. (4.1). We generated an overdetermined system of linear homogeneous

partial differential equations in ξ1, ξ2 and η using a symbolic computation package (YaLie).

Upon solving system under consideration, we were able to obtain the infinitesimal operator

which was used to construct Lie point symmetries. Furthermore, the corresponding optimal

system of one-dimensional sub-algebras was constructed and used for symmetry reductions

resulting in invariant sub-models. We then proceeded to determining the one-parameter Lie

groups corresponding to each model and the closed form invariant solutions.
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Some of the solitary wave solutions that admit the general travelling wave solutions were found

by implementing the modified simple equation method. The analytical solutions obtained using

this method in both models have been tested and were indeed found to be the solutions for our

respective models1.

For future research, as a way to obtain additional invariant solutions associated with the West-

ervelt model, one could utilise Lie symmetry analysis to tackle this problem under fractional

formulation. This means introducing fractional derivatives in the time domain to account for

memory effects and non-local interactions in the medium.

1See the Appendix 5.
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Appendix

Example 1. The set,

Tϵ1 : x̄ = xe3Cϵ1 , t̄ = te2Cϵ1 , ū = ue−2Cϵ1 , ϵ1 ∈ R+, Tϵ1 ∈ G,

forms a one parameter Lie group.

Proof

The composition of the above transformations is given as follows,

¯̄x = x̄e3Cϵ̄1 ,

= x̄e3Cϵ̄1 ,

= xe3C(ϵ̄1+ϵ1),

similarly ¯̄t = te2C(ϵ̄1+ϵ1) and ¯̄u = ue−2C(ϵ̄1+ϵ1). Thus, ¯̄x = xe3Cπ, ¯̄t = te2Cπ and ¯̄u = ue−2Cπ,

where π = φ(ϵ̄1, ϵ1) = ϵ̄1 + ϵ1 is the composition law of the group. The closure property is

established since Tϵ1Tϵ̄1 = Tπ ∈ G, where π = ϵ̄1 + ϵ1. Since x̄ = x, t̄ = t and ū = u when

ϵ1 = 0, then T0 is the identity of the group. Also, TkTϵ1 = Tϵ1Tk = T0 if and only if k = −ϵ1

for all Tϵ1 ∈ G, then the inverse of the group is given by T−ϵ1 . Since the properties of closure,

identity, inverse hold we conclude that the set Tϵ1 forms a one parameter Lie group □
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Below, is how we have implemented Mathematica to demonstrate that eq. (3.79) is a solution

of Model I. A similar approach can be followed for the other solutions.

κ = 2C
α

κ = 2C
ακ = 2C
α

τ = B
α
− A

α3τ = B
α
− A

α3τ = B
α
− A

α3

c1 = 1c1 = 1c1 = 1

c2 = 1c2 = 1c2 = 1

α = 1α = 1α = 1

u[x, t] = −2
κ

(
c1τ

c2τeτ(x−αt)−c1

)
u[x, t] = −2

κ

(
c1τ

c2τeτ(x−αt)−c1

)
u[x, t] = −2

κ

(
c1τ

c2τeτ(x−αt)−c1

)

pde = D[u[x, t], t, t, t] + AD[u[x, t], x, x]−BD[u[x, t], t, t] + CD[u[x, t]u[x, t], t, t]pde = D[u[x, t], t, t, t] + AD[u[x, t], x, x]−BD[u[x, t], t, t] + CD[u[x, t]u[x, t], t, t]pde = D[u[x, t], t, t, t] + AD[u[x, t], x, x]−BD[u[x, t], t, t] + CD[u[x, t]u[x, t], t, t]

2C

−A+B

1

1

1

− −A+B

C(−1+(−A+B)e(−A+B)(−t+x))

6(A−B)3(−A+B)4e3(−A+B)(−t+x)

C(−1+(−A+B)e(−A+B)(−t+x))
4 − 2(A−B)3(−A+B)3e2(−A+B)(−t+x)

C(−1+(−A+B)e(−A+B)(−t+x))
3 +

4(A−B)2(−A+B)4e2(−A+B)(−t+x)

C(−1+(−A+B)e(−A+B)(−t+x))
3 + (A−B)3(−A+B)2e(−A+B)(−t+x)

C(−1+(−A+B)e(−A+B)(−t+x))
2 +

C

(
6(A−B)2(−A+B)4e2(−A+B)(−t+x)

C2(−1+(−A+B)e(−A+B)(−t+x))
4 − 2(A−B)2(−A+B)3e(−A+B)(−t+x)

C2(−1+(−A+B)e(−A+B)(−t+x))
3

)
−

B

(
−2(A−B)2(−A+B)3e2(−A+B)(−t+x)

C(−1+(−A+B)e(−A+B)(−t+x))
3 + (A−B)2(−A+B)2e(−A+B)(−t+x)

C(−1+(−A+B)e(−A+B)(−t+x))
2

)
+

A

(
− 2(−A+B)5e2(−A+B)(−t+x)

C(−1+(−A+B)e(−A+B)(−t+x))
3 +

(−A+B)4e(−A+B)(−t+x)

C(−1+(−A+B)e(−A+B)(−t+x))
2

)
Simplify[pde]Simplify[pde]Simplify[pde]

0
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